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SOLVABLE LIE GROUPS ACTING ON NILMANIFOLDS.* 


By Louis AUSLANDER.* 


Introduction. In [1] Maurice Auslander and the author classified all 
the connected, simply connected solvable Lie groups which can operate transi- 
tively and with discrete isotropy group on the n-dimensional torus. If 2" 
denotes the additive group of integers taken n times, the above classification 
is equivalent to the classification of all the connected, simply connected solvable 
Lie groups S which can contain Z" as discrete uniform subgroup. If Rs 
denotes the direct sum of the additive group of reals taken s times, our result 
can be stated as follows: A necessary and sufficient condition for a connected, 
simply connected solvable Lie group S to contain Z” as a discrete uniform 
subgroup is that S satisfy the diagram 


kt > So 1, 


where s-++t— 7, the automorphisms of R* induced by R* form a compact 
group and the extension is the split extension. If 7 denotes the torus group 
of automorphisms of the group #8Z", then T is uniquely extendable to a torus 
group of automorphisms of R” and S is easily seen to be a subgroup of R”- 7, 
where the dot denotes the semi-direct product. 

This paper has as its goal the extension of the above results to the case 
where Z” is replaced by the fundamental group of any compact nilmanifold. 
We will always use T to denote such a group. Or restating our goals, we will 
study the connected, simply connected, solvable Lie groups S which can 
contain the group I as a discrete uniform subgroup. By a result of Malcev 
[3] there exists a unique connected, simply connected nilpotent group N (T) 
which contains T as discrete uniform subgroup. We will first show that for 
a connected, simply connected solvable Lie group S containing T as discrete 
uniform subgroup there exists a torus group 7 of automorphisms of L(T) 
such that S C N(T)- 7, where the dot again denotes the semi-direct product. 
This will be the easier part of our program. The second part will be devoted 


* Revised October 1, 1959. 
* During part of the time this paper was being written the author was supported 
by a National Science Foundation Grant. 
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to showing that the group extension is essentially controlled by the discrete 
uniform subgroup. The explicit form of our result is given in Theorem 2. 

Once we have proven these results for the fundamental groups of nil- 
manifolds it is reasonable to try and extend these results to the fundamental 
groups of compact solvmanifolds. We did not succeed in this attempt. This 
may perhaps best be explained by remarking that our whole proof of Theorem 
2 rests on a series of steps which enable us to reduce a non-abelian group 
extension problem to the abelian group extension problem which had already 
been solved in [1]. Hence, the work in [1], rather than being replaced by 
this paper, is made to form the basis of the results here obtained. However, 
for the general case of solvmanifolds, our reduction fails. 

For the rest of this paper we will use the expression solvable Lie group 
to denote connected, simply connected solvable Lie groups. 


1. Theorem 1. 


THEOREM 1. Let 8 be a solvable Lie group and contain T as discrete 
uniform subgroup. Further, let T be a discrete uniform subgroup of the nil- 
potent group N. Then there exists a torus group T of automorphisms of N 
such that SC N-T, where the dot denotes the semi-direct product. 


Proof.? Let H be the maximal normal analytic nilpotent subgroup of 8. 
Then ['H is normal in S and by the results in [3,4] can be identified with a 
normal subgroup of N, for it contains the commutator subgroup of both V 
and 8. 

The inner automorphisms of S induce automorphisms of TH, and hence 
isomorphisms of T into N, and hence by [3] isomorphisms of NV onto N. Thus 
S operates on VN. We now form the semidirect product N-S and let A denote 
the subgroup of elements (z,x2') for x€ TH. Then A is normal in NV -S and 
N and S have isomorphic images in N-S/A under the natural projection. 
Further, the image of N is a normal subgroup and the factor group of NV -S/A 
by the image of N is isomorphic to the toroid group S/TH. Since any 
extension of a connected, simply connected solvable group by a compact group 
is a split extension, we have N-S/A~N-T, with T a torus group. Hence 
S has an isomorphic image in NV - T. 


2. Statement of Theorem 2. Let G and H be connected Lie groups. 
An extension of G by H is a pair (Z,7) consisting of a connected Lie group 


* The proof of this theorem was suggested to the author by the referee and is a 
considerable improvement of the author’s original proof. 
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E which contains G as a closed normal subgroup and a continuous homo- 
morphism of # onto H whose kernel is G. Let A(@) denote all continuous 
automorphisms of G and let 7(G) denote the normal subgroup of A(@) 
consisting of inner automorphisms. Then if (#,7) is an extension of G by H, 
this determines a homomorphism ¢ of H into A(@)/I(G@). We will call this 
homomorphism the action of H on G. We will also say that the group exten- 
sion (H,7) is associated with the triple (G,H,¢) and vice versa. Clearly 
there may be many or no group extensions associated with a given triple. 

Let If be a non-abelian uniform subgroup of a connected, simply connected, 
nilpotent Lie group NV. Let S be any connected, simply connected, solvable 
Lie group which contains T as a discrete uniform subgroup. Let H be the 
maximal normal analytic nilpotent subgroup of S. Then H contains the 
commutator subgroup of S and is a closed normal subgroup of S. Let 7: 
S— 8/H and let V S/H. Then V isa connected, simply connected, abelian 
Lie group and V contains T'H/H as a discrete uniform subgroup. Hence 
associated with the group extension (8,7) is the triple (H,V,¢), where ¢ 
is the action of V on H. 


THEOREM 2. Let S,; and Sz be connected, simply connected, solvable 
Lie groups with discrete uniform subgroups T, and T, and let T, and T, be 
fundamental groups of compact nilmantfolds. Assume that a is an tsomor- 
phism of T, onto T, with the following properties: 


1. If H, and Hz are the maximal normal analytic nilpotent subgroups 
of S, and Sz respectively, then « induces an isomorphism a, of T, H, onto 
T,1 H,. By the results in [3], we see that a is uniquely extendable to an 
isomorphism a*, of H, onto Hz. 


2. Let a induce the isomorphism a, of T,/T,N H, onto Hz. 
Then a can be extended to give a unique isomorphism a*, of V, onto Vo. 
Further, if S,; and S. are associated with the triples (H,,V1,¢:) and 
(H.,V2,¢2) respectively, we shall assume that the following diagram is 


commutative. 
V,—— A(A,) /1 (A) 
a*, 


where a*, is defined in the obvious way from a*,. 


Under all the above assumptions S, is isomorphic to S>. 
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3. Preliminaries to Theorem C. Let S contain I as a discrete uniform 
subgroup, where IT is a discrete uniform subgroup of the nilpotent Lie 
group NV. Let H be the maximal normal analytic nilpotent subgroup of § 
and let H* HY. Then H* is a nilpotent group and we will denote by H*; 
the j entry in the lower central series of H*. Let C(H*;) denote the closure 
of H*;. Let r be the largest index such that C(H*,) has a non-trivial identity 
component. Let H, denote the identity component of C(H*,). 


Lemma 1. H, is in the center of H* and H, is a normal analytic sub- 


group of 8. 


Proof. Let h€ H* and let D be the subset of H* consisting of all elements 
heh a for x€ H,. Clearly D is a connected set and contains the identity 
element. We assert that D is a subset of C(H*,,,). To see this, notice that 
the mapping ¢(z) =hzhz" is a continuous mapping of H* into itself. 
Hence for any subset A of H* 


¢(C(A)) C C(¢(A)), 
where C( ) denotes the closure of the set in the parenthesis. Hence 
$(C(H*,)) C C($(H*,)) C C(H* 141). 


But C(H*,)>H,. This proves the assertion that DC C(H*,,,). Hence, since 
the component of the identity is trival in C(H*,,,) and D is connected and 
contains the identity, we see that D must consist of the identity element. 
Hence H is in the center of H*. 

It remains to show that H, is a normal subgroup of 8S. Now H* isa 
normal subgroup of S and H%*, is a characteristic subgroup of H*, i.e., every 
automorphism of H* leaves H*, invariant. Hence every continuous auto- 
morphism of H* leaves C(H*,) invariant. Hence C(H*,) is normal in 8. 
From this it follows that the identity component of C(H*,), H,, is normal 
in 8. 


Lemma 2. H,MT is a discrete uniform subgroup in H,. 


Proof. To—HNT is a discrete uniform subgroup of H. But I, is a 
subgroup of N also. This induces an isomorphism of H into N. We will 
call this image of H in WN also. Consider C(H*,)C N. Then H*,C N,, 
where NV, is the r entry in the lower central series of NV, and, since N, is closed, 
C(H*,) C N, also. Let I be the r entry in the lower central series in I. 
Then TC H*, and hence in C(H*,). Now T, is normal in N, (see [3]) 
and hence in C(H*,). Since C(H*,) is locally connected, H, is open and 
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closed in C(H*,). Thus 1H, is closed in C(H*,) and hence in N,. It 
follows that T, is uniform in T,H,, that is T;H,/I, is compact. Hence 
tT, H, is uniform in H,. 


CorotLaRy 1. S/H, has a discrete uniform subgroup isomorphic to 
TH,/H,. Further, H/H, has a discrete uniform subgroup isomorphic to 

The proof of this corollary and Lemma 3 below follow easily from 


Lemma 2. 


Lemma 3. Let S,, S. and T,, TY. satisfy the hypothesis of Theorem 2. 
S2/(H)r 


satisfy the hypothesis to Theorem 2. 


Lemma 4. Let S contain T as a discrete uniform subgroup. Then S 
contains the commutator subgroup of N as a normal subgroup. 


Proof. The statement of the lemma is meaningful as we have identified 
H in § with H in N. Further, H contains the commutator of NV and hence 
by the identification of H in 8 with H in N, this gives rise to a group in 8. 
The proof of this lemma will be induction on the dimension of S. Clearly 
the lemma is true if dim.S—1. Let us assume now that the lemma is true 
for dim.S <n. Assume now that dim.S—n. Then consider H, CS and 
the exact sequence 


j 
S—> S/H, > 1. 


Then by the previous discussion we see that S/H, satisfies the induction 
hypothesis and hence the commutator subgroup C* of N/N, is a normal sub- 
group of S/H,. Hence j-*(C*) =C is a normal subgroup of 8. But con- 
sidering H C S, we get the diagram 


1—> H, — H — H/H,— 1 
1—> H, — N— N/H,— 1, 


where &*(C*) is the commutator subgroup of N/H, and j*-*(k*(C*)) =k(C). 
Since H, is contained in the commutator subgroup of NV, &(C) is the com- 
mutator subgroup of N. This proves the lemma. 
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4. Theorem 2. 


Proof of Theorem 2. It is clear from the hypothesis that dim. §, 
=dim.S,. We will prove the Theorem by induction on the dimension of §,. 
The theorem is trivially true if dim.S,;—1. Assume the theorem is true if 
dim. S, <n, and assume that the dim.S,;—n. In order to simplify the 
presentation and notation, we will use the isomorphisms stated in the hypo- 
thesis to this theorem to identify objects; i.e. we will use H to denote H, and 
H., H, to denote (H,),, (H.), and T to denote T, and [., etc. Whenever 
this is done we will explicitly be using the isomorphisms in the hypothesis 
to this theorem. We may then form the groups 8,/H, and S./H,. As a 
consequence of Lemma 3 and our induction hypothesis we have that 8,/H, 
and S./H, are isomorphic. We will identify them under this isomorphism 


and denote them by S*. Hence we have 


H,- 8,> S* > 1, i= 1,2, 


where H, is abelian. 


Lemma 5. We can choose cocycles f, and fz representing the group 
extensions S, and 8, respectively such that: 


a) fi:—fe=0 when restricted to TH/H, C S* 


b) Corresponding to f,—f.—f there is a Lie group satisfying the 


diagram : 
8’ > > 1 


with S* having f as extension cocycle. 


Proof. In order to keep the exposition at a minimum we will assume in 
presenting the details of this proof that the reader is familiar with the ideas 
in Hochschild’s paper [2]. In particular, we will prove the lemma by con- 
structing two continuous cocyles or factor sets f; and f, such that f; —f.,=0 
when restricted to TH/H,. 

Consider HT C 8S; and HT/H, C S*. Now a factor set may be generated 
by a cross section in the bundle S; over the base space S* with fiber /,. 
Further, if the cross sections are continuous, then the factor sets corresponding 
to them will be continuous. Now for S;, 11,2, choose continuous sections 
p*,=p*. over HY'/H, C S* with images in HT. Then since the fiber H,. is 
homeomorphic to euclidean space, each of the two partial sections can be 


extended to continuous sections p; and p, respectively. Let f; be the factor 


set associated with the section p;. Then clearly f; is continuous and f, — f, = 


up 


he 
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when restricted to HI'/H, since py=p2 when restricted to HT/H,. This 
proves the lemma. 

Since H, is in the center of TH, H/H, = S* acts trivially on H. Further, 
f restricted to TH/H, is cohomologous to zero. From these considerations, 


’ such that IY is also a 


we see that S’ has a discrete uniform subgroup [ 
discrete uniform subgroup of the nilpotent Lie group N’ = H, @ N/H,, where 
@® denotes the direct product of groups. 

Let G ke the pre-image of H/H, in 8S’. Then H, is a normal subgroup 
in G. 

LemMA 6. G=H,@K, where K is also a normal subgroup in S’ and 
S’/K has a free abelian discrete uniform subgroup. 

(We will now complete the proof of Theorem C under the assumption 
that Lemma 6 is true. We will present a proof of Lemma 6 at the end of the 
demonstration of Theorem 2.) 

By Lemma 6, we have that K is a normal subgroup of 8’ and K is a 
pre-image of H7/H, in 8’. Hence we may form 

H,- VO 1, 
where S’/K has a discrete abelian uniform subgroup. Therefore, by the 
results in [1], S’/K is a split extension. 


Now consider the diagram 


8’/K > 8S*/K> 1. 


This shows that S’ is also a split extension and hence f;—f, is cohomologous 
to zero. Hence S, is isomorphic to S>. 


Proof of Lemma 6. By Lemma 4, the commutator subgroup C of N’ 
is a normal subgroup of S’ and CMT” is a discrete uniform subgroup of C. 
Now C C G and intersects H, in the identity element. Hence we may form 

1> 8’/C> V1. 

Now G@/C is abelian and the image of I” in 8’/C is a discrete uniform sub- 
group. Further, the image of I’ in V is a discrete uniform subgroup which 
acts trivially on G/C. If i(H,) denotes the image of H in G/C, there is a 
normal subgroup A’* in G/C intersecting i(H,) in the identity and invariant 
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under V acting on G/C. This follows from the fact that V acts as a compact 
group on G/C and i(H,) is an invariant space of V acting on G/C. Hence 
K* is normal in 8’/C. Let K be the pre-image in S’ of K* in 8’/C. Clearly 
K satisfies the conclusions of the Lemma provided 8’/C has a discrete abelian 
uniform subgroup, it is a split extension, i.e. there exists V*, a subgroup 
of S’/C, which is mapped isomorphically onto V by the projection mapping. 
Further let [* be any pre-image of IY in V*. Then I* acts trivially on 
1(H,) in G/C. 

Choose a discrete uniform subgroup of the image of i(H,) in 8’/K, 
and consider the image of [* in S’/K. Then these groups generate a discrete 
uniform abelian subgroup in 8’/K. 
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THE MANIFOLDS COVERED BY A RIEMANNIAN 
HOMOGENEOUS MANIFOLD.* 


By JosepH A. Wo 


Introduction. The sphere is known to be the universal covering for 
complete connected Riemannian manifolds of constant positive curvature. 
More precisely, if M is an n-dimensional complete connected Riemannian 
manifold of constant sectional curvature k? > 0 with k > 0, and if 8” is the 
sphere of radius k-* in Euclidean space R"*', with the induced metric, then 
there is a covering of M by 8” such that the covering projection is a local 
isometry. Because of this phenonmenon, the complete connected Riemannian 
manifolds of constant positive curvature are called the “spherical space- 
forms.” In his thesis, G. Vincent [14] attempted to classify them. Following 
this line of investigation, we take a compact connected Riemannian homo- 
geneous manifold M and ask which Riemannian manifolds admit M as a 
Riemannian covering manifold. In Chapter I, this problem is reduced to a 
problem on discrete subgroups of compact Lie groups: 


Given a compact Iie group G and a closed subgroup K, find ali finite 
subgroups T of G such that T meets the union of the conjugates of K only 
at the identity element of G. 


For the most part we restrict our attention to the case where [ lies in the 
identity component of G, or, equivalently, where G is connected. In Chapter 
IT we obtain some bounds on the ranks of abelian subgroups of I, and see 
that the problem of classifying these groups T is inaccessible unless rank. ¢ 
—rank. K =1. 

Chapter IT ends with a sharper bound on the ranks of abelian subgroups 
of T, in case rank. G—rank. K =1, which implies that every abelian sub- 
group of T is cyclic if the semisimple part of G is simply connected and T 
lies in the identity component of G. We remark that H. Zassenhaus [16] 
and M. Suzuki [13] have given a complete classification of the finite groups 


* Received August 25, 1959; revised May 23, 1960. 
*This work is part of the author’s doctoral dissertation, and was supported by 
National Science Foundation predoctoral fellowships. 
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with all abelian subgroups cyclic. Under certain conditions on G, K and the 
order of © (Corollary 10.1) it follows that T itself is cyclic. 

In Chapter III we obtain an arithmetic criterion (Theorem 6), assuming 
G and K connected, for an arbitrary given finite cyclic subgroup of G to act 
freely on G/K. This criterion involves the Weyl group of G@ and the position 
of K in G. It is applied to an arbitrary finite subgroup & of G@ by finding 
cyclic subgroups of % such that every element of & is ad(G)-conjugate to an 
element of one of these cyclic subgroups. Applying to the case where (7 is 
a classical group we obtain some information on elements of order 2 in TI, 
assuming rank.@—rank.K =1. Finally, we sharpen the bound on the 
ranks of abelian subgroups of [ in case G@ is a special orthogonal group. 
In Chapter V we apply the arithmetic criterion again to the case where ( isa 
classical group. Chapter VI is a consideration of the case where rank. ( 
= rank. K, i.e., the Euler characteristic y(J/) 40, and shows that MW covers 
only a finite number, up to isometry, of Riemannian manifolds. 

Our problem can be considered as a generalization of the classical Clifford- 
Klein problem of finding all spherical space-forms, in that we have replaced 
the sphere by an arbitrary (for Theorems 1 to 4 and Theorem 6), or at least 
more general, compact connected Riemannian homogeneous manifold. Another 
direction of generalization is that of considering finite groups which admit a 
free topological action on a space similar in some way to a sphere. In this 
regard, we mention some of the work of P. A. Smith [11], P. E. Conner [5], 
J. Milnor [8] and A. Heller [6]. 

I especially wish to thank Professor 8. 8. Chern, under whose guidance 
this paper was written, for many helpful discussion and comments. [| also 
wish to thank Professors A. Borel, H. C. Wang and R. S. Palais for many 
helpful discussions. Some of Professor Borel’s work [1,2] is crucial to this 
paper, and Professor Palais pointed out a lemma of Mostow used in the proof 


of Theorem 11. 


Chapter I. Reduction to a problem on Lie groups. 


I.1. Covering spaces. In order to establish notation and terminology 
we will recall some well-known facts and definitions concerning covering 
spaces. All spaces will be Hausdorff and all maps will be continuous. 

A covering is a map p: X > X’ of arewise connected, locally simply con- 
nected spaces where every element of X’ has a neighborhood U such that )) 
maps each component of p*(U) homeomorphically onto U. p-1(2’) is the 
fibre over x’€ X’. All fibres have the same cardinality, the multiplicity of 
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the covering. A finite covering is a covering of finite multiplicity. p induces 
a monomorphism of fundamental groups, and the covering is normal if 


| pm(X) is a normal subgroup of 7,(X’). This is independent of choice 


of basepoints. If H is a subgroup of 7,(X’), there is a covering g: YX’ 


and a choice of basepoint in Y such that qg-7,(Y) =H. 


THEOREM 1. If p: XX’ ts a finite covering, there is a finite normal 
covering q: X” > X, where pq: X” > X’ 1s a finite normal covering. 


Proof. The multiplicity of p being equal to the index of H = p-7,(X) 
in 7,(X’), the normalizer N of H in z,(X’) has finite index in 7,(X”’). 
Consequently ([7], p. 82) H has only a finite number of conjugates in 7,(X’), 
so ([7], p. 62) the intersection J of the conjugates of H has finite index in 
m(X’). Let g: be a covering, where q:7:(X”) =p and the 
normality conditions follows from the construction of J. QED. 


An action of a group T on a space X is effective if the identity element 
of f is the only element inducing the identity transformation of X, is free if 
the identity element of T is the only element which leaves fixed a point of -Y, 
and is properly discontinuous if every point of X has a neighborhood which 
does not meet any of its transforms under [. If X is compact, the action 
of f is properly discontinuous if and only if T is finite and acts freely. The 
set T(x), the orbit of a point 2 of X, is the set of images of z under I. The 
space Y/T of orbits is given the quotient topology for the natural projection 
rT (x); the natural projection X— X/T is a covering if and only if T 
acts properly discontinuously on X. 

A deck transformation of a covering p: XX’ is a homeomorphism 
yi 1 —>X, where p-y=p. The group [T of all deck transformations acts 
properly discontinuously on X, and ([12], $14) p is a normal covering if 
and only if T is simply transitive on each fibre, i.e., if and only if p: XY 1’ 
isa principal bundle with group I, i.e., if and only if X’ = X/T. 


A Riemannian covering is a covering p: M—M’, where M and MW’ are 


Riemannian manifolds and p is a local isometry. If just one of M and M’ 
isa Riemannian manifold, the requirement that p be a local isometry gives a 
Riemannian structure to the other and makes p a Riemannian covering. We 
easily see that a deck transformation is an isometry of M, because p is a local 
isometry. 

A Riemannian homogeneous manifold is a Riemannian manifold whose 


group of isometries is transitive. 
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TuHeorEM 2. If g: M’—M is a Riemannian covering and M is Riv. 
mannian homogeneous, then M” is Riemannian homogeneous. 


Proof. A one-parameter group of isometries of M is a homotopy and 
can be lifted to M” by the covering homotopy theorem. The lifted homotopy 


consists of isometries of M” because q is a local isometry. It follows tha Js 


the group of isometries of M” is locally transitive and therefore transitive, 
QED. 


I.2. Reduction to a problem on discrete subgroups of compact Lie 
groups. 


TueorEM 3. Let M be a compact connected Riemannian homogenceou | 


manifold, G the group of isometries of M, K an isotropy subgroup of G, aif 


T a subgroup of G. Then T is a properly discontinuous group of tsometria— S 


of M if and only if T is finite and [TQ ad(G)K =1, where 1 is the identity 
element of G and ad(G@)K is the set of all ad(g)k=gkg" with g€ G ani 
ke K. 


Proof. M is compact and [ is a group of isometries of M/, so T isi 
properly discontinuous group of isometries of M if and only if T is finite 
and acts freely on M. G is transitive on M, so the isotropy subgroups of 4 
are the subgroups ad(g)K with g¢€ G. T acts freely on M if and only if it 
meets each isotropy subgroup only at 1. Hence I acts freely if and only ii 
Toad(G)K=—1. QED. 


Using Theorems 1, 2 and 3, we see that the original problem 


Given a compact connected Riemannian homogeneous manifold M, fini 
all Riemannian manifolds which admit a Riemannian covering by M. 


is reduced to the problem 


Given a compact Lie group G and a closed subgroup K, find all finit 
subgroups T of G such that TN ad(G)K =1. 


by taking G to be the group of isometries of a finite Riemannian coveril} 
manifold of M and K to be an isotropy subgroup of G. We then note thit 
G and K are both compact, each has only a finite number of components ” 
and K meets every component of G. 
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Chapter II. Necessary conditions for a finite group to act as a properly 
discontinuous group of isometries of a compact connected 


Riemannian homogeneous manifold. 


_ Given a compact Lie group G and a closed subgroup K, we will find 
‘some necessary conditions on finite subgroups © of G for TMad(G)K —1. 
These will involve the ranks of G, K, and some subgroups of I. 

The rank of a finite abelian group B is the minimal number of factors 
‘in a direct product decomposition of B into cyclic groups, and is denoted 
‘rank.B. For example, if p is a prime, the elementary p-group with p" 
Pelements, (Zp)"—=Z, -X Zp, the direct product of h copies of the cyclic 
| group of order p, has rank h. The rank of B is the maximum of the ranks 
.[p of its elementary p-subgroups, and B is cyclic if and only if rank. BS=1. If 
if pis a prime, the p-rank of B, denoted p-rank. B, is the rank of a p-Sylow 
subgroup of B. It is the maximal integer h such that B has a subgroup 

"isomorphic to (Z,)*. 

; The rank of a compact Lie group H, denoted rank. H, is, as usual, 
the common dimension of the maximal toral subgroups of H. 


II.1. A bound on the ranks of certain abelian subgroups. 
THEOREM 4. Let K bea closed subgroup of a compact Lie group G. 


1. Given a finite subgroup T of G such that TNad(G) —1 and an 
abelian subgroup B of T which lies in a torus of G, we have rank. B = rank. G 
—rank. K. 


2. The above bound is the best possible in the sense that there ts a 
Ef positive integer m(G,K) such that, given a finite abelian group A with 
‘rank. A S rank. G—rank. K and m(G,K) prime to the order of A, a torus 
of G has a subgroup A’ which is isomorphic to A and such that A’ ad(G@)K 


Proof. Let T’ be a maximal torus of K, T a maximal torus of G which 
‘contains 7”, n—rank.@ and k—rank.K. We replace B by a conjugate 
which lies in 7 and still have BN ad(G@)K =1, hence BN T’ =1. It follows 
g@ that the canonical map of 7 onto the (n—k)-torus T/T’ maps B mono- 
morphically. Since a finite subgroup of an (n—k)-torus has rank at most 
n—k, we conclude rank. B=n—k. This proves the first statement. 

Let Ky be the identity component of K, G, the identity component of G, 
W= {w,,- + +,wg} an enumeration of the Weyl group of G, with respect 
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to T, and {a,,- - -,a:} a set of automorphisms of G, which preserve 7’ such 
that the automorphism group ad(G) of G, can be written as the union of 
the a;-ad(G,.). Two elements of T are ad(G,)-conjugate if and only if they 
are W-conjugate, and it follows that an element of T lies in ad(G@)K, if and 
only if it lies in one of the 7;;—a;(w;(T’)). As there are only a finite 
number of the k-tori 7;;, there exists an (n—-k)-torus V in T which inter. 
sects each 7); in a finite group. Let m(G,K) be the product of the primes 
occurring in the orders of these finite groups and in the order b of K/K,, 
Let B€V have order prime to m(G,K) and lie in ad(@)K. Then 
Ad(G@) Ko, so € for some (1,7). Since the order of 8? is also prime 


to m(G,K), this implies, by the definition of m(G,K), that B?=1. Since 


the order of 8 is prime to b, this implies B —1. 

We can find a subgroup A’ of V which is isomorphic to A because JV’ is 
an (n—k)-torus and A is a finite abelian group of rank at most n—k. 
The considerations above show that A’Mad(G@)K —1 if the order of 4, 
hence of A’, is prime to m(G,K). QED. 

In Chapter III we will see examples where K, and even G, is connected 
and m(G,K) must be even, hence m(G,K) >1. 


II.2. The work of A. Borel on torsion and subgroups which lie ina 
torus. A. Borel has proved ([1], Chapter XII) that if G is a compact 
connected Lie group with classifying space Bg, p is a prime, and the integral 
cohomology ring H*(Bcg,Z) has no p-torsion, then every elementary p-sub- 
group (subgroup isomorphic to some (Z,)") of G lies in a torus of G. A case 
by case check proves the converse. Borel has also shown that H*(G,Z) has 
p-torsion if and only if H*(Be,Z) has p-torsion, using known results and 
checking the case p=5 for Ey, p=5 and p=? for E, and p=7 for E, 
The summary of the situation is that the following are equivalent: 


1. H*(G,Z) has no p-torsion. 
2. H*(Be,Z) has no p-torsion. 
3. Gss being the semisimple part of G, H*(G,s,Z) has no p-torsion. 


4. 7,(G,ss) has order prime to p, and, if G’ is a simple factor of the 
universal covering group of G,, then H*(G’,Z) has no p-torsion. 


Finally, if H is a compact, connected, simple, simply connected Lie grou}, 
then H*(H,Z) has p-torsion in precisely these cases: 


1. p=2 and H=E,, E,, E,, F., G2, or Spin(n) with n= 7. 
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2, p=3 and H=E,, E,, E,, or Fy. 
3. p=5 and H=—E,. 
An immediate consequence of Theorem 4 and this work of A. Borel is: 


THeoreM 4’. Let G be a compact Lie group of rank n, K a closed sub- 


) group of rankk, and T a finite subgroup of the identity component G, of G 
> such that TQ ad(G)K =—1. Then if p is a prime for which H*(G),Z) has 
no p-torsion, every abelian subgroup of T has p-rankn—k. If H*(G,2Z) 
| is torsion-free, every abelian subgroup of T has rank = n—k. 


It is now clear that the problems in applying Theorem 4 are closely 
related to the existence of p-torsion in G. This is of two sorts—p-torsion 


' from the fundamental group of G and p-torsion from the simply connected 


versions of the simple factors of G. Finally, we can only hope to classify 
our groups TI in case rank. G—rank. K =1, due to the present rate of the 
theory of finite groups. We will see, however, that p-torsion in G is of little 
importance in case rank. G = rank. K, and that only the p-torsion from 7, (@) 
is of importance in case rank. G—rank. K = 1. 


In addition to the results mentioned above, A. Borel has shown [2] 


Let G be a compact connected Lie group, 7,(G) torsion-free and xé€ G. 
The centralizer of x in G is connected. 


As the identity component of the centralizer of x in @ is the union of the 
maximal tori of G which contain 2, it easily follows, if 7,(G@) is torsion-free, 
that every abelian subgroup of G with 2 generators lies in a torus of G. 
We will depend heavily on this result of A. Borel in the next section. 


II.3. A further bound on the ranks of abelian subgroups. The main 
purpose of this section is to prove: 


~ 


THEOREM 5. Let G be a compact connected Lie group, K a closed sub- 
group with rank. G—rank. K =1,T a finite subgroup of G with TN ad(@)K 
=1, pa prime, and h(p) the p-rank of 7:(G@). Then every abelian subgroup 
of T has p-rankSh(p) +1. If h(p) =2, then every abelian subgroup of T 
has p-rank S 2. 


We will first need a few lemmas. The first two of these lemmas are 
known, but not well-known, so it seems best to write them out. 


Lemma 5.1. Let G be a compact connected Lie group, Gs, the semi- 
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simple part of G, and Z(G). the identity component of the center of &. 
There is a covering $: GssX Z(G@)o given by $(g,t) =gt. is an 
epimorphism of compact connected Lie groups and the kernel, ker. ¢, of ¢ i; 
the set of all (g,g1) with Gss N Z(G)o. 


Proof. Gs has finite center and G= G.:Z(G@)o. Note that ker. ¢ is 
finite and lies in the center of G;; K Z(G)o. 


Lemma 5.2. Let G be a compact connected Lie group. As a topological 
space, G is homeomorphic with Gss XK Z(G@)o. As Z(G) o ts a torus, tt follows 
that the torsion subgroup of ,(G) is isomorphic to m,(Gss), and in particular 
p-rank. 7,(G) = p-rank.7,(Gss) for every prime p. 


Proof. We proceed by induction on the dimension s of the torus Z((),, 
and the lemma is trivial if s=0. If s—1, we consider the principal bundle 
G— G/Gss = Z(G) o/(GssO Z(G@)o) with connected group and base which 
is a 1-sphere. Since this is a trivial bundle ([12], p. 99), @ is homeomorphic 
to Gss X (1-sphere), which is homeomorphic to Gs. K Z(G@)o. Now assume 
s>1. Take a subgroup H of G which is generated by Gs and an (s—1)- 
torus 7’ in Z(G)». H is homeomorphic to Gs; x T by induction. As before, 
the principal fibre bundle G—G/H tells us that G is homeomorphic w 
H X(1-sphere), so G is homeomorphic to Gs; K Z(G). 


Now note that 7,(G@) =71(Gss) X (torus) and z,(torus) is a free 
abelian group. QED. 


Lemma 5.3. Let G be a compact connected Lie group, p a prime, ani 
h(p) the p-rank of 7,(G). Let 6: Ges X Z(G)o—> be the covering given by 
(9, t) = gt, G’—> Ges the universal covering of Gs, and 6: G’ Z(G), 
the composition @-(uX1). Then every (Zp)*®*? in G contains a (Z,)' 
which 1s the @-image of an abelian subgroup of G’XZ(G)o. If h(p) =>, 
every (Z,)* in G contains a (Z,)* which is the 6-image of an abelian sub- 


group of G’ XZ(G)>. 


Proof. Let $B1,- - +, ¢Bn(p)+2 generate a (Z,)*)*? in G, N =ker. 4, aul 
Bj = (bj, tj) € Ges X Z(G)o. As [i,8;]€N, where [ , ] is the ordinary 
commutator, we know from the form of the elements of N that [b;, bj] =1€ Gu 
As 8? € N we also know that 6? is central in G,s. Now take elements cj¢ & 
with w(c;) 0b; As b? is central in Gy, cj is central in G’. Since the }; 
commute with each other, the commutators [c¢;,c;] lies in ker.» and are thw 
central in @’. 


Let u and v be elements of a group H such that w= [u,v] commute 
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withu. wo —=wvu and we assume = by induction on n. Hence 


In other words, [u",v] =[u,v]" if w commutes with [u,v]. Since [¢;, ¢;] is 
central in G’, it commutes with ¢;, and consequently [ci, c;]? = [¢?, ¢;] which 
equals 1 because c;? is central in G’. 

M =ker. » is isomorphic to 7,(Gss) so, by Lemma 5.2 and the definition 
of h(p), M does not contain a (Z,)*®**, Now set yj;—=[Cacpyse, ¢j] for 
+1. We have just seen that y?—1. As ples, cj] = 
=[bi, bj] =1, y;€ MV. It follows that the y; generate an elementary p-sub- 
group Y in M of rank at most h(p). Since there are h(p) + 1 of the yj, we 
have a relation * * == 1, v; integers not all divisible by p. 
the fact that [ci, cjc | = - [ci, ex], a consequence of the fact that each 
[ci,¢g| is central in G’, gives us [Cnip)+2,¢] 1. We now have elements 
o=(c,t) and t= in G’ X such that o and generate 
an abelian group in G’ X Z(G). whose 6-image is a (Zp)? inside our original 
(Z,)**? in G. 

Now suppose h(p) 2. As before, we have a (Z,)* in G generated by 
we have B;=(b;,t;); and we have p(cj)=b; We set 
C2], and the y; generate an elementary 
p-subgroup of M which, by definition of h(p), has rank =2. This gives us 
arelation of the form y,"y."2y3"8 = 1, where the v; are integers not all divisible 
| by p. We can assume that v, is not divisible by p, so there are integers r 
and s such that y;—yo"ys*. If p divides s, [¢:c3",c.] =1. If p doesn’t 
divide s, there is an integer wu with ws==—r (mod p), and [¢,¢2", = 1. 
In either case we get an abelian group from the c; whose 6-image is a (Z,p)? 
inside our original (Z,)* in G. QED. 


. Proof of Theorem 5. Let B be an abelian subgroup of [ with p-rank. B 
| >h(p) +1. Then B contains a (Z,)"®*?, By Lemma 5.3 we have a (Zp)? 
in B which is the 6-image of an abelian subgroup S of G@’XZ(G@)>o. S is 
| generated by two elements. By a theorem of A. Borel, mentioned in § II. 2, 
§ lies in a torus of G’ X Z(@)o, so 6(S) lies in a torus of G. Hence © 
contains a (Z,)* which lies in a torus of G. As rank. @—rank. K =1 and 
['\ad(G)K —1, this contradicts Theorem 4. The proof that h(p) =2 
implies p-rank. B <2 is identical. QED. 


CoroLLaRy 5.1. Let G be a compact connected Lie group which has 
lorsion-free fundamental group, i.e., such that Gs is simply connected. Let 
K be a closed subgroup of G such that rank. @—rank. K =1 and let © bea 
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finite subgroup of G such that 1M ad(G)K =—1. Then every abelian subgroup 
of T ts cyclic. The odd Sylow subgroups of T are cyclic and the 2-Sylow 
subgroups are cyclic or generalized quaternionic, t.e., given by two generators 
A and B with the relations 


ae 1, A** == B?, BAB'—A-, a integer, a>2. 


Proof. Let V be an abelian subgroup of © and write V as a product of 
p-subgroups. By Theorem 5, each of these p-subgroups has rank = 1, hence is 
cyclic. Since V is a product of cyclic subgroups of pairwise relatively prime 
orders, it follows that V is cyclic. The rest is known ([14], Chapter I) to 
follow. QED. 


Chapter III. An arithmetic criterion and first application 
to the classical groups. 


III. 1. Angular parameters and the arithmetic criterion. Let G bea 
compact connected Lie group of rank n, K a closed connected subgroup of 
rank k, T a maximal torus of G which contains a maximal torus 7” of K, 
W = {w,,° - -,Wq} an enumeration of the Weyl group of G@ relative to 7, 
and T;—w;{T’). We choose an integral basis of the Lie algebra T of T, 
i.e., an ordered basis X = {X,,- - -,Xn} of T such that exp(>,a,X,) =1 if 
and only if each a, is an integer. The Lie algebra T; of 7; can be described 
as the set of all elements a;X, of T such that = 0 for 1 = = n—h, 
where each {vij1,- - +, Vijn} = Vi; is an ordered set of relatively prime integers. 
The v;;, can be chosen to be rational because each 7; is closed in 7’, and the 
obvious normalization transforms each V;; into a set of relatively prime 
integers. 


DEFINITION. The q(n—k) ordered sets Vi; of relatively prime integers 
are the angular parameters of K in G relative to X. 


We remark that, for a given K and G, the choice of X does not specify 
the angular parameters of K in G uniquely. 
Let T be a finite subgroup of G. We choose cyclic subgroups {y:} =I 


of I such that every element of I is ad(@)-conjugate to an element of one 
of the Then ad(G)K if and only if ad(G@)K for each t. 


The angular parameters of K in G@ give us an arithmetic criterion for 
ad(G)K =1: 


THEOREM 6. Let G be a compact connected Lie group of rank n, K a 
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closed connected subgroup of rank k, Vijo,* Vin} the angular 
jarameters of K in G relative to an integral basis X = {X,,- + +,Xn} of the 
Lie algebra T of a maximal torus of G, B = {8} a cyclic subgroup of order m 
in G, and X =>,a,X,€ T such that exp(X) is ad(G)-conjugate to B. Then 
each bs = mag is an integer, and Bf ad(G)K =1 tf and only tf each 


{m, Visbs, ae Vi n-k Ds} 


isa set of relatively prime integers. 


Proof. Each b,—=ma, is an integer because X is an integral basis of T 


and exp(mX ) = exp(>;b;Xs) is conjugate to B"™ —1. 

We will use the notation leading to the definition of the angular para- 
meters of K in G@ relative to X. An element of T lies in ad(G@)K if and 
oly if it lies in one of the T;,so BM ad(G@)K =—1 if and only if exp(rX) ¢ T; 
for any ¢ whenever r=40 (modm). X being an integral basis of T, exp(rX) 

'¢7; if and only if there is a choice aj, of integers such that rX¥ + S,aisXs 
=>, (ra,+ai,)X;, lies in Tj, such that + mais) for 
Reducing modulo m this says that r vijsbs;==0 for 1S] 
<n—k. If rs40(modm), this implies that V; is not a set of relatively 
prime integers. 

Now suppose that V; is not a set of relatively prime integers. Then 
there is an integer rs=40(modm) such that r vijsbs==0 (mod m) for 
1SjSn—k. We will show that exp(rX) € Ti, so B’€ ad(G)K. Let Ui; 
be the —1)-torus whose Lie algebra Uj; is the hyperplane vijst, = 0 in 
T, where the 2, are coordinates relative to the basis X. 7; Ui. Vi; being 
aset of relatively prime integers, we have integers With CijsVijg = 1. The 
congruences 7 Vijsdbs = 0 (mod m) gives us integers ¢;; with mt + Des Vijsds 
=(, so we have integers dijs = Cijsti; such that bs + maijs) for 
1SjSn—k. This just says that exp(rX)¢€ Ui; for 1SjSn—k, so 
exp(rX)€ QED. 

Theorem 6 can be used to check TM ad(G) K =1 provided that the inter- 
ection of K with the identity component G, of G is connected and IC G). 
let {f:} be automorphisms of G@ such that the automorphism group ad(G@) 
of G is the union of the ad(G))-f; Let Ki=f;(K)NG@. Given TC 
= 1 if and only if ad(G,)K;—1 for every ¢t. We can check 
the ad(G@.)K;—1 with Theorem 6 and thus check ad(G)K =1. 

The application of Theorem 6 is simplified when the Weyl group W of 
acts on the integral basis X by signed permutations: the angular para- 
meters can then be chosen so that each Vj; is obtained from V,; by the same 
‘igned permutations. We will use this trick when G is a classical group. 
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III.2. Even and odd subgroups of the classical groups. By th 
classical groups we mean the unitary groups U(n), the special unitary groups 
SU(n), the symplectic groups (often called the unitary symplectic groups) 
Sp(n), the special orthogonal groups SO(n), and the spin groups (universa] 
covering groups of the special orthogonal groups) Spin(n). They are al 
compact connected Lie groups. U(n) has rank n, semisimple part SU(n) 
and fundamental group infinite cyclic. SU(n-+ 1) has rank n, is simple for 
n= 1, and is simply connected. Sp(n) has rank n, is simple for n= 1, and 
is simply connected. Sp(n) can be viewed as all elements of U(2n) which 
preserve an antisymmetric nondegenerate 2-form on complex Euclidean space 
Given an orthonormal basis {@,,- +, é@2n} of C?", we'll use the form 


n 


2n 2n 
A ( 2 Y = DX (LY jan — YjTjun)- 


1 
SO(2n or 2n-+1) has rank n. SO(k) is semisimple for k = 3, simple fa 
4Ak=3, has fundamental group Z, if k=3, and has universal covering 
group Spin(k). 
Given a classical group G, we have a canonical choice of a maximal tor 
T of G: 


1. G=U(n). T is the set of all matrices diag{a;,- - -,a@n}, where each 
a; is a unimodular complex number. 


. G=SU(n). T is the set of all diag{a,,- - -,a,} of determinant |, 
where each a; is a unimodular complex number. 


. G=Sp(n). T is the set of all matrices bsg a) where D is the 


complex conjugate of D and D is in the canonical maximal torus 
U(n). 
G=—=SO(2n or 2n+1). T is the set of all matrices 


Cos sin 
—sin 2rt cos 


R(t), (1)}, where R(t) —( 
and the (1) appears only if G=SO(2n-+1). 


. G=Spin(2n or 2n+1). T is the complete inverse image of oil 
chosen maximal torus in SO(2n or 2n-+1). 


If @ is not a Spin or special unitary group, we have a canonical choice 
integral basis Xg—= {X,,- - -,X,} of the Lie algebra T of T: 


1. G=U(n). exp(tX;) =diag{1,- - -,1,exp(2mit),1,- - -,1}, wher 
the exp(2zit) is in the j-th place and i? =—1. 
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D at where D is the complex conjugate 


2, G=Sp(n). exp(tX;) -(7 
of D and D=diag{1,- - -,1,exp(2z7it),1,- - -,1} has the exp(2mit) 
in the j-th place. 

. G=SO(2n or 2n+1). Let I, be the 2X2 identity matrix; 
exp(tX;) = diag{I.,- 12, (1)}, where R(t) is the 
j-th block. 


The Weyl group W of G acts on Xg by signed permutations: 


G—=U(n). W acts on Xg@ by all permutations. 
G—=Sp(n) or SO(2n+1). W acts on Xg by all signed permutations. 


G=—=SO(2n). W acts on Xq by all signed permutations where the 


the number of sign changes is even. 


Let K be a closed connected subgroup of rank & in a classical group 
G=U(n), Sp(n) or SO(2n or 2n+1). Replacing K by a conjugate, we 
have a maximal torus 7’ of K which lies in our canonical maximal torus T 
of G@. The Lie algebra T’ of J’ is the intersection of n—k hyperplanes 
| 3, vje’s = 0, where the x, are coordinates in T relative to the canonical integral 
basis we can assume that each V;—= {vj1, Ujn} is a set of relatively 
‘prime integers. If W = {w,,- is an enumeration of the Weyl group 
of @ relative to T, W envisaged as a group of signed permutations on n-tuples 
from its action on Xq, the angular parameters of K in G relative to Xq are 
the Vij = wi (Vj). 

DEFINITION. The n—k ordered sets V; of relatively prime integers are 
| the canonical parameters of K in G=U(n), Sp(n) or SO(2n or 2n +1). 


Let K be a closed connected subgroup of rank k—1 in SU(n). Viewing 
SU(n) as a subgroup of U(n), K has canonical parameters V,,° +, 
inU(n). We may assume that = {1,1,- -,1}. 

DEFINITION. The n—k ordered sets V,,---,Vn-~ of relatively prime 


integers are the canonical parameters of K in SU(n). 


Let K be a closed connected subgroup of rank k in Spin(2n or 2n + 1) 
and let f: Spin—> SO be the natural projection. We will use the canonical 
‘parameters V,,-- of f(K) in SO(2n or 2n+1) for the canonical 
parameters of K in Spin(2n or 2n+1): 

DEFINITION. The n—k ordered sets V; of relatively prime integers are 


the canonical parameters of K in Spin(2n or 2n-+-1). 
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Given a closed connected subgroup K of a classical group G@ and an 
integral basis X of the Lie algebra of a maximal torus of G, we can always 
construct the angular parameters of K in G relative to X from the canonical 


parameters of K in G. 
The fact that the Weyl group acts on the canonical parameters by signed 


permutations allows us to define: 


Derinition. Let K be a closed connected subgroup of a classical group 
G=U(n), SU(n), Sp(n), SO(2n or 2n+1) or Spin(2n or 2n +1) such 
that rank. G—rank.K =1. Let V= {v,,- - -,Un} be the canonical parameter 
of K in G and set v=v,v2" + Un. Then K is an even subgroup of G if v 
is an even integer; K is an odd subgroup of G if v is an odd integer. 


The most familiar examples of even subgroups are 
U(n—1)C U(n), SU(n—1) C SU(n), Sp(n—1) C Sp(n), 
SO(2n—1) C SO(2n) and Spin(2n—1) C Spin(2n). 


In these examples the canonical parameter can be taken to be {1,0,- - -,0}. 


III.3. The orthogonal groups. If G is a classical group U(n), 


SU(n+1), Sp(n) or Spin(2n or 2n +1) of rank n, K is a closed connected 
subgroup of rank n —1 and I is a finite subgroup of G such that .'N ad(G)K 
= 1, then Corollary 5.1 tells us that every abelian subgroup of IT is cyclic. 
If, however, G=SO(2n or 2n-+-1), then we only know that every abelian 
subgroup of I is of the form Z, < Z,, where wu is a power of 2. As it is known 
[11] that a (Z,)* cannot act freely on the sphere S*"-* = SO(2n)/SO(2n—1), 
there is, at least for some choices of K, room for improvement: 


TuHeEorEM 7. Let G be a special orthogonal group SO(q) =SO(2n or 
2n +1) of rank n and let K be a closed connected subgroup of rank n—1>0. 
If K is odd, G has a subgroup B isomorphic to (Z.)? with BN ad(G)K =1. 
If K is even and T ts a finite subgroup of G such that TN ad(G)K =1, then 
every abelian subgroup of T ts cyclic. 


Proof. Let V = {v;,- --+,Un} be the canonical parameter of K in 6 
and let b€ G have order 2. The eigenvalues of b are all 1 or —1. As 
det.b 1, the multiplicity of the eigenvalue —1 is some even number *. 
It is clear that b is ad(@)-conjugate to exp($X, + wher 
Xe = +, Xn} is our canonical integral basis, so the arithmetic criterio 
(Theorem 6) says that b€ ad(G)K if and only if some sum of s of the '; 
without repetitions, is even. When the v; are all odd this means that 
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b¢€ad(G@)K if and only if s is even; when one of the v; is even and s <n, 
this implies that b € ad(G)K. 

Suppose K is odd. Then each of the v; is odd, so we must exhibit a 
(Z,)? in G in which every element “1 has the eigenvalue — 1 of multiplicity 
congruent to 2 modulo 4. Let I; be the ¢ X ¢ identity matrix; then such a 


(Z.)* is given by generators 
b, = diag{— 1, —1, 1, b, = diag{1, — 1, —1, 


Suppose that K is even, so one of the v; is even. By Theorem 5 we need 
only show that I contains no (Z,)?, so we must show that a (Z,)* in @ has 
an element ~1 with eigenvalue —1 of multiplicity not equal to 2n. 
A (Z,)" in SO(q) is conjugate to a group of diagonal matrices. It follows 
that G contains a (Z.)* where every element ~1 has eigenvalue —1 with 
multiplicity 2n only if g==3. That case was ruled out by the assumption 
rank. K>0. QED. 


III.4. Elements of order 2 which act freely. 


THEOREM 8. Let G be a classical group U(n), SU(n), Sp(n), SO(2n) 
or Spin(2n) and let K be an even subgroup (hence closed and connected, 


and rank.G—rank.K 1). Let T be a finite subgroup of G such that 
Tnad(G)K =1. ThenT has at most one element of order 2, and an element 
of order 2 in T is central in G. Let H be a closed connected subgroup of 
SU(n) such that rank. SU(n) —rank. H —1 and let & be a finite subgroup 
of SU(n) such that 3Nad(SU(n))H=1. Then both n and H are even 
if X has an element of order 2. 


Proof. Suppose GA Spin(2n) and let y€ IT have order 2. As in the 
proof of Theorem 7, the arithmetic criterion shows that y has the eigenvalue 
—1 with multiplicity 2n if G=SO(2n) or Sp(n), and with multiplicity n 
iiG—U(n) or SU(n). Hence y is conjugate to —I, the negative of the 
identity matrix in G. As —I is central in G, y =—TI and is central in G. 

Now suppose that G = Spin(2n) and f: G— SO(2n) is the natural map. 
Let —1 denote the element of order 2 in ker.f. If —1 is in f or K, then 
or K consists of whole f-fibres and we have ad(SO(2n) )f(K) 
If —1 is in neither nor K, then either ad(SO(2n))f(K) or 
has an element y ~1 such that ImnAf(y) € f(T)N ad(SO(2n))f(K). We. 
will show that this last alternative does not occur. For if it does, K has 
a conjugate K’ such that —y€K’. y has order 2, for y¢ker.f but 
y=(—y)?€rNK’. We can pass to a conjugate of y and assume 


an 
ays 
cal 
ed 
yup 
uch 
ter 
fe 
0}. 
ted 
)K 
lie. 
wh 
1), 
or 
1, 
nell 
(7 
As 
Ie. 
ere 
ion 
Uy 
hat 


JOSEPH A. WOLF. 


y= 61° * ** Where the e; are an orthonormal basis of Euclidean 
space R*", taken as generators of the Clifford algebra C(R*"), and dots denote 
Clifford multiplication. If s—=n, y is central and thus, by Theorem 5, the 
only element of T of order 2. If s<n, let B= é2g° 264. € Spin(2n) and 
ad(8)y——y. This implies that both y and —y are in ad(G@)K, which con- 
tradicts TM ad(@)K =1. Now we can assume that ad(SO(2n) )f(K) 
=I,,. f(K) is an even subgroup of SO(2n) because K is even in Spin(2n), 
so an element of f(T) of order 2 is —Izn. It follows that an element of I of 
order 2 lies in f*({+I.n}), hence is central in Spin(2n). Uniqueness 
follows from Theorem 5. 

Let G=SU(n) and let o€ & have order 2. If H is odd, the arithmetic 
criterion implies that the eigenvalue —1 of o has odd multiplicity, contra- 
dicting det.o—1. Thus H is even. If n is odd, we again contradict 
det.o 1, for, H being even, the arithmetic criterion says that o—=—,. 


QED. 


Chapter IV. Finite subgroups of classical groups which have all 
abelian subgroups cyclic. 


Theorems 5 and 7 tell us that if @ is a classical group and K is a closed 
connected subgroup, assumed to be an even subgroup if @ is special orthogonal, 
such that rank. G—rank. K = 1, and T is a finite subgroup of G. such that 
['N ad(G)K =1, then every abelian subgroup of [ is cyclic. For this reason, 
we’ll examine the finite groups with all abelian subgroups cyclic. 


IV.1. Classification of finite groups with all abelian subgroups cyclic. 


The finite groups with all abelian subgroups cyclic fall into two classes ([14], 


Chapter I)—those with all Sylow subgroups cyclic, and those with odd Sylow 
subgroups cyclic and 2-Sylow subgroups generalized quaternionic. H. Zassen- 
haus ([{16], p. 198, p. 202) and M. Suzuki ([13], p. 689) have given a 
complete classification of these groups in terms of generators and relations. 
We will not use this classification, but rather will rely on a simpler description 
given in H. Zassenhaus’ book ([17], p. 175) for the finite groups with all 
Sylow subgroups cyclic, and on the fact that a finite group with all abelian 
subgroups cyclic has all Sylow subgroups cyclic if its 2-Sylow subgroups are 
not generalized quaternionic. For reference, the generalized quaternionic 
groups are the groups Q2¢ of order 2%, a= 3, given by 


A**—1, B?=A**, BAB*=A-, a integer, 
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A finite group of order NV with all Sylow subgroups cyclic is given by A" = B” 
| =1, BAB* =A", 0<m, mn=N, ((r—1)n,m) =1, r*"=1(modm). 

Our plan of attack is to calculate representations of these groups in the 
classical groups, and find conditions under which the image of a representation 


acts freely on an appropriate coset space. 


IV.2. Classical representations of the generalized quaternionic groups. 
| Following G. Vincent ([14], Chapter III), elementary techniques of repre- 
' sentation theory tell us that the irreducible unitary representations of the 


generalized quaternionic group Q2¢ are: 
1. The 4 U(1)-representations given by A> +1 and B> +1. 
2. The U(2)-representations S,, 1 r < given by 


S,: A> if and where u = exp (2z7i/2*"). 


Note that S, is faithful if and only if r is odd. Let S denote the U(1)- repre- 
sentation A—>1 and B>—1. 

It follows that a special unitary representation of Q2¢ is an appropriate 
sum of U(1)-representations plus a sum of some of 


1. The 2° SU(2)-representations S,, where r is odd. 

2. The 2%° SU(3)-representations S,-+ 8, where r is even. 

3. The SU(4)-representations S,,-+ S,,, where 7, and 12 are even. 
Similarly, a symplectic representation of Q2* is an appropriate sum of U(1)- 
representations plus a sum of some of 

1. The 2° Sp(1)-representations S,, where r is odd. 

2. The Sp(1)-representations S,-+ S,*, where is even and S,* 

is the complex conjugate representation of S,. 
A unitary, special unitary or symplectic representations of Q2* is faithful if 
and only if it has a summand S, with r odd. 

S, is unitarily equivalent to its conjugate representation S,*, and is 
equivalent to a real representation if and only if r is even. As before, we 
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)e SO(2); the irreducible orthogonal repre- 


1. The 4 O(1)-representations given by A> +1 and Bo +1. 
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2. The 2**— 1 O(2)-representations S,, 7 even, unitarily equivalent to 
the corresponding U(2)-representations, given by S,: A— R(r/2*) 


and 
1 0 


. The 27% O(4)-representations T,, r odd, equivalent to 8, -+ S,*, given 


R (1/20) 0 0 I, 
by A> ( and B= ( 


—I, 0 
A special orthogonal representation of Q2¢ is an appropriate sum of O(1)- 


representation plus a sum of some of 
1. The SO(3)-representations S,-+ 8 (r even, of course). 
2. The SO(4)-representations S,,-++ S,, with 7, and r. even. 
3. The SO(4)-representations 7, (r odd, of course). 


An orthogonal or special orthogonal representation of Q2¢ is faithful if and 
only if it has a summand 7’, 

Each of the 7’, can be lifted to a faithful Spin(4)-representation of Q2*. 
Let T be one of the 7, and let {e;} be the orthonormal basis of R* with 
respect to which our matrices are written; the {e;} generate the Clifford 


algebra C(R*). We choose 7’(A) € Spin(4) over T(A) and T’(B) € Spin(4) 
over 7(B). We then have 


T’(A) = +(cosa-+ e, sin x) + (cosx— sin 2), 
T’(A)-! == + (cos 7 — ey Sinz) + (cosx + sin 2) 


and T’(B) =+4(1+es-e,)-(1+ e), 


where dots denote Clifford multiplication, and #—-ar/2*?. A short calev- 
lation shows that 7T’(A)*** =e, @3=T’(B)?. Another calculation 
shows that 7’(B)-7T’(A) =T’(A)*-T’(B). It follows that 7’(A) and 
T’(B) generate a Q2¢ in Spin(4), so 7” extends to a Spin(4)-representation 
of Q2*. T” is faithful because it covers a faithful representation. 

Let V=S,,+S8;,, = 2u;, a non-faithful SO(4)-representation of 
If V’(A) € Spin(4) lies over V(A) and V’(B) € Spin(4) lies over V(B), 
a short calculation shows that V’(B)?=—1, V’(B)- V’(A)- V’(B)* 
= V’(A)-1, and V’(A)*** =—1 if and only if is odd. In other 
words, V’ extends to a Spin(4)-representation V’of @Q2¢ if and only if one 
of the u; is odd and the other is even. In that case, V’ is faithful and —1 
is the element of order 2 in V’(Q27). 

Let U=S8S,+8S, r=2u, a non-faithful SO(3)-representation of @Q?*. 
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Choosing U’(A) and U’(B) in Spin(3) over U(A) and U(B), we see that 
U’(B)? =—1, U’(B): U’(A)- and U’(A)**=—1 if 
and only if uw is odd. Thus U’ extends to a Spin(3)-representation U’ of 
Q2¢ if and only if w is odd; in that case, U’ is faithful and — 1 is the element 
of order 2 in U’(Q2*). 


IV.3. Unitary representations of finite groups which have all Sylow 
subgroups cyclic. Let I be a finite group of order N with every Sylow sub- 
group cyclic. I is given by two generators A and B with relations A" = B" = 1, 
BAB* = m,mn=N, ((r—1)n,m) =1, r"=1 (modm). Note that 
m is odd; if m were even, r would be odd because A and A” have the same 
order, so 2|((r—1)n,m), where we denote a divides b by a|b. Note also 
that not r but only the mod m residue class of r is important. Let ¢ be the 
Euler ¢-function and let G,, be the multiplicative group of integers prime 
to m, taken modulo m. As m is odd, there can be no confusion with the 
exceptional Lie group G,. Given Cé€T, let {C} denote the cyclic subgroup 
of T generated by C. Let d be the order of r in Gy. As r™=1(modm), 
d|n and we can write n=n’d. If m;|m, set d;=order of r in Gn, 
n=dmn;. G. Vincent has proved ([14], p. 156): 


T has exactly ¢(m;)n’d/d; irreducible unitary representations of degree dj. 
On restricting one of these representations to {A}, it has kernel {A™}. 
As m; runs over all divisors of m, including 1 and m, these representations of 
degree d; give all irreducible unitary representations of T. 


This, together with other results of G. Vincent ([14], Chapter III) 
make it fairly easy to verify that the irreducible unitary representations of 
degree d; of T are given by: 


fix(A) = diag {exp (2xt/m;), exp(2mir/m;),° /m;) } 


fix(B) =exp(2rik/n)- for k= 


Chapter V. A second application of the arithmetic criterion 
to the classical groups. 


V.1. Generalized quaternionic subgroups of classical groups which 
act freely. Suppose @ is a classical group of rank n and K is a closed 
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connected subgroup of rank n —1, assumed to be an even subgroup if G is a 
special orthogonal group. A generalized quaternionic subgroup I of G can be 
considered to be the image of a faithful G-representation of the appropriate 
@Q2*. Since we know these representations explicitly, we can apply the arith- 
metic criterion to check whether ['M ad(G@)K =—1. The importance of this 
procedure is that if no generalized quaternionic subgroup of G@ can act freely 
on G/K, then every finite subgroup of G that acts freely on G/K has all 
Sylow subgroups cyclic. Such groups have particularly simple structure among 
the finite groups with all abelian subgroups cyclic. 


THEOREM 9.1. Let G be a classical group U(n), SU(n), Sp(n), or 
SO(2n or 2n +1), K a closed connected subgroup with rank. G — rank. K =1, 
V = +, Un} the canonical parameter of K wn G, and q the number of 
v; which are odd. Then G has a generalized quaternionic subgroup T such 


that ad(G)K tf and only if 


n is even and q ts odd, if GASp(n); q 1s odd or q=n, if G=Sp(n). 
If G has a generalized quaternionic subgroup T such that TM ad(G)K =1 
and if B is any generalized quaternionic group, then G has a subgroup B’ 
isomorphic to B such that B’QNad(G)K =1. If K ts an even subgroup in 
case G = SO(2n or 2n+1), if 


n is odd or q is even, if GASp(n); q ws even and q <n, if G=Sp(n), 
and if & is a finite subgroup of G such that 3Qad(G)K =1, then every 
Sylow subgroup of & ts cyclic. 


Proof. Let T be a generalized quaternionic subgroup of G=—U/(n), 
Sp(n) or SO(2n or 2n +1), considered as the image of a faithful G-repre- 
sentation F of Q2¢. Checking the various possible summands of F’, we see 
that every element of T is ad(G)-conjugate to a power of F(A) or F(B); 
it follows that [TMad(G)K if and only if {F(A)}nad(@G)K=1 
= {F(B)}Mad(G)K. We will apply the arithmetic criterion (Theorem 6) 
to these two cyclic subgroups of T. When we do this, the integer m in the 
formulation of the arithmetic criterion will be a power of 2, as T is a 2-group, 
sO we may ignore the integers b; which are even. As the kernel of a non- 
faithful G-representation of Q2* contains the element B? = A**” of order 2. 
this means we need only consider the faithful summands of FY. Replacing I 
by an ad(@)-conjugate if necessary, we can assume F=S,,+---+58,, if 
G=U(n) or Sp(n) and F=T,,+---+T7,, if G=SO(2n or 2n+1), 
where the 7; are odd. An application of the arithmetic criterion now tells 
us that the condtion for TM ad(G)K —1 is that, for every element g of the 
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group S(n) of all permutations on {1,2,- - -,n}, D577 (Vg (25-1) — and 
Yj (Vg — are odd if G—=U(n), gy) and are 
odd for any arrangement of + signs if G—Sp(n), and 


(E Vg (24-1) — Vg ) and — ) 


are odd for any arrangement of + signs, requiring only that the number of 
minus signs be even if G—SO(2n), if G=—SO(2n or 2n+1). As the 1; 
are odd, the first number has the same residue mod 2 as the second, so we may 
ignore the first one in each case. Similarly, we may ignore signs. We now 


see that the condition for TM ad(G) K = 1 is that, for every g € S(n), Vg(j) 
is odd if GA Sp(n) ; is odd if G—Sp(n). This is of 


a and of the 7;, and innit only on n, s and g. It happens if and only if 
n= 2s and q is odd if GASp(n); q is odd or gq=n if G=Sp(n). 

The theorem is now proved except for G=SU(n). Suppose G=SU(n) 
CU(n) and let K’ be a closed connected subgroup of rank n—1 in U(n) 
such that K = K’M SU(n). If T is a subgroup of SU(n), TN ad(SU(n))K 
=I ad(U(n))K’, so we are done because a generalized quaternionic sub- 
group of U(n) can be assumed, for purposes of checking TN ad(U(n))K’ =1, 


to be the image of a sum of S,, with 7; odd, and hence can be assumed to lie 
in SU(n). QED. 

The situation with the Spin groups is more complicated because of the 
relative abundance of faithful Spin-representations of the generalized quater- 


nlonic groups. 


Lemma 9.1. Let K be a closed connected subgroup of rank n—1>0 
in G=Spin(2n or 2n-+1) and let —1 be the element of order 2 in the 
kernel of the natural projection f: Spin-> SO. Then K is an even subgroup 
of G if and only if it contains —1. 


Proof. K contains —1 if and only if —1 lies on a 1-parameter sub- 
group of K, as K is connected. Let Y be a 1-parameter subgroup of K. As 
—1 is central in G we may assume that (f Y) (¢) =exp(S.tasX,), where 
the exponential is taken in SO(2n or 2n-+1) and {X,,---,Xn} is our 
canonical integral basis for SO(2n or 2n-+-1). We may assume Y normalized 
so that (f- Y)(¢) =I if and only if ¢ is an integer; the a, are then integers 
and —1 lies on Y if and only if —1—Y(1). Y(1) ——1 if and only if 
the number of odd a, is odd. 

Let V = {v,,- - -,Un} be the canonical parameter of K in G, i.e., the 
canonical parameter of f(K) in SO. If K is odd, S,v,sa,—=0 implies that 
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an even number of a, are odd and —1~Y(1). If K is even, we can assume 
v, even and vz, odd; we construct a conjugate X of a 1-parameter subgroup of 
K which contains —1 by (f-X) (¢) QED. 


We mention an interesting consequence of Lemma 9.1: 


9.1. Let K bea closed connected subgroup of rank n—1> 0 
in G=SO(2n or 2n+1). Then G/K is simply connected tf and only if K 
is an even subgroup of G; m(G/K) =Z, if K is odd. 


Proof. The universal covering of G/K is Spin(2n or 2n + 1)/K’, where 
K’ is the identity component of f*(K). QED. 


THEOREM 9.2. Let K be a closed connected subgroup of rank n—1 >0 
in G=Spin(2n or 2n+1), V={01,: - +, Un} the canonical parameter of K 
in G, and q the number of v; which are odd. 


Suppose K is even. Then G has a generalized quaternionic subgroup T 
such that TM ad(G)K =1 if and only if n ts even (say n= 2s) and q ts odd, 
and any such T is ad(G)-conjugate to the image of a faithful G-representation 
F’ of a Q2*%, where F’ =T’,,+---++T7",, for some choice of odd integers 1,, 
If n= 2s, q ts odd, a= 3, {r1,- - +, 7s} are odd integers and 


then TM ad(G)K =1. If ns odd or q is even, and & is a finite subgroup of 
G such that 3 ad(G)K =1, then every Sylow subgroup of & ts cyclic. 


Suppose K is odd. Givena=3, G has a subgroup T isomorphic to Q2 
such that TQ ad(G)K 1, —1 is the element of order 2 in T, f(T) 1s a 
dihedral 2-subgroup of SO(2n or 2n +1) such that f(T)N ad(@’)f(K) 
=1 and f(T) ts ad(G’)-conjugate to the image of a non-faithful G’-repre- 
sentation F of Q2¢ which is a sum of representations of the forms So, + Ss, 
r odd, and S..+8, t odd. 


Proof. f: G=Spin— SO = CG’ being the natural projection, —1 is the 
element of order 2 in ker.f and K’=f(K). Suppose K is even, so —1€ K; 
given a subgroup of G, ad(@)K =1 if and only if ad(@’) K’ =1 


and —1¢I. A generalized quaternionic subgroup T of G@ not con- 
taining —1 is ad(G@)-conjugate to the image of a faithful G-representation 
not faithful, of Q2% f-F’ is a faithful (’- 
representation F —T,,+---+T7,,-+ t, ¢ not faithful, of Q2*. In the proof 
of Theorem 9.1 we saw that f(T) ad(G’)K’ —1 if and only if n = 2s and 
q is odd, and this is independent of the choices of a and of the odd integers 1; 
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It n= 2s, then ¢, and hence ?, is trivial because F' represents by matrices of 
determinant 1. 

Now suppose K is odd. Given a=3 we will construct a subgroup I” 
of G’, isomorphic to the dihedral group D2** of 2** elements, such that 
yn ad(G’)K’ =1 and is isomorphic to Q2*. Then —1 will be 
the element of order 2 in T. Given ye TNad(G)K, f(y) =1; as —1¢K 
it follows that y—1, so TN ad(G)K —1. 

Let I” be a dihedral 2-subgroup of G’. As D2* is the quotient of Q2* 
| by the subgroup generated by B? = A***, we may view I” as the image of a 
representation F = Sar, + Sat, Sat, +8, 7) odd and s 
asum of O(1)-representations, of Q2*. Let 2w’ and w be the multiplicities 
' of the eigenvalue —1 of s(A) and s(B); the eigenvalue —1 of F(B) has 
multiplicity w-+-v + w=22«. K’ is odd because K is odd; as in the proof of 
| Theorem 9.1 the arithmetic criterion shows that {F(A)}Mad(G’)K’ =1 if 
» and only if w is odd when a > 83, if and only if w+ w’ is odd when a=3. 
It also shows that {F(B)}Mad(G@’) Kk’ =1 if and only if z is odd. 


The representations /' which lift to Spin are of the form 


r= (Sor, a. S4s,) + (Sor, + Sas,) 
+ (82, +8) +8) 


with r;, t; odd and where S: A~>1, B>—1€O(1). In this case, every 
_element of I” is conjugate to a power of F(A) or F(B) and we have 
u=p+q=—az, w’=0; it follows that IYO ad(G’)K’=—1 if and only if 
| p+qisodd. rank. K > 0 implies n > 1, so we can find non-negative integers 
_pand q with p+ q odd and 4p + 3q S 2n, hence a @’-representation F of the 
form (*) with p+q odd. QED. 


(*) 


V.2. Subgroups of the unitary group which have all Sylow subgroups 
| cyclic and act freely. Suppose that K is a closed connected subgroup of 
' U(n) of rank n—1 and TL is a finite subgroup of U(n) with all Sylow sub- 
_ groups cyclic. IT is conjugate to the image of a faithful representation of an 
abstract finite group & with all Sylow subgroups cyclic, and we can replace 
by that conjugate. We will apply our arithmetic criterion (Theorem 6) to 
| ee whether TM ad(U(n))K =1. This is of considerable interest if n is odd 
or the number of odd elements of the canonical parameter of K in U(n) is even. 
| for then every finite subgroup B of U(n) such that BN ad(U(n))K =1 has 
| ‘very Sylow subgroup cyclic. 


Let N be the order of 3. We represent % by generators and relations: 
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Am = B"=1, BAB* 0<m, mn=N, ((r—1)n,m) =1 and r=] 
(mod m). If is cyclic, and this becomes BY = 1. 
If T is cyclic of order ¢ and has a generator y with eigenvalues 


exp(zir,/t),: -,exp(2zir,/t), 


and V={v,,- --,Un} is the canonical parameter of K in U(n), a direct 
application of the arithmetic criterion shows that TN ad(U(n))K =1 if and 
only if S.1svg(s) is prime to ¢ for every element g of the permutation group 
S(n). We will, then, ignore this case and henceforth assume that > is not 
cyclic. 

In the notation of §I1V.3, we can assume that [ is the image of the 
faithful representation of in U(q). 


j=1 
Given an integer uw and a divisor m; of m, we define wu) = (u,d)), 


0=u;< d; and u;=u(mod d;), dj = d;, and 


Given a second integer v, we define h(u,v) to be the order of B“A” in % 
A calculation shows that fj,,,(B“A’) has eigenvalues 


exp (2mi[ (h(u, v) /nm;) (kjpum; + + nfvuMrOrt) /h (u, v)) 


for OSe<d™ and 0OSt<u™. If u is prime to d;, a calculation shows 
that this means that fy,,,(B“A") has eigenvalues exp(2zai[kjpu — enj]/n) for 
0=e<dj, hence is ad(U(d;))-conjugate to fix,,(BY). If d|u, another 
calculation shows that the eigenvalues of fj,,,(B“A”) can be written, on setting 


u=wd so u/n=w/n’, as 
exp (2zi[ kjpwm + (mn’/m;)vrt]/mn’) for OSt < dj. 
Now set Nine = Decj debe + (p—1)d; +e-+1, and, given an integer 1, 


set Niner (U) = De<j debe + (p—1)d;+ ew +¢4+1. With this notation, an 
application of the arithmetic criterion now yields: 


THEOREM 10. Let K be a closed connected subgroup of rank g—1 in 
the unitary group U(q), V={v1,- -, vq} the canonical parameter of K 
in U(q), S(q) the group of all permutations on {1,2,---,q} and Ta 
finite subgroup of U(q) which is the image of a faithful representation 


a b; 
fits» of the abstract finite non-cyclic group with all Sylow sub- 
j=1 p= 


groups cyclic. Then !Mad(U(q))K =1 if and only if for every g€ S(q) 
we have: 


RIEMANNIAN HOMOGENEOUS MANIFOLD. 


Ug(N ype)’ (Kip + enj) ts prime to n. 


Ug(N ype)’ (MI jp + (m/m;)n’r?) is prime to mn’. 


Given integers uand v with1Su<n,llv<mand1 <u, d) < d, 
a by dj™-1 


TV} * (A (U, v) /nmj) 


j=l p=1 e-0 t-0 


(kjpum; + uMmynje + n/ruPrMrt) (mod h(u, v)). 


To adapt these formulae to the other classical groups, we proceed as 


follows: 


SU(q). K must have rank g—2 and Tf must lie in SU(q). Formulae 
(1,2,3; Theorem 10) remain unchanged. 


Sp(q). TC Sp(q) C U(2q), S(q) must be replaced by the group S’(q) 
of all signed permutations on V, and, for each formula of Theorem 10, the 
numbers following the v’s fall into two sets, one of which is the negative of 
the other, and only one must be summed. 


SO(2qg+1). TC SO(2q¢+1)C U(2q+1) and we proceed as for 
Sp(q). 
SO(2q). TC SO(2q) C U(2q), S(q) must be replaced by the group 


S’(q) of all signed permutations on V which involve an even number of 
changes of sign, and we proceed as for Sp(q). 


Spin(2q or 2¢-+1). We proceed as for SO(2q or 2q¢+1). 


Recall that if G =U(q), SU(q), Sp(q), SO(2q or 2q +1), or Spin(2q 
or 2g+1), and if K=U(q—1), SU(q—1), Sp(q—1), SO(2q—1 or 
2q¢—2), or Spin(2q—1 or 2qg—2), respectively, imbedded in the usual way, 
the canonical parameter of K in G is {1,0,- - -,0}. With this in mind, we 
can use Theorem 10 to generalize some rather nice theorems of H. Zassenhaus 
[16] and G. Vincent [14]: 


CoroLLARyY 10.1. Let G be a classical group U(q), SU(q), Sp(q), 
SO(2q or 2qg+1) or Spin(2q or 2qg-+1) and let K be a closed connected 
subgroup such that rank. G—rank. K =1 and the canonical parameter of K 
in G@ is {1,0,0,---,0}. Let I be a finite subgroup of G with TN ad(G)K =1, 
such that the order of T is either the product of two primes or is prime to 2q. 
Then T is cyclic. 
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Proof. Suppose first that the order of Tis prime to 2g. As every abelian 
subgroup of I is cyclic and T has odd order, every Sylow subgroup of I is 
cyclic. Formula 2 of Theorem 10 now says that mkjp + (m/m;)n’r¢ is prime 
to mn’, hence to m, so m;==m and consequently each dj—d. This implies 
that d divides both q and the order of I, which are relatively prime, so d=], 
But d=1 ifplies r—1 and thus that [I is cyclic. 

Suppose T has order mn with m and n prime, and that T is not cyclic. 
As T is not abelian, mn. It follows that every Sylow subgroup of TI is 
cyclic, so we look at Theorem 10, which, by switching m and n if necessary, 
is directly applicable. d|n and n is prime, so d=1 or d=n. As d=1 
implies that I is cyclic, dn. Formula 2 of Theorem 10 then shows m; =m, 
so nj =n’=1. Formula 1 of Theorem 10 then says that hj, +e is prime 
to n for 0=e <n, which is impossible. QHD. 

In addition to providing known information on spheres, Corollary 10.1 
tells us something about the Grassmann manifolds SO(2q)/SO(2q—2), 
SO(2q +1)/SO(2q—1) and SO(2q+1)/SO(2q—2). The formulae of 
Theorem 10 can yield all sorts of information by placing special conditions 
on the canonical parameter. 


Chapter VI. Manifolds with non-zero Euler characteristic. 


After stating that we would for the most part concentrate on the case 
rank. G—rank.K =1, we devoted our attention primarily to the case 
rank. G—rank. K =1. In this chapter, we will prove a theorem about the 
case where rank. G=—rank.K. First recall the well-known fact ([10], p. 15) 
that a coset space G/K of a compact connected Lie group G by a closed sub- 
group K has Euler characteristic y(G/K) = 0, and that y(@G/K) > 0 if and 
only if rank.G rank. K. We will prove: 


THEOREM 11. Let M be a compact connected Riemannian homogeneous 
manifold with Euler characteristic y(M)~0. Then there are only a finite 
number, up to isometry, of Riemannian manifolds which admit M as a 
Riemannian covering manifold. 


Remark. If M’ admits a Riemannian covering of multiplicity n by JV, 
we have x(M)—n-y(M’). As x(M’) must be an integer, it is clear, 
intuitively speaking, that one can go down only a finite number of steps 


from M. The theorem says, then, that there are only a finite number of 
steps from M. The theorem says, then, that there are only a finite number 
of “ directions’ 


> 


in which one can go down. These various “ directions” will 


ols 
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be seen to correspond roughly to the subgroups of the finite group G/Go, 
where G, is the identity component of the group G of isometries of M. 


Proof. We will first show that we may assume M simply connected, so 
that we will only have to consider normal coverings, i.e., coverings which are 
effectuated by the group of deck transformations. Let K, be the intersection 
of an isotropy subgroup K of the group G of isometries of M with the identity 
component G, of G, so M=G)/K». K, contains a maximal torus of Gp 
but contains no nontrivial normal subgroup of G; it follows that G) is 


' centerless, hence semisimple, and thus has finite fundamental group. The 


homotopy sequence of the fibring G)— G./K)—M then shows that M has 
finite fundamental group, so the universal Riemannian covering manifold M” 
is compact. We will be done if we show that only a finite number, up to 
isometry, of Riemannian manifolds admit a Riemannian covering by M”, so 
we may assume M simply connected. 

We now need only show that there are only a finite number of properly 


' discontinuous subgroups of G which give mutually non-isometric quotient 
' manifolds of M@. As conjugate subgroups of G give isometric quotients, we 


need only show that there are only a finite number of mutually non-conjugate 


properly discontinuous subgroups of G. As K, ad(G@)K 


contains Gp so a properly discontinuous subgroup of G meets G, only at 1 
and is thus isomorphic to a subgroup of the finite group @/G,. The proof of 
Theorem 11 is thus reduced to: 


LeMMA 11.1 (Mostow). Let G be a compact Lie group and TL a finite 
group. Then G contains only a finite number of conjugacy classes of 1so- 


morphs of YT. 


Proof. Suppose the contrary and let {I} be a sequence of mutually 
non-conjugate isomorphs of [ which le in G. We can assume that I, 
= {yin Yon)" Yun} Ordered so that yjn—>yjm is an isomorphism 
for every m and n. As T is finite and G compact, we can assume that each 
sequence {yjn}n converges, {yjn}—>y;. It is clear that 3 = +, yx} is a 
subgroup of G, although we don’t yet know that the y; are all distinct. A 


_ theorem of D. Montgomery and L. Zippin ([9], p. 216) says that 3 has a 


_ neighborhood U such that every subgroup of G in U is ad(@)-conjugate to a 


subgroup of 3. As the I, eventually lie in U, this contradicts their mutual 


Non-conjugacy. QHD. 


The proof of Theorem 11 also furnishes a proot of: 


PHEOREM 11’. Let M be a compact connected Riemannian homogeneous 
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manifold. If M has finite fundamental group, there are only a finite number, 
up to isometry, of Riemannian manifolds with a given fundamental group 
which admit M as a Riemannian covering manifold. In any given case, there 
are only a finite number, up to isometry, of Riemannian manifolds which 
admit a normal Riemannian covering by M with a given group of deck trans- 
formations. 


THE UNIVERSITY OF CHICAGO. 
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FUNDAMENTAL GROUPS OF COMPACT SOLVMANIFOLDS.* 


By Lovurs AUSLANDER.* 


Introduction. Let S be a connected, simply connected solvable Lie 
group and let G be a closed subgroup of S. Then the homogeneous space 


| §/G is called a solvmanifold. In the special case where the solvable Lie group 


is nilpotent, the homogeneous space is called a nilmanifold. The study of 


' nilmanifolds was initiated by Malcev, [1], who succeeded in giving a very 
' detailed account of the structure of such spaces. Recently, much effort has 


been put into extending the Malcev results to the class of solvmanifolds. The 
major contributions in this direction have been obtained by Mostow [2] and 


| Wang [4]. However, there still remained open at the completion of this work 
» the following two questions. 


Problem 1. Give an algebraic characterization of the fundamental 
o 


© groups of compact solvmanifolds. 


Problem 2. Give an algebraic characterization of the discrete uniform 
subgroups of solvable Lie groups. 


Now clearly every discrete uniform subgroup is a fundamental group of 


/ acompact solvmanifold, but an example of Wang [4] shows that the converse 


isnot true. The purpose of this paper is to prove the following theorem: 


THEOREM J. Lxery fundamental group of a solvmanifold is the funda- 
mental group of a compact solumantfold. 


Since an algebraic characterization of the fundamental groups of solv- 
manifolds is contained in [4], this gives a complete solution to problem 1. 
Problem 2 still remains open and, in the author’s opinion is of considerable 
interest. 


Received March 1, 1959; revised October 1, 1959. 
This paper was in preparation during part of the time the author was being 
supported under a National Science Foundation Grant. 


689 


er, 
Up 
ere 
ich 
ns- 
on 
ice. 
ar). 
des 
9), 
the 
of 
yan 
nal 
pp: 
the- 
|_| 
F 
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Part I. 


1. Recapitulation. Let © be the fundamental group of a solymanifold, 
Then T can be imbedded as a discrete uniform subgroup of a simply connected 
solvable Lie group S, where S has at most a finite number of components (see 
[4]). Further, from the construction of 8, it follows that the identity com- 
ponent of S, which we will denote by S,, contains the commutator subgroup 
of S. But by [3], S=F-S), where F is a finite group and the dot denotes 
the semi-direct product. Hence F' is an abelian group. Now Iy=I'n5, 
is a discrete uniform subgroup of S, and I, is of finite index in ©. If N js 
the maximal normal analytic nilpotent subgroup of S», then, again by the 
construction of S, # induces the identity transformation on S,/N. Further, 
No=NOT is a discrete uniform subgroup of V and I)/N, is a free abelian 
group on, we may assume, s generators. Again by the construction given in 
[4], if NV, and 6,,- - -,@, generate T, then there exist positive integers \, 
i=1,:--,s, such that (6;)* lie on one parameter subgroups in Sy. 


2. Existence theorem. Let 3, be any simply connected, connected sol- 
vable Lie group for which there exists a homomorphism h of 3, onto S); 


then h-1(T,) is a uniform subgroup of 3, and 3,/h*(I>) is homeomorphic 
to S/T, (see [2]). Further, if %, is the maximal normal analytic nilpotent 
subgroup of do, then the kernel K of h is contained in Ny and h*(T,)N M, 
is a uniform subgroup of 9, ([2], prop. 1, p. 22). 

Definition. Let F be a group of automorphisms of So. We will say 
that F can be lifted to dy if there exists a group F’*, F* isomorphic to Ff, 
of automorphisms of 3) which map K onto itself and induce the automorphism 
group F on So. If for So, / there exists 3d) and F*, as above, we will say 
that 3», F* is an enlargement of So, F. 

THEOREM 1. Let T be the fundamental group of a solvmanifold and let 
[TC S8, where S§ satisfies the conditions of §1. Assume that there exists an 
enlargement 3o, F* of So, F. Then if F* can be imbedded in a torus 
group T of automorphisms of 3o, such that T acts trivially on 3o/No, Tis 
the fundamental group of a compact solumantfold. 

Proof. Consider d = F*- 3,5. Then h can be extended to a homomor- 


phism h, of 3 onto S if we define h,, by 
hy (f*, 8) = ((f*), h(s)), 


where f* € F*, i(f*) is the image of f* in F, s€ 3d, and h(s)€S. There 
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the kernel of h, equals the kernel of h or K and hence the kernel of h, is 
connected, simply connected and contained in Mo, where Tl, is the maximal 
normal analytic nilpotent subgroup of 3». Consider in h,-*(T) pre-images 
Of in T. Since is free abelian 
on s generators, and m,° generate h,*(T). 

We will use the symbol L( ) to denote the Lie algebra of the Lie group 
in the parentheses. Now let 2;€ be such that exp(2;) = 6). Since h 
maps 3» onto So, there exists V;€ L(d,) such that Y; maps onto 2; by the 
induced mapping of L(d_) onto L(So). Since h(exp(X;)) = 6+, we must 
have that exp(X;) =7«mod K. Now T is a compact group, T acts trivially 
on L(do/No), and X;¢ L(N_). Hence we can find Y;€ L(d_) such that 
Y; is invariant under 7 and Y;=X;modL(N,). Let 7: = (fi,si). Since 
N, is a characteristic subgroup in Jo, it is normal in d and we can consider 
U:S>d/N,. Then 3/N, = F* + V8, where V* is an s dimensional vector 
space and denotes the direct sum. Let exp((1/Ai) Yi) = (0,71). Let 
U (ni) = (fi &). Then U (ni) = (fi, Aki) = (0, But U(exp(&Y¥i)) 
=U(0, rt) = (0,r:€;). Hence U(exp((1/di) Yi) ) = (0,&). This shows 
that f*;((1/Ai) Yi) mod Np. 

Now let S*—T-d , where the dot denotes the semi-direct product. 
Consider the subalgebra A of L(3*) spanned by and (t+ (1/4) Yi), 
where L(7') such that exp(t;) =f*;. Let be the connected subgroup 
whose Lie algebra is A. We wish to show that 3* is simply connected and 
closed in 3#. Now 3d* D N, and 3*/N, is a vector subgroup of the abelian 
Lie group 7'-3,/N». Since both 3*/N, and Ny are closed and simply 
connected, the same is true of 3d*. Hence p*(T)M 3* is a closed subgroup 
of d*, since each is a closed subset of d*. But d* (Lr). For N, 
and 3* contains exp(t;-+ (1/A:) Yi). But 


exp(& + (1/d;) = exp(t;)exp((1/A;) Yi) 


since 0. Hence exp(t;+ (1/A:) Yi) mod Hence D 
i=1,---,s. This shows that d*Dh,1(C). It remains to verify that 
d*/h,(T) is compact. This follows easily from the fact that hg (T)N No 
is uniform in 7, and the fact that in the images of generate 
a discrete uniform subgroup. This proves that 3*/h x (1) can be represented 
as a fiber bundle with compact fiber and base. Hence 3*/h,1(T) is compact 


and our theorem is proved. 


3. A decomposition of L(S,). Let L(S,) denote the Lie algebra of So. 
Then, since F is a finite abelian group, and F acts trivially on L(S8o/No), 
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where Z(N,) is invariant under all automorphisms of L(S8,), there is a direct 
sum decomposition of L (So) 
L = L(No) +, 

where F acts trivially on C. However, since F is abelian, L(No) can be 
divided into the direct sum of invariant two dimensional spaces )?, 
a@==1,---,7, and one dimensional spaces We will con- 
sider each V*q as oriented and given an inner product with respect to which 
F acts as orthogonal transformations. Now, we may define an equivalence 
relations on the objects Vz and divide them into equivalence classes U’,, 


-,7’, as follows: 
V*q is said to be equivalent to V*a or V7a~ V*q if either 


1. For all f¢€ F, f induces the same positive angle of rotation in V%, 
and 
or 

2. For all f¢ F, f induces the negative of the angle of rotation in V*, 


as in V2q. 


It is clear that in each equivalence class U?; each member can be so 
oriented that condition 1 will always hold. We will for the rest of this paper 
assume that this has been done. 


1. Let let XE C and let [X, V?q| denote the linear 
mapping of the linear space spanned by V*q under bracket with XY. Then 
either 


a) [X,V*q] 1s a linear transformation of onto € U?; (i, the same 
as in the hypothesis) or b) [X,V*a] maps V*q into zero. 


Proof. Let (Y,Z) be an oriented orthonormal basis for V2g. Then 
consider the linear space spanned by [X,Y] and [X,Z]. Then there exists 
f F such that 


f(Y) =cos 6Y + sin 
f(Z) =— sin 6Y + cos 6Z, 
where |cos#| <1 But 
fL[X, Y] =cos Y] + sin OLX, Z], 
f[X, Z] =— sin OLX, Y] + cos6[X, Z]. 
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Now if [X,Y] =0, then [X,Z] must be zero. For otherwise 


f[X, Z] = cos Z] 


yhere |cos@| 1. Since F is a finite group, this is impossible. An analogous 
argument shows that if [X,Z] then [X,Y] also. Hence the image 
of V2, under [X, V?a] is a 2 dimensional invariant space or it is the null 
‘space. But if the image of V*« under [X, V*a] is a 2 dimensional invariant 
} space this space must also be in U?;. This proves the lemma. 


CoroLLaRy. Let V7 and Vg be given and let h, and hz be two linear 
| mappings of Va onto V*g induced by a succession of bracketing with elements 
YeC. Then if Va is oriented, the orientations of V*g induced by h, and hz 
comnatible. 


Proof. Let (¥,Z) be oriented bases for V*e and let the linear trans- 
formation f operate on V*g with 0 <|cos@|<1. Then relative to the bases 
(hi(Y),hi(Z)) and (ho(¥),h2(Z)) the linear transformation f has exactly 
the same matrix. This implies that the orientation of V*g induced by h, and 
h, are compatible. 

By the above corollary we may orient coherently all elements of U?; with 
the property that one gets mapped onto another by an element of C. 

Since each V?a€ U*; has an inner product and an orientation assigned 
to it, we may consider the one parameter group of orientation preserving 
rotations. Let 7’; denote this one parameter group of orientation preserving 
| rotations of the vector spaces in U?;. Then on Vg, 7; will be defined 
explicitly by: 

Ti (Ya) =cos 2ntY q+ sin 2rtZa, 
Ti (Za) = — sin + cos 2xtZa, 


0StS1. Note that for any other compatibly oriented orthonormal basis 
for V*z the form of the equations expressing the action of 7; would be 
identical. 


LEMMA 2. Let XEC and T;. Then 
t[X, Y] [X, tY] 
for Ve 


Proof. If the image of V*a under bracket with XY is zero, the lemma is 
trivially true. Hence assume this is not the case and that (Ya,Zq) is an 
oriented orthonormal basis of V*«. Then ([X, Ya], [X,Za]) will be oriented 
orthonormal basis of the image of V*. under [X,V2e]. Hence 7; induces 
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the same linear transformations relative to the basis (|X, Ya], [4,Za]) of 
the image of V*q as it does relative to the basis (Voe.,Za) for V7o. This 
proves the lemma. 


4. Construction of enlargements. It is now our purpose to show that 
the hypothesis of Theorem 1 can always be satisfied. We will restrict our. 
selves to the obvious Lie algebra formulation of the hypothesis and show that 
this can always be satisfied. Since any automorphism group of a Lie algebra 
induces an isomorphic automorphism group of any associated simply con- 
nected Lie group and every algebra has a simply connected, connected 
associated Lie group, once we have shown that the hypothesis can be satisfied 
for Lie algebras, this will prove that this is also the case for Lie groups. The 
proof that the hypothesis of the existence theorem can always be satisfied will 
be arrived at in two stages. Step one will consist in showing that there exists 
an infinite dimensional Lie algebra with certain properties. Step two vill 
consist in finding a finite homomorphic image of the infinite Lie algebra 
which will satisfy the hypothesis of Theorem 1. 

Let wi, + *,w;, be any finite set of symbols. Then we may form the 
free Lie algebra over the reals, L(k), consisting essentially of the module with 
the non-associative words in w,,: - -,w, as basis divided by the ideal of the 


“proper” relations. We will now make this more precise. 


Let W be the set of non-associative words in the letters w,,-° - °,u; 
form the module (W) of linear combinations over the reals of the elements 
of W. Now define the bilinear mapping of x M(W)—>M(W) 
extends the mapping which maps the pair of words (u,w) into the worl 
u(w). In this algebra, consider the ideal J generated by the relations of the 
form 


2. (y-z)) + (y: + y)) =0 


for 7,y,z2€ M(W). Then L(k) is defined as M(W)/I. We will call L(i) 
the fee Lie algebra on & generators. L(k) is clearly an infinite dimensional 
vector space over the reals. 


Lemma 3. Let V(W) be the sublinear space of M(W) spanned by th 
elements Then every non-singular linear mapping A of V(\W) 
onto itself is uniquely extendable to an automorphism A* of L(k) onto itseli 


Proof. Let W,,- + -,W, and w,,- - -,w, be two sets of k symbols. Thet 
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the free Lie algebra generated by each of these sets of symbols are clearly iso- 
morphic under the mapping which sends every word in the lower case letters 
into the corresponding word with capital letters. Now let A(wi),- * -,A(wx) 
be a new basis for V(W). Then call A(w;) = W;. Then the isomorphism 


described above determines an automorphism of L(k) onto itself. 


Lemma 4. Any k dimensional Lie algebra is the homomorphic image 
of L(k). 


This lemma is obvious. 


5. Infinite enlargements. In L(S,) we have already discussed the sets 
Vy, Vtg and C. Let I be the linear subspace of L(S,) spanned by vectors 
of V'g which are invariant under all elements of Y. Let V be the subspace 
spanned by the remaining elements of V*g. Then Ve, I, V and C form a 
direct sum decomposition of L(S8,), where V?., J, V form a direct sum decom- 
position of L(No). Let (Ya,Zw) be an oriented basis for Ve, as discussed 


in $3, let Y,*,- - -,X,* be a basis for J. Let U be a finite dimensional vector 
space isomorphic to V with a fixed isomorphism ¢ chosen in advance. Let 
U,,: be the images of W,,---,W, under Let ZL be the free Lie 


algebra generated by the symbols Y, Z, Y*, W, Y and U under the appropriate 
ranges of subscripts. Then we can define a homomorphism of LZ onto L(So) 
by mapping all U into zero and every other letter into the corresponding 
vector in L(S,). Call this homomorphism h. 


In order to define an enlargement, we have to define an automorphism 
group F* acting on LZ. But our Lemma 3, showed this was equivalent to 
defining a group of automorphisms of the linear space LZ spanned by the 
symbols Y, Z, etc. Now there is a natural isomorphism of the subspace 
spanned by all the symbols except U onto L(S,). Use this isomorphism to 
define #* on this subspace of Z. Complete the definition of F* as follows: 
Define 


sign Tag" Wi) Ui, 
where sign (f*, V;) is defined by the equation 
fW,=sign(f*, W;) Wi. 


rhis determines the group F’* of automorphism of ZL. F* preserves the kernel 
of the homomorphism h and induces F on L (So), since 


— 


LOUIS AUSLANDER. 


L— 


L(8o) ——> L (8) 
is a commutative diagram. 


Lemma 5. The automorphism group F* can be imbedded in a torus 
group T* of automorphism of L. 


Proof. Define the circle group 7;* for L: Define it on the vector space 
spanned by the letters Ya, Za, for V7. € U’; as in § 3, define it to act trivially 
on all other letters. This defines 7;* on LZ by Lemma 3. Define a circle 
group T on L as follows: 


T = cos 2xtW4 + sin 4, 
T (U4) =—sin 2rtW4 + cos a, 


A=1,:--+,k, 0S¢S1 and T acts trivially on all other symbols. Consider 
the torus group J generated by the circle groups 7;* and T*. J clearly 
contains F* as a subgroup. This proves the lemma. 


6. Finite enlargements. We are now faced with the problem of finding 
an 3 “between” Z and S, which is finite dimensional and such that the 
kernel of the homomorphism which maps L onto S§ is invariant under J. 
This will then induce a torus group T on 3 and the pair 3, T will satisfy 
the hypothesis of Theorem 1. This will then prove Theorem I stated in the 
introduction. 


Let L(N_) be é step nilpotent. Consider in L the ideal/* generated by 
the following words. 


1. All words of length + 1 not containing any letters Y. 


2. Ifin [Xi Xj] then the word 
[Xi,X;] in L. 

3. Ifin [Xi Wa] = DS then the word 
[Xi, Wa] —DSaiseWe in L. 

4. If in [Xi, Wa] = then the word 


[ Xi, Ua > dianUp in L. 
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5. If in L(So) Ya] then the word 
[Xi, Ya] in L. 

6. Ifin L(So) [Xi,Za] = Ze, then the word 

[Xi,Za] in L. 


LemMA 6. 3 =L/I* is a finite dimensional solvable Lie algebra and h 
induces a homomorphism of 3 into L(S,). Further, I* ts invariant under 
Jin 


Proof. To see that d is finite dimensional and solvable, we note that 
[d, 3] consists of the images of words involving no Y. But since all words 
not invloving A of length greater than +1 map into zero in d, we see 
that [3, 3] isa finite dimensional nilpotent Lie algebra. Further, 3/[d, 3] 
is isomorphic to C and hence of finite dimension. This shows that d is a 
finite dimensional solvable Lie algebra. To see that h induces a homomorphism 
of d onto L(S,), we have only to note that J* is certainly in the kernel of h. 


It remains to show that J* is invariant under J. We have only to 
show that 7* is invariant under the one parameter groups 7*; and 7™*. 
Clearly, if we see that the vector space spanned by the generators of J* is 
invariant under these groups, then /* is invariant under these groups. But 
by Lemma 2 this vector space is invariant under the groups 7*;. To verify 
that this is also true for 7* is trivial. This proves the lemma. 


This completes the proof of Theorem I. 
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COMPACT TRANSFORMATION GROUPS OF S" WITH AN 
(n —1)-DIMENSIONAL ORBIT.* 


By HsrEN-CHUNG WANG." 


1. Introduction. The compact and connected transformation groups — i: 
of an n-sphere S" with an (n—1)-dimensional orbit were first studied by 
Montgomery and Zippin [10]. When @ has a fixed point, they determined — ¢ 
the orbits and reduced this problem to the problem of compact, transitive J r 


transformation groups of homotopy spheres. Recently, under weaker con- — | 
ditions on the dimension of the orbits but assuming differentiability, Mont- I 
gomery-Samelson-Yang show that G must act on S* orthogonally. Later, — t 
Poncet [17] proved this without differentiability condition. When @ has no 

fixed point, the situation is different and some results have been obtained by i 
Mostert [18] and Nagano [19]. It is the aim of the present paper to classify F ¢ 
these transformation groups when the action is differentiable. The main ( 
results can be stated as follows: tl 


“Let G be a connected, compact and effective differentiable transforma- 
tion group of S" with an (n—1)-dimensional orbit. Suppose that either n 
is even and different from 4, or is odd and greater than 31. Then G acls ‘ 
on S" orthogonally, and up to an equivalence in the sense of transformation 
groups, G falls into five main classes. If a subgroup of the rotation group 
O(n+1) ts regarded as a transformation group of the unit sphere in R™, 
then these classes can be described as follows: (i) G is a subgroup of O(n +1) Iy 
leaving invariant and transitive on the unit sphere S"* in a hyperplane of | 
hn, (ii) Let G’, G” be subgroups of O(p +1), O(¢ +1) transitive on the 
unit spheres S?, SY in Re, Ro respectively, where p>0, g>0, p+4 
—=n—1, and denote by G’ X G” the direct product in the sense of linear 
groups.” Gis a subgroup of O(n+1) containing G’ X G” as a normal sub- 


* Received September 24, 1959. of 
* This work was partially supported by the National Science Foundation. 7- 
* Let G’ be a group of automorphisms of R*, and G@” a group of automorphisms of is 
R’. By the direct product @’ x G@” in the sense of linear group, we mean the group 8} 


@’ x @” acting on the direct sum R*@ R? in the natural manner. 
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Fgroup. (iii) ts the tensor product Sp(r) @Sp(2) over the quaternions 
: regarded as a subgroup of O(8r), n= 8r—1, where Sp(m) denotes the group 
of all (m X m) quaternion symplectic matrices. (iv) G@ ts either the tensor 
product SU(r) ®@SU(2) or U(r) @U(2) regarded as subgroups of O(4r), 
-n=4r—1, where U(m) denotes the unitary group and SU(m) the un- 
‘modular unitary group. (v) @ is the tensor product O(p+2) @O(2) 
_ regarded as a subgroup of O(2p+ 4), n=2p+ 3.” 


We note that in Cases (i) and (ii), the classification of G is reduced to 


the classification of compact transitive transformation groups of spheres which 


is known. 

Our proof consists of two parts. In the first part, we establish some 
veneral properties of the orbits and isotropic subgroups. In fact, from the 
results of Montgomery-Zippin, all the (m—1)-dimensional orbits X are 
homeomorphic, and besides, there are two orbits Y,, XY. of lower dimension. 
Let L. L,, be the isotropic subgroups corresponding to XY, X2 respec- 
tively. Then = G/L, X, = X2=G/L,. We can choose the isotropic 
subgroups so that 1 C L,, L C Lz. From these two inclusions, two projections 
i}: YON, fo: Y— YX, are defined. Let C; be the mapping cylinder asso- 
ciated to f; (11,2). Then S” can be written as the union C, U C2, where 
(,AC,—X. By using this decomposition, it is proved that f, and f., have 


the following properties: # 
(A) X is a sphere bundle over X; with f; as the projection (i—1,2). 


(B) Let f;* be the homomorphism of the cohomology with any coefficient 
induced by f; (( 1,2). Then f,* is injective, and, for 0<m <n—1, 


+ = fr*(H™(X,)) 2 = 0. 


(C) Let fi* be the homomorphism of the fundamental groups induced 
by fj. Then fi # ker fz*) (XxX, ), (ker fit) (X,). 


It the differentiability is not assumed, (B) and (C) are still valid, but we 
can only prove that XV is a homology sphere bundle over .\;. 
We note that (B) and (C) reflect the global properties of S" while (A) 
* Let Q" be the r-dimensional right quaternion vector space, and Q? the left quater- 
nion plane, In the suitable manner, Sp(r) and Sp(2) can be regarded as the groups 
of symplectic transformations of Q’ and Q2 respectively. Thus Sp(r) x Sp(2) acts 
naturally on the tensor product Q" @ Q? which is a real vector space R*’, and the action 
is real-linear. This group of automorphisms of R®*" is called the tensor product 
Sp(r) @ Sp(2). 
* Properties (A) and (B) have been proved independently by Mostert and Nagano. 
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is concerned with certain local properties. In fact, we have a partial conver, 
Let X, X;, X. be compact manifolds and X orientable. Suppose fj: YY, 


to be a fibre map with fibre F; of positive dimension (t—1,2). Denote by (, 
the mapping cylinder associated with fi, and by 3% the union of C, and (, 
with their lower bases X identified. Then condition (B) implies that ¥ is, 
homology sphere while (C) implies that & is simply-connected. Since Y is, 
manifold, = is locally euclidean at any point in 3—(X,U Xz). At point 
in X;, the local homology depends on the homology of the fibre F%. 

The second part consists in the determination of the transformation grou 
G@. Taking account of the properties (A), (B), (C) and using known results 


on the real cohomology of homogeneous spaces, we can classify the systen 


{G, LZ, L,,£.} when n> 31. On the other hand, it can be proved that th 
action of G is completely determined by the triple {L, Z,, L.} of subgroup: 
In this way, the transformation groups {G,S"} are determined. 

The author wishes to express his sincere thanks to Dr. G. E. Bredon ani 
Professor H. Samelson for their valuable comments. 


2. Mapping cylinder. For later use, we shall establish in this section 
a property about mapping cylinders. Let X, Y be two spaces, and f: YT 
a continuous surjective map. Suppose that any set V in Y is open if ani 
only if f4(V) is open in XY. We define the mapping cylinder C’ associatel 
with f to be the space obtained from the product XI (J= {t: 0S#tS 1} 


by identifying the points (2,1) and (2,1) when f(z) =f(2’). In th® 


natural manner, C can be written as the union Y U (XY K(0,1)) U Y, wher 
(0,1) = {t: 0<t<1}, and X, Y retain their own topologies. We shal 
always take Y and Y as closed subsets of C in this sense. XY and Y will k 
called the lower and upper bases of C respectively. The map r: C>C definel 
by r(z) =f(z), r(y) =y, r((z,t)) =f(z), yEY, <i, ist 
retraction and is homotopic to the identity. 

Let B be a subset of Y and A=f*(B). Then the set 


C,=AU (AX (0,1)) UB 


is the mapping cyliner associated to f|4: AB. We shall call C4 the sub 
cylinder of C over A. 
From the definition, it follows directly that 


(2.1) Let C be the mapping cylinder associated to a map f: X—). 
and U a neighborhood in C of a point y of Y. If f+(y) ts compact, the 
there exists a real number 0< <1, such that f*(y)X [1—7,1) Cl 
where [1—yn,1) = {t: 1—ySt <1}. 
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Now we can prove the following lemma: 


(2.2) Letf: XY bea fibre map with fibre F, where Y, F are compact 


| manifolds, not necessarily connected, and C the mapping cylinder associated 
tof. If C—X is a differentiable manifold and the imbedding of Y in C—X 
© is differentiable, then F is a homotopy sphere. 


Proof. Let dimY =m, dimF=r. Then dimX and dim@ 


F=m+r+1. Take an open m-cell b™ in Y, and set A=f7*(b"). Then A 
=: is the product bundle over b” with fibre /. Now consider the subcylinder C'4 
Sof C over A. We know that C4—AU (A X(0,1)) Ub”, and that C,4—A 
(m-+r-+1)-dimensional differentiable manifold containing 6” as a 
| differentiable submanifold. Let y be a point of b™. There exists a neighbor- 


hood U of y in C4 such that the difference set UV —b” is homeomorphic with 


the product x S*, where denotes the r-sphere and R”*? the (m +1)- 


dimensional euclidean space. By (2.1), we can find », 0<7< 1, with the 


| property that F x [1—y,1)C U, where F—f(y) is a fibre. Evidently 


FX [1—2,1) C U—b" C Ca — bd". 


Since C'4— 6” is homeomorphic with F & b™ x [0,1) and b” is contractible, 
FX [1—y,1) is a deformation retract of C,4—b”, and hence the inclusion 
maps 

mi(F [1—7,1)) m(Ca—bd”"), i=0,1,2,--- 


are injective. From the fact that U —b” is homeomorphic with R”*! x 8’, 
it follows that =i (F X [1—7y,1)) =0 for 0SiSr—1, and that 
7i(F) has no torsion. By assumption, F is a compact manifold, and therefore 
F must be a homotopy sphere of dimension r. 


3. Transformation groups of S" with an (m—1)-dimensional orbit. 
Let @ be a connected and compact group acting on S” almost effectively with 
an (n—-1)-dimensional orbit. Montgomery-Zippin [10,11] proved that G 
is a Lie group, and that, with two exceptions, all the orbits under @ are 
homeomorphic to one another. Moreover, there exists an arc A in 8” such 
that (i) each orbit intersects A in exactly one point, (ii) the isotropic sub- 
groups of G at inner points of the are A are all identical, and (iii) the orbits 
at the end points of A have dimension less than n—1. Now choose an 


poner point a of the arc A. Let a, a2 be the end points of A, and X = G(a), 
“i= G(a,), X2—=G(a2) be the respective orbits. Denote by L, L,, Lz the 


isotropic subgroups of @ at a, a), respectively. Then LDC L,, LC In, 
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X =G/L, X,=—G/L,, X.=G/L2. Since G is a Lie group, X, X,, X, are 
manifolds. The map fi: XX; defined by fi(gl) =glLi, g € G, is a fibre 
map with as the fibre (1—1, 2). 

Let us write A as the union of two arcs A, and A», where A, =4a, 
A,—4a. For each i, the orbit G(A;) of A; under G is evidently the mapping 
cylinder C; associated to the map f;: X > X;. Thus we can write 


(3.1) S™=C,U C2, 


From now on, let us assume that G acts on 8” differentiably. It follows that 
X; is a submanifold imbedded in S”, and hence in C;—X, in the differentiable 
manner. (2.2) tells us then that L;/Z must be a homotopy sphere. From 
a theorem of Borel® [2], we know that L;/Z is actually a sphere (11,2), 
For each i, let kj: X > C; be the injection map, and 7: Ci— X; be the 
natural retraction of the mapping cylinder onto its upper base. Evidently 


(3. 2) fo = Toko. 


Moreover, it is well-known that the homomorphism 
(3.3) ri*: H*(X;) H*(C) 


of the cohomology rings induced by the retraction 1; is bijective. Now we 
apply the Vietoris-Mayer sequence to (3.1). It follows at once that the homo- 
morphism H*(C,) + H*(C,)—> H*(X) defined by v2) ki*(v1) — k.* (0), 
v,€ H*(C,), v2 € H*(C2), is bijective when 0<s<n—1. This fact together 
with (3.2) and (3.3) tells us that the homomorphism H*(X,) + H?*(1;) 
— H#(X) given by > fi* (ui) (ue), € H8(X,), € 
is bijective forO0<s<n—l. 
Summarizing the above results, we have 


(3.4) Let G be a connected and compact group acting differentiably 
on S" with an (n—1) dimensional orbit. Denote by X an (n—1)-dimer- 
sional orbit, and by X,, X. the two particular orbits. There are natural mays 
fi: fe: which are sphere fibre maps. Let H*(Xi) 
— H*(X) denote the homomorphism of the cohomology rings with arbitrary 
coefficient ring (t=1,2). Then 1s injectwe, and, for 0 <s<n—1, 


fr*(H*(X,)) + f2*(H*(X2)) =H*(X), *(H*(X,)) fo*(H*(X2)) = 0. 


5 When n is even, this follows from known results on homogeneous spaces with not 
vanishing Euler characteristic. For arbitrary n, Borel’s method [1] of determining the 
compact transitive transformation groups of spheres gives a definite way to prove this 
theorem, however, detail was not given. Matsushima has also shown this when » i 
odd and not too small. Poncet [17] gave the proof and provided the detail for the 
exceptional cases. 
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Now suppose X; to be orientable. Since X is orientable, {X, X;, f:} is an 
crientable sphere bundle [7], and hence we have the Gysin-Chern-Spanier 


sequence with integer coefficients 
* 


H®(X;) Hm™ (Xi) (X) ape 


where m;—=dim X —dim X¥,—dimZ,—dimL. Since f,* is injective, the 
characteristic class of the sphere bundle always vanishes. Therefore, 


(3.5) If X; is orientable, then the sphere bundle {X,Xi,fi} has zero 
characteristic class (integer coefficients). Moveover, X and X;X S™ have 
the same Poincaré polynomial. 


Since we always have the Gysin-Chern-Spanier sequence with integers 
mod2 as the coefficient field, then 


(3.6) X and X; K S™ have the same Poincaré polynomial tf the coeffi- 
cient field ts of characteristic 2. 


4, Fundamental group of orbits. In this section, some properties of 
the fundamental group of the orbits will be established by using a theorem 
of van Kampen. We first digress a little and prove a proposition on free 
product of groups. 


(4.1) Let A, B,, By be finitely generated abstract groups, and hy: A—> Bi 
be surjective homomorphisms with kernel K; (t=1,2). Let N be the 
least normal subgroup of the free product B,OB. containing the set 
{hi(a)ho(a*) : a€ A} of elements in B,O Then A/K,K.=~ (B,OB:.)/N. 


Proof. For any m symbols 2,- - -,%m and any set {Pa} of words in m 
variables, let us denote by [@,- --,2m:Pa(x)] the group generated by 
2m with * =1} as the set of defining relations. Since 


A is finitely generated, and h,, h2 are surjective, we can write 
A = [a,,° |, B, — 0m; Pa(b), Qp(b) |, 
B, = [¢,,- *,€m;Pa(c), Ry(c) J, 


where b; =h,(a;), cc =hi(a;i), and {Po}, {Qs}, are three sets of words 
in m variables. It is evident that 


(4.2) 


B, OB, +, Bm, *;Cm;Pa(b), Pa(c), Qp(b), Ry(c)] 


and that N is the least normal subgroup of B,O 8B, containing 0b,¢,"1, 
DmCm?. Therefore 
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(B,OB.)/N = 
P.(b), Pa(c), Qp(b), Ry(c), bier 
= +, bm; Pa(b), Qa(b), Ry(d)] 
= +, dm; Pala), Qe(a), R,(a)]. 


On the other hand, we see immediately from (4.2) that K, and Ky are, respec. 


tively, the least normal subgroups of A containing the sets {Qp(@1,° - -.dn)} 
and {R,(a;,° of elements. It follows then that (B,0B.)/N = AK,R, 
which proves our proposition. 

Now we return to the discussion of the transformation group of spheres, 
and let G,S",X,1,,X2,- - - have the same meaning as before. 


(4.3) Let fit: r.(X) (Xi) be the homomorphisms of the funda- 
mental groups induced by the projection fi: X > Xi, and K; be the kernel of 
fi* (1 i, 2). Then K, and fi*(Ke) (Xj), fo*(K, (1.), 


Proof. We recall that S°=C,U C2, C,NC,=X. Let 7,(C1) (C:) 
denote the free product of 7,(C,) and z.(C2), and N the least normal sub- 
group of 7,(C,) O 7.(C.) containing all the elements of the form k,*(a)k.*(a*), 
a€n,(X), where ki*: 2,(X)—7,(Ci) are the homomorphisms of the funda- 
mental groups induced by the injection map kj: YC; (t—1,2). Sine 
C,—Z is open in 8” and X, C; are locally contractible, a theorem of van 
Kampen [12] tells us that 7,(S8") =7,(C,U C2) (m(C1) O (C2) )/X. 
Hence 


(4.4) W 


Let r;: C—> X; be the retraction of the mapping cylinder onto its upper 
base. We know that 1; is homotopic to the identity map of Cj, whence 
ri*: is bijective (i =1,2). Since fi—riki, the equa ity 
(4.4) tells us that 
(4. 5) N* =7,(X;,) O21 (X2), 


where N* is the least normal subgroup of 7,(Xi) 0 7,(X.) containing all the 
elements of the form f,*(a)f.*(a*), a€ 7,(X). We know that the projection 
fi: XX; is a fibre map with the homotopy sphere of positive dimension as 
the fibre, and therefore f;* is surjective. It follows from (4.1) and (4.5) 
that 7,(X) —K,K.. Hence 


= = fi( = = fo*(ai(X)) = 
= f.*(Ki). 
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(4.6) Both ,(X,) and are cyclic, and ts the commu- 
lator subgroup of m,(X). Let p=dimX—dimYX,, qg=—dim X —dim 


Then (i) for p>1 and q>1, the orbits X, X;, have trivial fundamental 
| group, and (ii) when p=1 and X, orientable, the circle bundle X over X, 
with the projection f, is the product bundle and 7,(X) is abelian. 


Proof. We know that X is a fibre bundle over X, with the homotopy 
sphere S? as the fibre, and thus we have the following exact sequence 
1, (S?) Ty (X) — 


| The kernel K, of f,*, being a homomorphic image of z,(S?), is cyclic. It 


follows then from (4.3) that 7,(X.) is cyclic. Similarly, we can show that 
m(X1) is cyclic. To see the intersection K,K., let us denote by 
fig: Hi(X,Z) > Hi(Xi,Z) the homomorphisms of the 1-dimensional hom- 
ology groups induced by fi: X Xi. We have the following commutative 
diagram : 
f# 
m(X) (4X1) XK m 


m l 
fe 
H,(X,Z) H,(X,,Z) + A, (X2,Z), 


where m, 1 are the natural homomorphisms of the fundamental groups onto 
the 1-dimensional integral homology group, and f*, f, are defined by 


= (f:*(a), fo*(a)),4€ mi(X); € Hi(X, Z); 


the mapping fiz: H,(X,Z)— H,(Xi, Z) denoting the homomorphisms induced 
by fi. Since 7,(X,), (2) are abelian, 1 is bijective, and by (3.4), fy is 
also bijective. Therefore, f* and m have the same kernel. But the kernel 
of m is the commutator subgroup of 7,(X) while the kernel of f* is the 
intersection K, K,. The first part of our proposition is thus proved. 

If p>1, ¢> 1, it follows directly from the homotopy sequences for the 
bundles {XY, Xi, fi} (i= 1,2) that K,—K.,—0, and hence by (4.3) that 


Now suppose that p= 1 and X, is orientable. Then X is an orientable 
circle bundle over X, hence a principal bundle. From (3.5), this bundle has 
zero characteristic class, and then it must be the product bundle. It follows 
that z,(X) is isomorphic with the direct product of 7,(X,) and a free cyclic 
group and therefore is abelian. 
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(4.7%) Suppose that X, is not a point. Then the map f: X>X, XX, 
defined by f(r) = (fi(x), f2(z)), is a covering map of X onto f(X). 


Proof. Let us write X, X;, XY, in the form of coset spaces G/L, G/L,, 
G/L. Then we see immediately that f(gZ)—f(g’L) if and only if 
gig’€ where g,g’€G. Thus f: X—>f(X) is a fibre map with 
(LZ, L.)/L as the fibre. To prove our proposition (4.7), it suffices to prove 
that (LZ, L,)/L is finite. We know that f,: G/L G/Z, is a fibre map 
with the homotopy sphere S? as the fibre. Choose the particular fibre 
F,=({gL: g€ Li} in G/L. On account of (3.5) and (3.6), the fundamental 
cycle of F, gives a non-zero element y in the p-dimensional homology group 
H,(G/L,A) with coefficient group A, where A denotes the free cyclic group 
or the cyclic group of order two according as G/L, is orientable or not. 
Let fix: Hp(G/L,A) > H,(G/Li, A) be the homomorphism of the homology 
groups induced by the projection fi: G/L; (1=1,2), and 


fx: Hp(G/L,A) > A) + Hp (G/L, A) 


be defined by f,(u) = fox (u)), Hp(G/L,A). By our assump- 
tion, X, is not a point so p< n—1, and then from the dual of (3.4), f, is 
injective. Since f,,(y) = 0, fe, (y) cannot be zero and therefore must 
have dimension = p. On the other hand, we see directly that f.(/',) is homeo- 
morphic with the coset space L,/(LZ, L,). This tells us that 


dim(L,9 = dim L,— p. 


But dimZ—dimZ,—p and Le, whence dim(L,Q L.) = diml. 
It follows that (Z, L.)/L is finite and thus (4.7) is proved. 


(4.8) If dim X,-+ dim X,— dim X, then f is a homeomorphism of I 
onto X,X X2. Therefore, both bundles {X,X1, fi}, {X, Xo, fe} are product 
bundles and X,, X» are spheres. 


Proof. Since dim X, < dim X, X, cannot be a point, and therefore f(.) 
has the same dimension as X. From our hypothesis, f(X) is a closed 
submanifold of X, xX X. of the same dimension, whence f(X) =X, X 1: 
Thus XY is a covering space of Identifying 7,(X, with 
X m,(X2), we know that the homomorphism f#: 7,(X) X 4:) 
induced by the map f: >X, X X,z is given by f*(a) = (f1*(a), fo* 
a€m4(X). By (4.3) f# is surjective, and therefore the covering map 
f: XX, X Xz must be a homeomorphism. 

Let 15: K Xj be the projection (11,2). Then f establishes ar 


is 
nust 
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equivalence of the bundle {X, Xi, fi} with the product bundle {X, XK Xe, Xi, li}. 
(4.8) is thus proved. 

(4.9) Let L°, Li® denote, respectively, the identity components of L, 
L;, and Then (L/L°)/Mi Li/Li? ts cyclic (11,2) 
and L/L° = Tp. 

Proof. Let us consider the following commutative diagram 


6, 
(G) —— (X1) —— L,, / L,° 


€2 
Vv 


where the horizontal sequences are the homotopy sequences associated to the 
bundles X¥, G/L,, X = G/L, and «, are the natural pro- 


| jections. Evidently I; is the kernel of «;, and since 0, 0, 62 are surjective, 


we have (L/L°)/W; ~ei(L/L°) =Li/Li®. By (4.6), is cyclic, so 
Li/L;° is also cyclic. To see the last part of (4.9), let Ki; denote the kernel 


of fi#. Then 6(K;) C Tl; and then from (4.3) it follows that 


II, D 6(K;) -0(K2) =0(2,(X)) = L/L*, 


_ which completes the proof of (4.9). 


5. The orbits under G when they are all simply connected. In this 
section and the next, we shall use the known results on the real cohomology 
algebras of the homgeneous spaces of compact Lie groups established by 
Samelson, Leray, Koszul and H. Cartan. The notations of H. Cartan [4] 
will be used throughout. In fact let Q be a compact Lie group. We shall 
always use S(Q) to denote the algebra of real symmetric multilinear forms 
over the Lie algebra of Q, and 7(Q) to denote the subalgebra of S(Q) con- 
sisting of the fixed elements under the adjoint group of Q. For any principal 
bundle with base B and group Q, there is a characteristic map o: I(Q) 


| ~H*(B), where H* denotes the real cohomology algebra. The image of o 


is called the characteristic subalgebra of H*(B). 
Now we consider our transformation group @ of S" with (n—1)- 
dimensional orbits. Let X,X1,X2, L,L,,L.,- ~~ retain their meaning as 
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before, and let 
p=dim X — dim X, = dm L, — dim L, 
gq = dim X — dim X, = dim L, — dim L. 
Assume p>1, g> 1. It follows from (4.6) that X,X,,X. are simply con- 


nected, and hence L, L,, LZ, are connected. From [4], we have the following 


commutative diagram 


I(L,) —_—> H*(X,) 
| | 
Oy 
p o h* 


f2* 


P2 2 
I(L.) ————> H* (X,.) 


where H7* denotes the real cohomology algebra, p, p., p2, %1, % the restriction 
maps, o, o;, o, the characteristic maps, and h*, h,*, h.* the homomorphisms 
induced, respectively, by the natural projections h: G>X, hi: 
he: G> Xo. 


Suppose that both p and q are odd. L,/Z and L./L are odd-dimensional 
spheres and therefore a,: [(L,) >J(L) and a: I(L.) >I(L) are surjective. 
Let K, K,, Kz be, respectively, the characteristic subalgebras of H*(Y), 
H*(X,), H*(X.). Then we have, from diagram (5.1), 


= f,*o,(1(L,)) = 0%, (I(L,)) =a(I(L)) 
= K =oa,(I(L.)) = f.*0.(1(L.)) =f.*(K2). 

On account of (3.4), K, K,, K, can contain only elements of zero degree, and 
hence h*, h,*, ho* are injective. Let P(@), P,(G), P.(G) denote, respec- 
tively, the linear subspace of h*(H*(X)), hi*(X*(X,)), ho*(H*(X2)) con- 
sisting of the primitive elements of H*(G). By a theorem of Samelson [13], 
we have for 11, 2, 

H*(X) =h*(H*(X)) A(P(G)), 

H*(X;) = hi* (A*(Xi)) = A(Pi(G)), 
and hence 


dim H*(X) dim H*(X;) = 2", b=dimP(G), b;=dimP;(G), 


where A denotes the exterior algebra, and dimension here is used in the sense 
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of that of linear spaces over the real field. Evidently, Pi(G) + P.(G) C P(G), 
from (3.4), P.(G) =0. Therefore, dim H*(X) = 2%+%, On 
| the other hand, we know from (3.5) that dim H*(X) =2dim H*(X;), 
whence b, 1, 
If one of b,, b. is equal to zero, say b;, then X, is reduced to a point 
' on account of its orientability, and so is Y,. Now assume that none of },, bp 
| isequal to zero. Then b,—b,—1, or what is the same, there exist positive 

integers r, s such that H*(X,) = H*(S"), H*(X.) = H*(S*). It follows 
then from (3.4) that the Poincaré polynomial of XY is 1+ 
But X, X,, X, are all orientable, and so s=n—1, r—dim X,, s = dim X2. 
| Proposition (4.8) then tells us that X, is a q-sphere, XY, is a p-sphere and X 
is homeomorphic with the product X, X Xz. 

Thus we have proved 


(5.2) Let p=—dim X¥—dim X,,q—dimX—dimX:2. If p>1,q>1, 
and both p and q are odd, then either (i) X1, X. are points, or (ii) X, ts a 
q-sphere, X» is a p-sphere and X is homeomorphic with the product X, XK Xo. 


6. The case by which both p and q are even. 
(6.1) Suppose that both p and q are even. Then X, X,, X2 have non- 
vanishing Huler characteristic. 
Proof. Let $(¢), %,(¢), B2(¢) be the Poincaré polynomials of Y, X,, X. 
respecetively. From (3.4) and (3.5), we have 
B(t) = Bilt) + Bo(t) = (1+ Bi (4) = (1+ 
Let Q(t) be the polynomial obtained from $$(¢t) by omitting all the terms of 
even degree, and OQ2(t) are similarly obtained from ¥,(t), $.(t). 
since p and q are even, 
O(t) = (1+ #) (t) = (1+ 
§O1(4) + Q2(#), if n—1 is even 
10, + O2(t) + if n—1 is odd. 


Suppose that n—1 is even. Then we have #?*99,(¢) =,(t) which implies 
that Q(t) =O, (t) =0. Therefore XY, X,, X, have non-vanishing 


Kuler characteristic if n—1 is even. 

Now suppose that n—1 is odd. A direct calculation tells us that 
=t"*(1+ This is impossible as is not 
divisible by #?*7—-1. Therefore n—1 cannot be odd, and the proof is thus 


completed. 


i 
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(6.2) Suppose that p and q are even. Then L, and Lz generate the 
entire group G. 
Proof. Let us consider the commutative diagram 
(L,) H* (ZX, ) 
P1 
2 
p 


I(G) 1 (L) —— (X) 


[+ 


On account of (3.4), we have 
H°(X) fi*o, (1 ) fo*o2 (1 (L2) ) 
= 0%, (1(L,))N oa.(1(Le)) (Lz) )). 


Denote by 1*(G) the ideal of J(G) consisting of elements of positive degree, 
and by J the ideal of J(L) generated by p(I*(G@)). Then [4] J is the kernel 
of o, and hence 
a, (1*(L,))N (I*(L2)) C J. 

Since XY, X,, XY, have non-vanishing Euler characteristic, the groups G, 
L, L,, I, have the same rank. It follows that the maps p, pi, po, a1, a are 
injective and the characteristic maps o, 01, o2 are surjective. Thus we can 
consider [(G), Z(L,), I(Lz) simply to be subalgebras of and neglect 
the identity maps p, pi, pe, %1, %. Then 

I*(G)C (L,)N (L.) CJ =1(L) 
and then 
J = {1*(L,)N I*(L.)} Cd, 

or what is the same, 


(6.3) I(L)- I*(L.)} =J =kernel of o. 


Let Q be the least closed subgroup of G which contains L,, LZ.. Since both 
L, and L, are connected, Q is connected. Then 1(G@)CI(Q)CI(L,)N 1(L.). 
whence J =I(L)-1*(Q). JL and @ have the same rank so 


H*(X) =a(I(L)) = I(L)/J =1(L)/(1(L) -I*(Q)) H*(Q/L). 
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(6.2) is thus 


the Therefore, dim —dimQ/L, dimG=—dim@Q and G—@Q. 
proved. 


For further discussions of the orbits, we need the following: 


(6.4) Let U be a compact, connected Lie group, and Q a closed normal 
subgroup of U. There exists a connected, closed, normal subgroup M of U 
such that 


U=M-Q, MNQ= finite. 


This M is unique unless both Q and U/Q have center of positive dimension. 


Proof. This can be proved directly by using Lie algebras. 


7. Determination of the orbits when p and q arc even. Now we are 
in a position to determine the orbits XY, X,, XY. when p and q are even. We 
assume that G@ acts effectively on S” and so it acts effectively on X. Let N; 
be the largest normal subgroup of LZ, which is contained in L. This subgroup 
N, can also be regarded as the maximal subgroup of L, acting trivially on 
L,/L. Thus L,/N, is an effective and transitive transformation of the 
p-sphere L,/Z with L/N, as the isotropic subgroup. Suppose that N, is 
similarly defined. 


(7.1) If pis even and A6, then (L,/N,,L/N,) = (O(p+1),O(p)). 
If p= 6, then (L,/N,,L/N,) is either (O(%),O(6)) or (G2, Az), where O(m) 
denotes the proper orthogonal group of degree m, Gz the exceptional Lie 
group of dimension 16, and A, the unimodular unitary group of rank 2. 


Proof. This is a known result [16]. 


(7.2) Suppose that p and q are even and G acts effectively on 8S". Then 
N,N N.=e, and either (i) L=WN,-Nsz, or (ii) p=q, N, and Nz are finite, 
or (111) p=q=—4, N, and N, are locally isomorphic with O(3), and L 1s 
locally isomorphic with O(3)X O(3) xX O(8). 


Proof. Since L,/N, has no center, by (6.4), there exists a unique 
connected normal subgroup M, of LZ, such that L, = M,N, and the intersection 
M,N, is a finite central subgroup of Z,. We know that N,, NV, are normal 
subgroups of Z and so N,N, is normal in N,. Since M, and NV, commute 
elementwise, it follows that NV, N. is a normal subgroup of Z,. Similarly, 
we can prove that NV, Nz is a normal subgroup of L,. On account of (6.2), 
V,9N, must be normal in G. But N,Q N, C L and G acts effectively on YX. 
It follows that VN, N.—e. 
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To prove the others parts of our proposition, let us assume that L 4 N,N,, 
We find it convenient to divide it into two cases and discuss them separately, 


Case 1. Either N, or N, is finite. To be precise, let N, be finite, 
Then LZ, acts almost. effectively on the p-sphere L,/Z. Hence L is simple 
when p~4 and is locally isomorphic with O(4) when p—4. In the former 
alternative, the subgroup N.2, being normal in L, can only be finite or the 
whole group L. But by our assumption, LN, and so N. must be finite. 
In the second alternative, N, can only be finite or locally isomorphic with 0 (3), 
If N, is locally isomorphic with O(3), then L/N, is locally isomorphic with 
0(4)/0(3) which contradicts the fact that (L2/N2)/(L/N2) = L2/L is an 
even sphere. Hence both N, and N,z are finite in any alternative. It follows 
that L/N, and L/N, are locally isomorphic, and then pq on account of 


(7.1). 


Case 2. Both N, and N, are infinite. Consider the projection ¢: 
L—-L/N,. Then ¢(N2) is a normal subgroup of L/N,. Since N,N =e, 
¢(N-.) is isomorphic with N., and hence infinite. On the other hand, from 
our assumption L~N,N2, we know that ¢(N2) ~L/N,. It follows that 
L/N, cannot be simple, and then p= 4 and N, = ¢(N-z) is locally isomorphic 
with O(3). Similarly, we can prove that g=4, and N, is locally isomorphic 
with O(3). By (7.1), L/N,=O(4) and so L is locally isomorphic with 
0(3) xX 0(3) xX O(3). This completes the proof of (7.2). 


(7.3) Suppose that p, q are even and L=N, XN». Then either (i) 
G is of rank 2 and L ts a two-dimensional torus, or (ii) XY, ts a q-sphere and 
X. a p-sphere. 


Proof. From (6.4), there exists a connected normal subgroup M of L, 
such that L,;—N,M and VN, M is a finite central subgroup of Z,. Let V 
be the identity component of LM M. Since L=WN, X N, C I, we see imme- 
diately that 

L=N,:-V, N,N V = finite. 


Taking account of the equality L — NV, X N2, we know from (6.4) that either 
V =N, or both N,, N. have infinite center. Let us discuss these two cases 
separately. 


Case 1. Both N, and N, have infinite center. We know that L,/N, 
acts transitively and effectively on the p-sphere L,/Z with L/N, as isotropic 
subgroup. Since L/N,= WN, has infinite center, p must be 2 and L/N, 
must be the circle group on account of (7.1). Similarly, g=2 and L/N, is 
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the circle group. Hence N,, N, are circle groups, L is the two-dimensional 
| toral group and G of rank 2. 


Case 2. Hither NV, or Nz has a finite center. Then from the above dis- 
' cussions, we know that N,V, or what is the same NV, C M. Since L and 
L, have the same rank, M and N, have the same rank. Therefore N. contains 
the center of M, and hence contains MN N,. Then MNNi=MNN,NN, 
—e which tells us that L,—N, > M. Similarly, there exists a connected 
f normal subgroup I’ of L. such that L,—=M’ x N, and N, C M’. It is to be 
| noted that we do not know whether M and M’ commute. 

Now let use use the tensor notation to write down the algebras of the 


invariant symmetric multilinear forms: 
I(L) =1(N,)@1(N.), I(L,) =1(N,)@1(M), =1(M’)@I(N2). 
Thus we have the following commutative diagram 


I(L,) =1(N,) @I(M) ——> H*(X;) 


I(L) =1(N,) @1(N.) ——> H*(X) 


f2* 


I(L2) —I(M’) @1(N,) ——> H*(X,). 


Since 
N.C M, N, C M’, rank(M) = rank(N,), rank(M’) = rank(N,), 


we can consider /(/) to be a subalgebra of I(N.), and I(M’) to be a sub- 
algebra of J(N,). Therefore, 


NI(L2) =1(M’)@I(M) C 1(N,)@1(N2). 


Let J, =1(N,)-I*(M’), be, respectively, the ideals 
generated by I*(M) in I(N,), I(Nz). Then 


I(L) {1*(L,) I*(L2)} =o, @I(N2) + 1(N1) @d2. 
| Taking account of (6.3), we obtain then 
H*(X) I(L)/J {I (Ni) @1 (Nz) + 1(Ni) 
On the other hand, M/N; is homeomorphic with the p-sphere L,/L, and M’/N, 
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with the g-sphere L,/L. Since both p and q are even, H*(M/N2) and 
H*(M’/N,) coincide with their respective characteristic subalgebras, i.e., 


H* (8°) ~H*(M/N2) H*(M’/N,) =1(N,)/J, 


It follows then that H*(X) ~ H*(S?) @H*(8%), and then by (3.5), 
H*(X,) = H* (8%), H*(X.) H*(S?). This tells us that dim XY, + dimY, 
=dimX. From (4.8), we know then that X,—8?, X = 8? X 81, 


(7.4) Suppose that p and q are even and G acts effectively on 8S". Let 
us use Am(Bm, Cm, Dm, G2, F's, Eo, to denote a compact group in the 
Cartan’s class Am(Bm, Cm, Dm, G2,F's, Ee, Es), where the lower index signifies 
the rank. Then there are only five possible cases, namely: 


(1) X, is a q-sphere, X. 1s a p-sphere and X =X, X X2; 
(II) X, and X, are single points and X ts an (n—1)-sphere; 


(Ill) Gts a compact simple Lie group of rank 2 without center, and L 
is the two-dimensional toral group, and L,, L, are locally isomorphic with the 
product of a circle group and A,; 


(IV) p=q=4, n=13, G is the adjoint group of C3, L ts locally 
tsomorphic with C, X C, L, and Ly are locally isomorphic with C, X C,, 
and the orbits X,, X. are quaternion projective planes ; 


(V) p=q=8, n=—25, G=F,, L=D,, L,—B,, L,=B,, and the 
orbits X,, X_ are Cayley projective planes. 


Proof. From (7.2), we know that there are only three possibilities: 
(i) L=N,XN2, (ii) p=q, N, and Nz are finite, and (iii) p=q=4, 
N, and N, are both C,, and L is locally isomorphic with C, * C, X C;. Let 
us consider them separately. 


(i) In this possibility, we know from (7.3) that either ¥,—8', 
A, = S?, X = 84 S?, or G is of rank 2 and L is the two-dimensional toral 
group 7°. The first alternative is the case (I) in the above list, and therefore 
let us assume that G@ is of rank 2 and L=T?. Since G acts effectively on X, 
and X has positive Euler characteristic, G has a trivial center, and in par- 
ticular, is semi-simple. If @ is simple, then it is the case (III). If G is not 
simple, then G = D,, X = D,/T? = 8S? & S?, whence X¥, = X,—S*. This is 
included in the case (I) of the above list. 


(ii) In this case, pg, N, and N, are finite. Since N, is finite, L; 
acts almost effectively on the p-sphere L,/L, and hence L, is either G@, or 4 


i» wae > 


COMPACT TRANSFORMATION GROUPS. 715 


Bm, Where m= p/2. We know that L, C G and G, L, have the same rank. 
| If L, = G2, then G=L, (because no other group of rank 2 can contain G, 
| as a proper subgroup), whence X, is a single point, and we get case (II). 
Suppose L,—Bn. We know [3] that there is no compact connecter Lie 
group of rank m which can contain B,, as a proper subgroup unless m = 4, 
' and when m =4, F, is the only group having these properties. Therefore, 
either G—=J,, or (G,L,) = (F4,B,). In the first alternative, X, is reduced 
' toa point, and we get case (II). In the second alternative, G—=F,, LD = B,, 
whence p=q=—8, and L—D,, L,=—B, on account of (7.1). The orbits 
X,. X., being homeomorphie with F4/B,, are the Cayley projective planes. 
This is the case (V) in our list. 


(iii) In this case, p=q=—4, Ni=—C,, N2=C;, and L is locally iso- 
morphic with XC; Since L,/N, acts transitively and effectively 
on the 4-sphere L,/L, L, is locally isomorphic with C, X C;. The only con- 
nected and compact Lie group which can contain L, as a proper subgroup of 
the same rank is C; [3]. Therefore, either G—=L, or G=C;. In the first 
alternative, X, is a point, and we get case (II). In the second alternative, 
G=(C;, L, and L, are locally isomorphic with C, & C,. The exceptional orbits 
Y, and X2, being homeomorphic with C;/C, X C2, are quaternion projective 
planes. This is the case (IV) in the above list. 


(7.5) In the Case III of (7.4), the connected center of at least one of 
L;, L. ws not contained in the semi-simple part of the other. 


Proof. Let us write L,; = N,M, L,= M’N2, where M, M’ are, respectively, 
the largest connected normal subgroups of Z,, LZ. which act almost effectively 
on L,/L, L2/L. From the proof of (7.4), we know that L=WN, X N.=T”. 
Since both L, and L are locally isomorphic with T X A,, it follows that NV, 
and V, (M and M’) are, respectively, the connected center (semi-simple part) 
of L, and Suppose (7.5) to be false. Then V, C M’, N.C M. By using 
exactly the same reasoning as in the proof of Case 2 of (7.3), we know that 
XY, and X, must be spheres. A contradiction is thus obtained, and (7.5) is 
proved, 


8. The case by which q is even and p> 1 is odd. Suppose that p is 
odd and q is even. Then L,/Z is an odd sphere and L./L an even sphere. 
Theerfore, in the diagram (5.1), a, is surjective and a injective and 
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where K,, K, denote the characteristic subalgebras of the homogeneous spaces 
X¥,=—G/L,, X,=G/L, respectively. From (3.4), the common elements of 
the images of f,* and f,* are of zero degree. Therefore, K, as well as f,*(K,) 
contains only elements of zero degree. It follows that h.* is injective and L, 
is nonhomologous to zero in G. 

Let B(X), B(X,), P(X.) be the Poincaré polynomials of Y, X, 
respectively with ¢ as the indeterminate. Then from (3.4) and (3.5), we 


have 
(8.1) P(X) = (14+ = (14+ #4) B(L2), 
(8.2) B(X) + + 


Let s be the largest integer such that (1+ ¢)* divides ®(X.). Since p is odd, 
s=1. From (8.1), (1+ divides ®(X), P(X,) and P(X), and so 
(1 + ¢)#+ divides ¢"-1—1 on account of (8.2). It follows that s is equal to 
1 or 2. 

Now suppose that s=1. Since L.~0 in G, by Samelson’s results, 
X, is a real homology sphere of odd dimension. We have then from (8.1) 
and (8.2) that =1+ P(X.) =14+ #, p+q=—n—1. Proposi- 
tion (4.8) then tells us that S847, X = S? 

Suppose that s—2. Then $(Y.) takes the form (1+ 
where u, v are odd. Taking account of (8.1) and (8.2), we can get by a 
direct computation that 


= (1 + + 4), BCX.) = (1 + + 9), —n—1, 
Thus we have proved 


(8.3) Suppose that q 1s even, pis odd and greater than 1. Then either 
(A) X,—S?, X = & S84, or (B) Ly is non-homologous to zero 
in G, n=2(p+q) +1, and 


B(Xi1) = (1+) (1+), P(X.) = (14+ #) (1+ 4). 


To study Case B in (8.3), we need to analyse the structures of G, L, Li, 
L, in detail, and for this purpose, we find it convenient to lay down the 
following 


DEFINITION. Let W be a connected Lie group and W,, 
connected subgroups. We say that W is locally the direct product of 
W,, W.,- - -, W, if the Lie algebra of W is the direct sum of the Lie algebras 
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of the W,’s. If this is the case, we shall write W—W,-'W.-----W,. We 
note that each JV; is a normal subgroup of W. 


Now let us consider the subgroups L, L,, Lz. Since both p and q are 
greater than one, they are connected. Let NV, be the maximum connected 
normal subgroup of LZ, which acts trivially on L,/L. Then we can write 
L,=M-N,, where M acts almost effectively on L,/L. But L,/Z is an odd 
sphere, and so by Montgomery-Samelson theorem, we have M—= M,-J, where 
MV, is simple and transitive on L,/L while J is either the identity or a group 
of rank 1. Let Then M’—M,’-J’, L=M'-N,, 
where J’ is a normal subgroup isomorphic with J. It is is to be noted that if 
=e, then J = J’ =e and L/L is a three-sphere. Similarly, we can write 
L,=Q:N., L=(Q’:N2, where Q acts almost effectively and transitively on 
the even sphere while NV, acts trivially, and Q’ L. 


(8.4) The subgroups L, L,, L, have local direct decomposition as follows: 


~ t 


where J’ C M,-J, Q/Q’ = S84, M,/M,’ =S? and J = J’ ts of rank =1. If, 
moreover, p-+q>15, then M, is a normal subgroup of N, and Q’ 1s a 
normal subgroup of J’-N,. 


Proof. The first part is merely a summary of what we have just obtained. 
It remains only to show the second part. If M,’ is the identity, then this is 
evident. Otherwise, 1/,’ is a connected simple non-abelian normal subgroup of 
L. Therefore, 1/,’ is either a normal subgroup of Q’ or that of V2.6 But 
the compact transitive transformation groups of spheres as well as their 
isotropic subgroups are completely known [1]. A direct verification tells us 
that when p+ q > 15, M,’ and Q’ cannot have any common normal subgroup 
of positive dimension. It follows that M,’ C N. and Q’ C J’: Nj. 


(8.5) Suppose that G acts almost effectively on 8S" with an (n—1)- 
dimensional orbit, and G is a local direct product G=G’:G”, where G’ Ae, 
If L=L'L”, where L’, Li and L”, Li” 
(t=1,2), then X,—S%, X¥,— 


Proof. The direct product G’ X G” is a finite covering of G, and thus 
acts on §" almost effectively with the same orbits as G. Moreover, the isotropic 
subgroups of G’ x G@” satisfy the conditions of our proposition (8.5). There- 
fore, we can simply take G@ to be the direct product G’ K G”. It is evident that 


*This follows from the fact that Q’ = O(q) and g>2. 
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X=(@/L’) X (@"/L"), (@'/Li’) X 
(i=1,2). Let 
ji’: > H*(@/L'), H*(G"/Li") > 


be the homomorphisms of the real cohomology induced by the inclusions of 
the isotropic subgroups. We have the following commutative diagram: 


H*(X;) = H*(G@’/L,’) @H*(G’/L,”) 

| ji 
H*(X) @H*(G"/L") 

H*(X,.) H*(G@’/L.’) @H*(G"/L,”). 


Since f,*, f.* are injective, j;’, jo’, ji”, jo” are all injective. The dimension 
of X being greater than the dimension of X,, we can therefore, up to a change 
of notation, assume that m = dim G’/L’ > dim G’/L,’. Since X is orientable, 
there exists a non-zero element u¢€ H”(G’/L’) of degree m. By our assump- 
tions, G” ~e and G acts almost effectively on S”. Therefore G/L” cannot 
be a point and then m < dim X ~n—1. It follows then from (3.4) that 
there exists u.€ H™"(G’/L,’) such that j2’(u.) =u, and hence dim G’/L.,’ =m 
= dim G’/L’. This tells us that dim ZL.’ = dim L’, whence L.’ = L’ on account 
of their connectedness. Thus 


H*(@’/L’) @1 C f2*(H* (Xz) ) = jo! (H*(@’/Lz’) ) ® jo” 


It follows then from (3.4) that H*(G’/L,’) = j,’(H*(G’/IL,’) ) can contain 
only elements of zero degree. But X, as well as G’/L,’ is orientable, and s0 
G’—=L,’. From the equality L.’—L’, we have dim S dim 
and then we can use the same argument to show that G” = L,”, L,” =L.". 
It follows then 


dim X, + dim XY, = dim G”/L,” + dim G/L.’ 
= dim G”/L” + dim G’/L’ = dim X. 


Proposition (4.8) then tells us that = S?, Y,—=S? and = 


(8.6) Suppose that n > 31, and the Case B in (8.3) happens. If G% 
almost effective in S”, then it is also almost effective on X,. 


Proof. Let us write G—=G@’-G, as local direct product of G’ and ‘i, 
where G, is the maximal connected normal subgroup of G@ acting trivially 


4”), 


S of 
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on X, and G’ a connected normal subgroup of @ acting transitively and almost 
effectively on Evidently Lz. Suppose that Q,Q’, Nz, Ms, - 
have the same meaning as in (8.4). Since L,—Q-WNz2, the intersectioa 
G, Nz is normal in Go, and therefore normal in G. By assumption, @ acts 
almost effectively on S" and so almost effectively on XY =G/L. It follows 
that G) MN. must be finite, whence G, C Q. But Q is simple, and so either 
G,=eorG —Q. 

We shall show that G.Q by the method of contradiction. Suppose 
that Gy =. Let us consider the local direct decompositions : 


L,=M,:J°N,, L,=Q: N2. 


Since N. G, is finite and N, centralizes G, we can take our @’ such that 
V,C G’. By assumption, p-+q=—(n—1)/2>15 and so we have, from 
(8.4), that M.’ C VN, C G’. Here two possibilities arise. Let us discuss them 
separately. 

(i) M,’~e. The group M,’, being connected, must have positive 
dimension. Therefore the intersection 1, G’ is a normal subgroup of M, 
with positive dimension, and then from the simplicity of M,, we have 
M,=M,2 G’, i.e., M, C G@. By our choice, MV, is transitive on L,/L and 
therefore L, M,L = (M,N.)-Q. Moreover, L=N,-Q’ and 
M,.N., N.C G’ and Q,Q’C Go. (8.5) then tells us that Y, and Y, are 
spheres and a contradiction is thus obtained. 


(ii) M,’—e. It follows that p—3, J =J’ =e and 
L,=M,:N,, Nz, L=N,=Q’-N,, g> 12. 


The subgroup M, centralizes N, and hence centralizes Q’. But Q/Q’ = S4 
and 42, and so the centralizer of Q’ in Q is finite. It follows then from 
the connectedness of /, and the local direct decomposition G = G’: G, = G’-@ 
that M,C G’. We have then 


where M,N., N.C G’ and Q,Q’ C Go. (8.5) then tells us that X,, XY. are 
spheres. This contradicts our assumption. Hence G, =e and (8.6) is proved. 


(8.7) Suppose that n > 31, G acts almost effectively on S", and G’ is 
4 connected normal semi-simple subgroup of G transitive on X.. If Case B 
in (8.3) happens, then G has a local direct decomposition G = G’-W, where 
W ts at most of rank 2 and is locally isomorphic with a subgroup of the 
centralizer of G’ in G’. Moreover, W is finite. 
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Proof. Since G is compact and connected, we can write G=G’-W, 
where W is a connected normal subgroup of G. Up to a finite covering 
which does not affect any of our situation, we can assume, moreover, that 
G’=G’X* W. Let é: G> @, be the projections, and L.’ = L. 
The connected group L, can be written in the form L, = L,’: U, where U isa 
certain connected and normal subgroup of Z,. Since G’ is transitive on Y, 
and UO G’ is finite, W=7(U) and W is locally isomorphic with U. 

The intersection ZL, W is a normal subgroup of Z,. Therefore, LZ, W 
is a normal subgroup of y(L.) which coincides with W. This tells us that 
LI. W acts trivially on X,. By (8.6), @ is almost effective on X, and so 
L.1 W must be finite. This implies that.é(U) is locally isomorphic with U 
and hence with W. The subgroup U centralizes L.’ and therefore, é(U) 
centralizes L.’. From (8.3), we know that L.’~0 in G’ and r(L,’) 


= 1r(G’) —2, where “r” denotes the rank. Moreover L.’ is semi-simple 


because G’ is so. Hence the centralizer of L.’ is of rank 2 at most. Thus 
r(W) =r(€(U)) S2. 


9. Some properties of G. In this section, we shall establish some 
properties of G which lead to the determination of the system {G, L, L,. L,) 
when Case B in (8.3) happens. For this purpose, let us digress a little and 
prove two simple propositions. 


(9.1) Let W bea closed connected subgroup of a connected and compact 
Ine group V such that r(W) =r(V)—s, r denoting the rank. For any 
normal subgroup V’ of V, OS r(V’)—r(V’NW) Ss. Suppose W’ to bea 
closed connected, normal non-abelian simple subgroup of W with r(W’)>s. 
Then W’ is contained in a certain simple normal subgroup of V. 


Proof. Consider the projection 7: V->V/V’. We have evidently 
r(V/V’) =r(V) —r(V’),r(m(W)) =r(W) —r(V’NW), 
r(4(W)) Sr(V/V’). 
It follows that 
=1r(V)—r(W) =s. 


To show the second part of (9.1), let us write V—=V,-V,-- - ++ Vq as local 
direct product of simple normal subgroups, and 
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be the projection (i= 1,2,---,a). There exists at least one 1, say 1, such 
that £:(W’) Ae. Since W’ is simple, é,(W’) is locally isomorphic with W’, 
and hence r(é,(W’)) >s. Let U be the connected component of the inter- 
section VW. Since both U and W’ are connected normal subgroups of W 
and W’ is simple, either W’ C U or W’ centralizes U. In the first alternative, 
W’C V, and our proposition is proved. Now let us show that the second 
alternative cannot happen. Suppose that W’ centralizes U. Then &,(W’) 
centralizes £,(U) in &(V,). But W’ is simple and non-abelian and 
r(é,(W’)) > s, so the centralizer of €,(W’) in é,(V,) is of rank smalier than 
r(é,(Vi)) —s. We have therefore r(é,(U)) <r(é(Vi)) —s. Restricted to 
V,, the homomorphism €, is a local isomorphism. It follows then 
r(U) <r(V,) —s. On the other hand, we have from the first part of our 
Proposition (9.1) that r(V,) —r(U) =r(Vi) —r(ViNW) Ss. A con- 
tradiction is thus obtained, and the proof is completed. 


(9.2) Let V=V,iX%V.X--+ +X Va be a direct product of connected, 
compact simple Lie groups, and Y a connected normal subgroup of V with 
(V)=r(Y)+s. If r(Vi) >s for all i and Y is non-homologous to zero 
in V, then 


Proof. Let Yi=ViN Y. From the first part of (9.1), it follows that 
r(Yi)=r(Vi) —s=1. Since Y ~0 in V, the number of simple local direct 
factors is less than a, and therefore the normal subgroups Y,, Y2,- - -,Ya of 
Y must exhaust all its direct factors. Hence Y=Y,& 


(9.3) Suppose that n > 31 and Case B in (8.3) happens. Then G has 
4 semi-simple connected normal subgroup G’ such that G’ is transitive on 


X, and that G’ has at most two simple director factors. 


Proof. From (8.3), we know that h.*: H/*(G/L.) ~ H*(G@) is injective 
and its image is generated by two primitive elements 7, y of degrees p and 
P+ q respectively. Let us write G as the local direct product G,-G.-- + Gq 
of connected simple normal subgroups. There exists at least a simple factor, 
say G,, such that, under the homomorphism j,*: H*(G)— 1/*(G@,) induced 
by the injection j,: G,— G, the image «, = j,*(a) of x is different from zero. 


Here two alternatives arise. Let us discuss them separately. 


(i) Suppose that y, = j,*(y) #0. Consider the commutative diagram 
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h. 


‘| 


and its induced diagram on the real cohomology algebras 


H* (G/L,) ————— H* (G) 


l* ji* 
H*(G,/(G, Le) ) —— H*(G,), 
where & is the projection and 1 is the map induced by the inclusion G,N L.CL,. 
Thus k*(H*(G,/(G; contains two non-zero primitive elements y, 
of degrees p, p-+q respectively. It follows that 


dim (G,/(G,N 2 2p+q—dim G/L». 


On the other hand, G,/(G,M LZ.) can be regarded as the orbit of G, when 
it acts on G/L,. Therefore G, is transitive on X,. (9.3) is proved in this 
case. 


(ii) Suppose that 7,*(y) 0. There exists another simple factor, say 
G., such that j.*(y) 40, where j, is the injection: G.—>G. Just as before, 
but replacing G, by G,-G., we can show that G,-G, is transitive on 2. 
This completes the proof. 


(9.4) Suppose that n> 31 and Case B in (8.3) happens. Then G 
cannot be simple. 


Proof. Suppose G to be simple. Let Q,Q’,N.,M,M,’,- - - have the 
same meaning as in (8.4). Then L,—@Q-N., where Q acts transitively and 
almost effectively on the g-sphere L./L. Since L,-+0 in G and G@ is simple, 
L, must be simple and hence N,—e. By (8.4), M,’ C N.=e, and then 
p=3. But we know that p+q—=(n—1)/2>15. Therefore g > 12 and 
@ must be a By, with m=gq/2>6. Thus the simple group @ has the 
properties: (a) Bn “+0 in G, (b) r(@) =m-+ 2, and (c) 


B(G) =B(Bn) (1+ m>6, 


where $ denotes the Poincaré polynomial with ¢ as the indeterminate. By 4 
direct enumeration of simple groups, we find that no such @ exists. Our 


proposition is thus proved. 
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(9.5) Suppose that n> 31 and Case B in (8.3) happens. If G@ has 
no proper normal subgroup transitive on X, then G is the local direct product 


of two simple Lie groups. 


Proof. Without loss of generality, we can assume that G@ is the direct 
product of simple Lie groups. On account of (9.4), it suffices to show that 
(; has at most two simple factors. Let G’ be the normal subgroup of G as 
contructed in (9.3), and let us write G=G’ X W. Since Q is transitive on 
and G’ transitive on we have QL =L., @QL=G@L,=—G. This 
tells us that G’Q is transitive on X. Let 7: G—W be the projection. Then 
n(L2) = W and G’Q=7*(n(@)). Since Y is normal in is normal 
in W, whence G’Q is normal in G. Therefore G=G’Q on account of our 
assumption. If Q C G’, then G= G’ and by (9.3), G@ has at most two simple 
factors. If G’ is simple, then G is locally isomorphic with the direct product 
G’ XQ which has two simple factors. Thus we have proved our proposition 
when either Q C G’ or G’ is simple. 

In fact, the above two cases are the only alternatives. Let us show this 
by the method of contradiction. Suppose that YG G’ and G@’ is not simple. 
By (9.3), we can write G’=V, X V2, where V, and V, are simple and none 
of them is transitive on X,. Let L.’:—=L1,9G’. Then X,—G’/L.’. Since 
XY, is simply-connected and G’ connected, the subgroup LZ.’ must be connected. 
The group Q being simple and QC @’, it follows that »(@Q) is locally iso- 
morphic with Q. From (8.7), we know that r(W) = 2 and then 


r(Q) =r(n(Q)) Sr(W) S2. 


Let G—> G’, Vi, G— Vz be the projections. From (8.7), €(L2) 
is locally isomorphic with L,. Now we find it convenient to divide our further 
discussions into two caeses. 
Case I. r(Q) =2. Then r(W) =2 and 
r(G’) =7r(G) —r(W) =r(G) —2=—r(L.) = 

The subgroup é(L.), being of the same rank as G’, can be written as the direct 
product of a subgroup in V, and a subgroup in V, [14, p. 927]. Since 
in G, ~0 in G. Hence L.’ is a connected, normal semi-simple 
subgroup of L, and hence we can write L.’/=Y,X Y., where Y, C V,, 
Evidently, Y. are connected. Moreover, from the facts 


r(L,’) =r(G’) —2 and L.’ £0 in G@’, it follows that 
¥i40inV,, V.,r(¥i) +7(¥2) + r(V2) —2. 
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By (8.7), £(Q) and therefore either or €.(Q) is non-trivial, say 
£,(Q) ~e. @Q and Y, are two connected normal subgroups of L, with QN Y, 
finite. It follows that Q and Y,, and hence é,(Q) and Y, centralize each 
other. But &,(Q) is simple and of rank 2, so 


r(V,) 2r(¥.-&(Q@)) =7(%1) +7(&(@)) =7(%1) +2. 


We have therefore r(Y,) = V, and then Y,—=V,. This contradicts the fact 
that V, is not transitive on X,. In other words, this case cannot happen. 


Case I]. r(QY)=—1. From the construction of V,, Vz in (9.3), we 
know that one of V,, V. has a primitive exponent’ p while the other a 
primitive exponent p+ q. Since r(Q) =1 and 2(p+ q) =n > 31, we have 
=2, p> 13, whence 

r(V,) 24 r(V2) 24. 


Let = Vi =12N Vi, Y2=L2’N V2=L12N V2. Since in 
and r(L.’) =r(G’) —2, it follows from (9.2) that L.’=Y,X Y., whence 
Xo = = KX (V2/Y2). We know that is simply connected, 
neither V, nor V, is transitive on A, and H*(X,) = H*(S? x S84). It 
follows that V,/Y, and V./Y, are simply connected homology spheres with 
real coefficients. One of them has dimension p while the other dimension 
p+2. The integers p, p+ 2 cannot be both congruent to 3mod4. To be 
precise, let us take dim V,/Y,+43(mod4). Y, and Q are two connected 
normal subgroups of L. with QM Y, finite. It follows that Y, and Q, and 
hence Y, and é,(Q), centralize each other. But é;(Q) is simple and s0 
Y,N&é(Q) is a finite central subgroup of €(Q). Now let use consider 
the fibring V;/Y:2V;/(Y1-&(@Q)) whose fibres are homeomorphic with 
F=&(Q)/Y¥i1N&(QY). Since r(Q) =1, F is either a point, a 3-sphere or 
a 3-dimensional real projective space. We know that V,/Y, is a simply- 
connected real homology sphere of dimension #3(mod4). It cannot have 
any orientable fibre decomposition with the 3-dimensional real homology sphere 
as the fibre. Hence F must be a point and é,(Q) =e, or in other words, 
QCV:xXW. Let us denote V, x W by W’, and let Q’, N2, M,,- - - have the 
same meaning as in (8.4). Since G=G’Q, L.=—L.’-Q and L=L,/ 


we have 
G=V, XW, L=Y¥,X 


9.6 


7 The degree of a primitive element of the real cohomology of a compact Lie group 
is called a primitive exponent of that group. 


say 
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Since p > 13, r(M,) 2 4, r(L,) =7r(G@) —1, it follows from (9.1) that M, 
belongs to a simple factor of G. Therefore, either M,C V, or M, C W’, and 
then 


Taking account of (9.6) and (9.7), we know from (8.5) that X,, X. are 
spheres. A contradiction is thus obtained and (9.5) is proved. 


(9.8) Suppose that n > 31 and Case B in (8.3) happens. Then qS4 
and the group G has a simple normal subgroup G’ transition on X>. 


Proof. Let G* be a minimum normal subgroup of @ transitive on X. 
Then G and G* have the same orbits on S”, and every connected normal 
subgroup of G* is a normal subgroup of G. Therefore, without affecting any 
of our situation, we can simply take G to be G*. Furthermore, without loss 
of generality, we can assume that G is a direct product of simple Lie groups. 
By (9.5), G=V.iX V2, where V;, V2 are simple. Since X is simply- 
connected, the semi-simple part of G is transitive on XY [15, p. 4], and so G 
must be semi-simple and V,, V, non-abelian. Now let us divide our discus- 
sions into two cases. 


Case I. p=3. Then g>12, Y=Bn, where m=—q/2>6. The sub- 
group L, = N.,-Q is non-homologous to zero in V, X V2, and 
B(Vi1)B (V2) = B(V)P(N2) (1 + #) (1+ 


where $$ denotes the Poincaré polynomial. It follows that NV. has vanishing 
first and third Betti number, and hence N,—e. (8.4) then tells us that 
M,’ =e, and then 


Taking account of the facts r(Q) =r(L.) =r(G@) —2 and r(Q) > 2, we 
have from (9.1) that Q belongs to a simple normal subgroup of G, say 
QCV.. Therefore, ¥,—V,X(V2/Q). By (8.6), G@ is almost effective on 
XY, whence V.Q. Since V, is simple and non-trivial, it follows from the 


equality = (1+ #*) (1+ #4) that B(V./Q) =1+ 4. Hence 
B(V2) =B(Q) 1+ = B(Bm) (1+ m= G/2>6. 


An enumeration of simple groups tells us that no such simple V, exists. In 
other words, the case by which p83 cannot happen. 


Case II]. p> 3. Since L, =@Q-N, is non-homologous to zero in V, X Vo, 
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N, must be simple. By (8.4), \/,’ is a normal subgroup of N.. Here p > 3, 


M,’ ~e and so M,’ = N2, whence 


(9.9) Lo—Q-M,’, L.=M,-J-N,, L=Q’-My’, 


Case IJa. Suppose that gy >4. Then Q’ is a simple group of rank 
greater than or equal to two. Since r(J’) =1, the last equality in (9.9) 
tells us that J’ =e, and then J =e, Q’ = N, and 


From the facts p>3, q>4, we have r(V/s) >1, r(Q’) >1. Moreover, 
r(L,) =r(G@) —1 by (8.3). It follows then from (9.1) that both WV, and 
Q’ belong to certain simple normal subgroups of G. Suppose that V,, Q’ 
belong to a same simple normal subgroup, say V,. Since Q is simple and 
Q’ C Q, Q also belongs to V;, and then L,=Q-M,’ C V,. The last inclusion 
would imply that L, +0 in V, which is impossible as L. has two simple normal 
factors. Therefore, M, and Q’ belong to different simple normal subgroups 
of G, say M,C Vi, Q’ C V2. It follows that Q@ C V2, and then (8.5) tells 
us that Y, and XY, are spheres. This contradicts our hypothesis. In other 


words, g cannot be greater than 4. 


Case IIb. Suppose that g=4. We shall prove the second part of our 
proposition by method of contradiction. Suppose that G@ has no simple normal 
subgroup transitive on X,. From the proof of (9.3), we know that one of 
V,, V. has a primitive exponent p while the other has a primitive exponent 
ptq. Since q=4, n> 31, we have p> 11 and 


r(Vi)=3, 
Taking account of the fact r(L.) =r(G) —2, we know from (9.1) that 
r(Vi,N ZL.) r(V2nN Le) 21. 


But V,NL., V.N Lz are normal subgroups of L., and L, has only two 
proper normal subgroups. Therefore, up to a change of notation, we can 
assume that M,’C V,,Q9C V.. Since M,’Ae and M, is simple, it follows 
that WM, C V, and then 


L,=M,L = M,:Q’, L,—M,’-Q, 


where @’?CQCV., MCM,CV,. (8.5) then tells us that X,, 1, are 
spheres. A contradiction is thus obtained. In other words, G has a simple 
normal subgroup transitive on Xp». 
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10. Determination of G when p is odd and gq is even. Now we are 
in a position to determine the group G and the orbits X, X,, X., for even q 
and odd p>1. Let Sp(r) denote the group of all (r X71) quaternion sym- 
plectic matrices. If a subgroup V of Sp(r) is conjugate to the subgroup of 
all matrices g = (qij) € Sp(r) with g,, —1, then we shall call V an Sp(r—1) 
imbedded in Sp(r) in the canonical position. Canonical imbedding for unitary 
groups, special unitary groups and the orthogonal groups is defined similarly. 


(10.1) Suppose that n> 31 and Case B in (8.3) happens. If q=4, 
then is the quaternion Stiefel manifold Sp(r)/Sp(r—2), X =X. XK 
and X, is an S?*4-bundle over S*, where p—=4r—5. If the group G is almost 
effective on S”, then up to a finite covering of G 


G = Sp(r)X Sp(2), Q@=Sp(2), ON Sp(r) Sp(2) —e, 
M,~ Sp(r—1), M,’ = Sp(r—2), 
where the imbeddings M,’ C Ms, and M, C Sp(r) are in the canonical manner. 


Proof. Up to a finite covering, we can assume that G is a direct product 
of simply-connected compact simple Lie groups and circle groups. Now let 
L, Ly, D2, Q, Q’, Ms, M.’,- - - have the same meaning as before. Since n > 31, 
q=4 and Case B in (8.3) happens, we know that p>11 and Q=C;. 
From (9.8), G has a simple normal subgroup G’ transitive on X., and from 
(8.7), we can write G=G’ XK W. The subgroup Q cannot be contained in 
@’ for, if so, G’ would be transitive on XY and would have the same orbits as 
G which contradicts (9.4). Therefore, QM G’ is finite. Let 7»: GW be 
the projection. Then 7(@) 1s locally isomorphic with QY and hence a C,. 
By (8.7), W is a compact Lie group of rank not greater than 2. We know 
that there is no connected group of rank 2 which can contain C, as a proper 
subgroup, and so 7(Q) = W. But the fundamental group of @ has no torsion. 
It follows then W is simply-connected, and then W=Sp(2), W=Q, ON 
=e. Since G is the direct product of two simple non-abelian groups, all the 
arguments in Case II of (9.8) hold, and then 


The group »(J/,’) centralizes 7(Q) and »(Q) =W—=Sp(2). It follows that 
n(M,’) =e, or what is the same, M,’ C G’, whence VW, C G’. Therefore M,’ is 
the identity component of @’. But XY, = G/L, = G’/(L2 N G’) is simply 
connected, and so L.M G@’ is connected. We have then M,’=—L.Q G’ and 
X,=@/M,. Let €: GG’ be the projection. By (8.7), Le is locally 
isomorphic with ¢(L.) = M,’-é(Q), and, from (8.3), 


k 
) 
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r(G@’) =r(G) —r(W) =r(G) —2=—r(L.) = r(é(L2)). 
We know thus that the pair {G’, /,’} has the following five properties: 
(i) G’, M,’ are simple groups, 
(ii) .M,’ is non-homologous to zero in G’, 
(iii) I,/M,’ = p=odd > 11, 
(iv) =P(X2) = (1+ #) (1+ and 
(v) G’ has a subgroup V,’-é(Q) having the same rank as (7’, where 
€(Q) isa C4. 
By a direct enumeration of simple groups, we find ‘that 
G’=C,, M,’=C,-2, Ms =C ri, p= 4r—aS. 
Since 7,(G) has no torsion, G’=Sp(r), G=Sp(r) X Sp(2). 
Now let us discuss the position of /, in G’, and the position of M,’ in 
M,. We recall that 
L=M,-J-N,, =J’-N, 20, XK Ci, 
M,-J, r(J) =r(J’) S1. 


Since r(G@) = r(L,) +1, 
r(L,N W) =r(L,) —r(é(L,)) 2 — (@’) = r(L,) —r(G) +2=1. 


On the other hand, M,C G’, N,Q W CQNW-=e. It-follows that J is the 
identity component of W and r(J) =1, N,=C;,. Therefore, W) 
= 1, and the subgroup é(L,) = M,:é(N,) has the same rank as (’. Up to 
an automorphism of Sp(r), there is only one connected subgroup of the class 
C,, which is a normal subgroup of a subgroup of maximum rank in Sp(r) 
[14]. Hence M, is an Sp(r—1) imbedded in G’=Sp(r) in the canonical 
position. We know that ,/M,’ is a p-sphere. Up to an automorphism of .,, 
there is only one such subgroup /,’ [17].* Therefore, M,’ is a Sp(r—2) 
imbedded in J, == Sp(r—1) in the canonical position. 

We are now in a position to determine the orbits Y, Y,, Y.. Obviously, 
X, = G’/M. = Sp(r)/Sp(r—2) is the quaternion Stiefel manifold. To see 


X, let us consider the map 
6: (GW’/M,’) X (Q/Q’) G/L=X 
given by 6(gM,’,qQ’) =gqL, where g€ G’, g€ Q. We can easily verify that 


® This is equivalent to saying that M, acts on the p-sphere M,/M’, orthogonally. 


f 
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this mapping @ is well defined. From the fact that G’1 Q—e, 6 must be 
injective. Moreover, (G’/M,.’) X (Q/Q’) and X have the same dimension, and 
so 6 is bijective. This tells us that XY is homeomorphic with XY, X S*. To see 
X,, let us consider @’ to be a transformation group of Y¥,;—G/L,;. Since @ 
is normal in G, the G’-orbit decomposition of X, is a fibre decomposition. 
The fibres (i.e., orbits under G’) are all homeomorphic with 


/ L,) = G/M, = Sp(r)/Sp(r—1) = = 
whereas the base space (i.e., the space of orbits) is 
G/(G’L,) =W(WOL,) = W/y(Q’) = 2/0’ =. 
Therefore 1, is an S?**-bundle over S*. This completes the proof of (10.1). 


Remark. G does not act effectively on S". There is a central subgroup 
I, of order 2 which is contained in neither direct factor of G. The factor 


group G/I, acts effectively on 8”. 


(10.3) Let G, G be two compact connected effective differentiable trans- 
formation groups of S" with (n—1)-dimensional orbit. Suppose that n > 31, 
p is odd, g = 4, and their special orbits are not spheres. Let L, L,, Lz and 
L, L,, L, be the isotropic subgroups of G and G respectively defined as above. 
Then there is an isomorphism of G onto G carrying L, L,, L, into L, L,, L, 


respectively. 


Proof. The universal covering groups of G, G act on S” in the natural 
manner, and have the same orbits as G, G@ respectively. We can readily see 
that if these two covering groups satisfy the conclusion of (10.3), so do G 
and G. Hence it is sufficient for us to prove our proposition for the case 
that G and G are simply-connected. Of course, G and G@ are now no longer 
effective. From (10.1), 


G = G=Sp(r) X Sp(2). 


Suppose that 1/,’, Q’ are subgroups of defined by (8.4), and M,, M,’, 
Q, Q’ are subgroups of G similarly defined. From (10.1), the pair (M,, M,’) 
and (M,, M,’) are conjugate in G’ = Sp(r), and thus we can assume 


M,= M,=Sp(r—1), M,= =Sp(r—2), 


Where the imbeddings Sp(r—2) C Sp(r—1), Sp(r—1)C Sp(r) are in the 
canonical manner. Let C be the identity component of the centralizer of M,’ 
in Sp(r). Then C ~ Sp(2). Since C X Sp(2) is the identity component of 
the centralizer of M,’in G,QC CX Sp(2). From (10.1), 9NC=QN Sp(2) 


| 
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=e. Therefore, Q is a diagonal of C X Sp(2). Up to an automorphism of 
Sp(2), there is only one diagonal of C x Sp(2). Since Q is also a diagonal 
of C X Sp(2) and this automorphism of Sp(2) does not affect Sp(r), we can 
further assume that Q = Q. 


We know from (10.2) that Q’ and ./, centralize each other. Since ¥, 
is an Sp(r—1) imbedded in Sp(r) in the canonical position and Q is a 
diagonal of C & Sp(2), we can verify readily that Q’ is the maximum con- 
nected subgroup of Q which centralizes V,. Therefore, Q’ is completely deter- 
mined by M, and Q. From the equalities M,— M,, Q=Q, it follows that 
(10.2) then tells us that L,=L,, Proposition 
(10.3) is thus proved. 


(10.4) Suppose that n> 31, ¢=2, p ts odd, and Case B in (8.3) 
happens. Then X. is the complex Stiefel manifold SU(r)/SU (r—2), 
S*, and X, ts an S’**-bundle over S*, where p=2r—3. If, more- 
over, G is semi-simple, simply-connected and almost effective on S", then 


G = SU(r)X SU(2), = SU(2), ON SU(r) = Q N SU(2) 2, 
M,=SU(r—1), M,’ =SU(r—2), 
L,=M,’-Q, L,=—M,:Q’, L=—M,’-Q’, 
and the wmbeddings M,C SU(r), M,’ C M, are canonical. 
Proof. The proof is similar to that of (10.1). 


(10.5) Suppose that n> 31, ¢=2, p is odd, and Case B in (8.3) 
happens. If G acts almost effectively on S”, then G is either semi-simple or 
a local direct product of a circle group and a semi-simple group. 


Proof. Let us write G in the form of local direct product G*- W, where 
G* denotes the semi-simple part and W the identity component of the center 
of G. Since X, X,, X, are all simply-connected, G and G* have the same 
orbits on 8S" [15, p. 4]. By (8.7), W is locally isomorphic with a subgroup 
of the centralizer of L, G* in G*. On the other hand, by applying (10.4) 
to G*, we know that the centralizer of L.Q G* in G* is one-dimensional. 
Therefore W is either trivial or the circle group, and (10.5) is thus proved. 


(10.6) Let G, G be two compact connected effective differentiable 
transformation groups of S" with an (n—1)-dimensional orbil. Suppose that 
n> 31, g=2, pts odd, and their special orbits are not spheres. Let L, L,, L: 


and L, L,, L, be the isotropic subgroups of G and G respectively defined as 


1al 
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above. If G and G are locally isomorphic, then there is an isomorphism of 
G onto G carrying L, L,, L. into L, Ly, Lez respectively. 


Proof. The groups G, G can be semi-simple or a local direct product of 
a circle group and a semi-simple group. We first prove the semi-simple case 
and then use the result to prove the other case. The argument is similar to 
the argument used in the proof of (10.3), and we omit the details. 


cemark. The assumptions are the same as in (10.6). If G is semi- 
simple, then @ is isomorphic with SU(r) x SU(2) or (SU(r) XK SU (2))/I2 
according as p==3 or 1 (mod4), where J, denotes a central subgroup of 
SU(r) X SU(2) which belongs to neither factor. If G is not semi-simple, 
then G is isomorphic with the factor group (U(r) x U(2))/T, where U(k) 
denotes the unitary group in k variables and 7 denotes a closed one-dimen- 
sional central subgroup of U(r) & U(2) which intersects neither of the factors. 


11. The case by which p or q equals 1. When p or q is equal to 1, 
the isotropic subgroups L, L,, L. may not be connected. Our previous method 
to study the orbits of G has to be modified. In this section, we shall first 
compare the cohomology of Y, \,, .Y, with their covering spaces and then 


determine them. 


(11.1) Let L° denote the identity component of L. Then Ad L=Ad L’, 
where “Ad” denotes the linear adjoint representation on its Lie algebra. 


Proof. If p>1 and q>1, then L° =JL, and then this becomes trivial. 
Now let us assume p—1. Suppose g>1. Since Y is an S%-bundle over X,, 
the homomorphism f.*: 2,(X) > 7,(X.) is bijective. By (4.3), Y, must be 
simply-connected, and hence ZL, is connected. But L,/L is a circle, and so 
L,=T-L°, where T is a one-dimensional central subgroup of L,. From the 
fact that C L,=T-L°, it follows immediately that Ad = Ad Thus 
(11.1) is proved when q > 1. 

Now suppose that p=q=1. Then L,/L, L./L are circle groups, and 
therefore L; = 7;-L, where T; is a circle group belonging to the center of Li 
((=1,2). Let denote the identity component of L;. Since, for 11, 2, 
Li AL C LY =T;: we have 


Ad(L,°NL)=AdL*, Ad(L.° QL) =adL’. 


Proposition (4.9) then implies that AdL=AdL°. The proof is thus 
completed. 
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(11.2) The homomorphism 6*: H*(G/L) H*(G/L°) induced by the 
covering map 6: G/L°-—> G/L ts bijective. 


Proof. Since the coefficient field is the field of real numbers, 6* is 
injective and the image of 6* consists of the elements of H*(G/L°) invariant 
under the group & of covering transformations. Let us recall that, for any 
Lie group Q (not necessarily connected), 1(Q) denotes the algebra of sym- 
metric multilinear forms over the Lie algebra of Q invariant under AdQ. 
From Cartan’s results [4], we know that there is a canonical isomorphism 
between H*(G/L°) and H*(I(L°) ® H*(G@)), where the differential operator 
over I(L°) @ H*(G) depends only on L°, G and the position of L° in G. 
Let us identify H*(G/L°) with H*(1(L°) @H*(G@)). Since the group & of 
covering transformations is finite, we see immediately that H*(I(L) @ H*(G)) 
consists of all the S-invariant elements in H/*(I(L°) H*(G)). Therefore, 
6* (H*(G/L)) =H*(1(L) @H*(G)). But from (11.1), it follows J(L) 
=I1(L°), and hence 6* is surjective. (11.2) is thus proved. 


(11.3) Let H*(G/L;°) H*(G/L*), 0,*: H*(G/Li) > H*(G/L;’) 
be the homomorphisms induced by the natural maps: 


G/L°—>G/L°, G/L®—>G/Li, (i=1,2). 
Then 
H*(G/L;°) = 6;*(H*(G/Li))® ker e;*. 


Proof. Wet l be an element of G which normalizes L° and L;°. We define 
o(l): G/L°— G/L* to be the homeomorphism gl and ¢i(1): G/Li° 
— the homeomorphism gL;°— glL;°, (g€ G). Then the diagram 


p(1)* 
H*(G/L°) ———> H*(G/L°) 


e;* 
H* (G/L,°) ———> H* (G/L,°) 
is commutative. From (11.2), ¢(1)* is the identity for alll¢€ LZ. Since L is 
compact, we see readily from the diagram that e;*(J) = e:*(H*(G/L;°)), 
where 


J = {u: oi(1)*(u) =u, le LD} 


is the set of all $;(L)*-invariant elements in H*(G/L;°). But Li = LL’, 
and so J is also the set of all ¢;(Z,)-invariant elements in H*(G/L;°). On 
the other hand, G/L;° is a covering space of G/L; with ¢:(L;) as its group 
of covering transformations. Therefore 


he 
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(11.4) J =6;*(H*(G/L;)). 


From the commutative diagram 


(G/L) ———> H* (G/L?) 
e;* 
6;* 


H* (G@/Li) ———> H*(G/L;’) 


we know that, when restricted to J, the homomorphism e;* is injective. 
In other words, J MN kere;* 0. Our proposition then follows from (11.4) 
and the equality e;*(J) = e:*(11*(G@/Li°)) which we have established. 


(11.5) If X, is orientable, then the homomorphism 6,.*: H*(G/Lz) 


+ H*(G/L.°) induced by the covering map: G/L.°— G/L, is bijective. If 
XY, is not orientable, then 
P(X) = (1+ G/L2°) = (1 + (Xa), 
where “38” denotes the Poincaré polynomial with t as the indeterminate. 
Proof. G/L°® is an orientable S¢-bundle over G/L,°._ Therefore we have 
the Gysin-Chern-Spanier sequence with real coefficients: 


Tal 


0 e,* 
H*(G/L.°) —> H*(G/L°) —> H*(G/L.°) —> H*(G/L,°) —> H*(G/L*), 


where e,* is degree preserving, while 0 lowers the degree by q and o raises the 

degree by g-++1. For any graded linear space FZ, let us denote by B(/) the 

Poincaré polynomial of / with ¢ as the indeterminate. Then from the above 

exact sequence, we have 

¥(G/L°) = e.*) + 0), B(G/L.°) = + P(im w) 

8 (G/L.°) = w) + B(im e,*). 

Let J = 6,*(H*(G/L.)) and K =kere,* =imw. Then, we have from (11.3) 

J =ime,*, H*(G/L.°) =J @K, B(J) = 

Hence 

B(G/L®) = P(X.) + 4), B(G/Ls°) = Bim a) + 
B(G/L2°) = B(K) + B(X2). 

Case I. Suppose XY, to be orientable. Then from (3.5) and (11.2), 
we have (G/L°) = = B(X.)(1 + 12). It follows then = 9), 


(11.6) 
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and then imw = 0, B(G/L.°) = Since 6.*: H*(G/L.) > H*(G/L,°) 
is always injective, the equality $(G/L.°) = B(X,2) tells us that 6,* is bijective. 
The first part of (11.5) is thus proved. 


Case II. Suppose that XY, is non-orientable. Let Q be the characteristic 
class of the S%-bundle {G/L°,G/L.°,e.}. For each | of L, we define ¢(l): 
G/L° > to be the homeomorphism gL°-> glL and ¢.(l): G/L.° > G/L, 
to be the homeomorphism gL.°— glL.°, (g€ G). Then the pair {$(1), 
forms an automorphism of the bundle {@/L°, G/L.°, e.}. Therefore ¢.(1)*0 
= + QO, and then ? is invariant under ¢.(1)* for all l of L. Since L. = LL,», 
? is also left invariant by ¢.(L.). The space G/L.° is a covering space 
of G/L. with ¢.(L.) as its group of covering transformations. Therefore 
0? € 6.*(H*(G/L.)) =J. On the other hand, e.*(Q?) =0. (11.3) then tells 
us that 2? = 0. 

We know that the linear map wo: H*(G/L.°) ~ H*(G/L.°) is defined by 
w(u) =Q-u, we H*(G/L.°). It follows that 


Here G/Z,° is an orientable manifold which covers the non-orientable manifold 
X,=G/L,. Therefore [6] dim H*(G/L.°) = 2 dim H*(G/L,) =2dimJ. 
This together with (11.6) tells us that dim K =dim/J. But w maps J onto XK 
and so restricted to J is injective, whence $(K) = = (QB (YX,). 
(11.6) then implies that 


B(G/L.°) = (1+ B(G/L) (1 + #4) B(X,). 
This together with (11.2) proves our proposition. 


(11.7) If p=1 and q is even, then either (a) Y¥,—S81, V.=S', 
X = X or (b) n=2¢4+ 3, +0 in G, B(X,) = (1+ 4) (14+), 
B(X.) = (1+ ¢)(14 Y=S' XX, and X, is orientable. 


Proof. Let us consider the restriction map r: I(L.°) >1I(L°). For each 
of LZ, acts on both J(L°) and I(L.°), and commutes with the restriction 
map r. Since L,°/L° is an even sphere, r is injective. From (11.1), Ad! 
acts trivially on I(L°), so it must act also trivially on J(L.°) for all 1€ L. 
But L,—LL,°, and hence Ad L, leaves I(L,°) elementwise fixed. Just as 
in the proof of (11.2), we know that the homomorphism 6,* : H*(@/L2) 
— H*(G/L.°) is bijective. X, is therefore orientable. 

X is a q-sphere bundle over Y, with g>1. Therefore the homomorphism 
fet: m:(X) > is bijective. (4.3) then implies that =0, 


a 
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whence L, is connected and YX, orientable. On account of (3.5), the circle 
bundle {X, X,, f:} is trivial. In particular, = S* K Xj. 

Now consider the system {@, L°, L,, L.°} of connected groups with L°C Ly, 
LC L.°, L, C G, L.° C G. Since both 6* and 6,* are bijective, we have from 
(3.4) that 


f:*(H*(G/L,)) + e.*(H*(G/L.°) ) = H*(G/L°), 
(H*(G/L2°)) =0 (0 <s <<n—1). 


Moreover, L,/L° = S', L°/L.° = S84. Using exactly the same argument as in 
the proof of (8.3), we find that either (i) G/Li—S%, G/L,° =S’, or (ii) 
n=2q+3, L.°~0 in G, and 


P(G/L,) = (1+) (1+), B(G/L.°) = (1+ t) (1 + 
These together with (11.6) and the orientability of Y, prove our proposition. 


(11.8) Jf p=1 and q its odd, then either (a) X,, X2 are points, or 
(b) X,, X, have the same real homology as some odd-dimensional spheres. 


Proof. Let us consider the restriction map 7;: I (L;°) ~1(L°), («=1,2), 
Since L;°/L° is an odd sphere, r; is surjective. For any 1 of LZ, AdJ acts on 
both 1(L°) and J(L;°), and commutes with r;. By (11.1), 7(L°) is element- 
wise invariant under Since is compact, to each I(L°), there 
exists vj € 7(L;°) such that 7;(v;) and is invariant under AdL. But 
Li =LL;,° and so v; is also Ad Z;-invariant. This tells us that v; belongs 
to I(L;). Hence the restriction map is also surjective. 
It follows then from (3.3) and the following commutative diagram 


B*(X) 


4 


Oo 


that o(I(L)) contains only element of zero degree. But we know that 
I(L) =1I(L°) and 6*: 11*(G/L) > is bijective. Therefore the 
characteristic subalgebra of the homogeneous space @/L° is trivial and then 
the projection H*(G/L°) > H*(G@) is injective. Since we know that 6*, fi* 
are all injective, the homomorphism h*: I/*(Y)— H*(G@), hi*: H*(X;) 
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— H*(G) induced by the projections are all injective (11,2). Taking 
account of (11.5) and using the same argument as used in the proof of (5.2), 
we find that either = 8(X.) = 1, or =14+ 4, P(X.) = 14 
where a, b are two odd numbers. (11.8) is thus proved. 

(11.9) Suppose that p=1 and q is odd. Then either (i) X,, X, 
are points, (ii) X,—8S%4, X,=—S', S*, (il) n—2q +3, P(X) 
=(1+¢)(14+ #07), =14 P(X.) =1+ ts non-orient- 
able, (iv) n=5, p=q=—1, 

(v) n=4, p=g—1, —= 1, P(X) —=14+ both X, and 
X, are non-orientable, or (vi) n=7, p=q—1, P(X) = (14+ #)*, B(X,) 
= (1+ 1%), both X, and are non-orientable. 

Proof. Let us divide our discussions into four cases according to the 
orientability of XY, and X,. 

Case a. Both X, and X, are orientable. From (11.5) and (11.8), we 
know that either X, and X, are points, or X, and XY, are homology spheres 
with real coefficients of odd dimension. In the second alternative, it follows 
from (3.4) and the orientability of X,, XY, that dim XY, + dim Y, = dimJ, 
and then (4.8) tells us that —S%, ¥,—S', Thus (11.9) 
is proved for this case. 


Case b. X, is orientable but 1, is not. From (3:4), (3.5) and (11.5), 
we have 

BX) = (1 + = (1 + B(X2) = + BX.) + 
whence 

B(X1) (1+ Fe), 

4-9) *) *). 
By (11.8), X;, and Y, are homology spheres, and therefore, 
n= 29+ 3, = 1+ BCX.) —1+ 4. P(X) —(1 + A(1 4+ 

(11.9) is hence valid in this case. 

Case c. XX, is orientable but X, is not. Suppose g>1. Then f,: 


(X) is bijective and then, by (4.3), X, is simply-connected. This 
contradicts the non-orientability of X,, and therefore, we must have q=1. 
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Thus this case is reduced to a particular case of Case b with XY, and X, 
interchanged. We have then 


=1 P(X) = (141) (1+ #), n=5. 


Case d. Both X, and X, are non-orientable. From (4.3), we must have 
g=1, and then, from (11.5) and (3.4) 


= (1+ = (1+ 8) R(X.) + P(X.) + —1, 
whence 

B(X1) = (1— t")/(1— #). 
But from (11.8), X, is a homology sphere and therefore either n= 4, 


R(X) =1+ = = 1, or n= 7, B(X) = (1+ #)’, 
=$(X.) This completes the proof. 


12. Determination of G when p=1. Throughout this section, we 
always assume that p—1. Let us first study the case by which q is even. 
Then LZ, is connected, XY, simply-connected and Y = S' K X,. Neglecting the 
case X, == 1, we suppose that Case b in (11.7) happens. Then 
L,°+0 in G and 


n=2q-4+3, B(Xi) = (1+ (1+ 4), B(Xz) = (1+ 


Using the same kind of arguments as (but much simpler than) those used in 
§§8, 9, 10, we find that, when n > 15, then up to a finite covering, 


0(2)x O(q + 2), = 0(q), = 0(q), L:° = O(q +1), 
| T O(2), TA 2) =e, 


where 7’ is a circle group centralizing L°, O(r) denotes the rotation group 
inr variables, and the imbeddings O(q) C O(q +1), O(¢q +1) C O(q+ 2) are 
in the canonical manner. Here, unlike the situation in §10, the subgroups 
[, L,, L, are not uniquely determined by these properties. We have to 
liscuss the components of J and the position of 7 in G. For simplicity, 
et us assume 


(12.2) 0(2)NL=e. 


Xo generality is lost here since 0(2) L leaves every point of S” fixed. We 
uote that after factoring out O(2)Q L from O(2), G remains the same form 
direct product. 


(12.3) Under the above assumptions, L and L, have at most two con- 
uected components. 
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Proof. Since L2/L is an even sphere, L, and L have the same number of 
connected components, and hence it is sufficient for us to discuss L,/L,°, 
Let G—>O(q +2) be the projection. Then €(L,) belongs to the normalizer 
of L.° in O(¢q+2). But from (12.1), is an O(g-+1) imbedded in 
O(q+2) in the canonical manner, and so é(L2)/L.2° is at most of order 2, 
Now let us consider the intersection 0(2)M L. of L, and the kernel of ¢ 
Since LZ C L,, there exist elements +,a,€ T such that L =U 

i 
whence L, = J ail.®. Suppose b€ O(2)N L,. There is an element c of L,! 
i 

such that b= ajc for a certain 7. Both b and a; centralize L°, so does ¢. 
Since g is even, the centralizer of O(q) in O(q+1) belongs to O(q). There- 
fore, c€ O(q) =L® and then be L. On account of (12.2), 6 must be the 
identity. In other words, L.=e, whence L./L.° = is at 
most of order 2. (12.3) is thus proved. 

(12.4) The assumptions are as above. Let m be the order of the cyclic 
group O(2)N T, e:: G/L° > G/L, the natural map, and Y the submanifold 
0(2)x O(g+1)/0(q) of G/L°. Denote by [u] the integral homology class 
of the fundamental cycle of Y. Then e, carries [u] into 2m times a generator 
of the (¢q-+1)-th homology group Hg.:(G/L,,Z) with integer coefficients, 


Proof. Let C be the identity component of the centralizer of L° in 
O(qg+2). From (12.1), C is a circle group. Since 7M O(q + 2) =e, and 
O0(2)N T is of order m, we can write 

T = {(a,B(a)"): a€ O(2)}, 
where B::0(2) —C is one of the two isomorphisms of O(2) on C. Now let 
us consider the following two maps 

G/L, > O(g+2)/0(q),  O(¢+2)/0(q) O(g+2)/0(q +1) 
defined, respectively, by 

agL,— gB(a)"O(q),  gO(q) > g0(q+1), 
a€ O(2), g€ O(q+2). 


The first map is bijective while the second is the projection in the tangent 
bundle over an S%*. Since g+ 1 is odd, the composite map 


j: G/L, 0(q+2)/0(q-+1) 


of the above two maps induces an isomorphism between the (q + 1)-th integral 
homology groups H4.,(G/L,°) and H,,,(O(q + 2)/O(q +1)). Thus, in order 


( 
| 


it 
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to prove our proposition, it suffices to prove that the map 
joe: Y>O(q+2)/0(q +1) 
is of degree 2m. For this purpose, let us note that O(q + 2)/O(q +1) =S, 
Y=0(2) xX O(¢+1)/0(q) =S' X S84, and the map je, is given by agO(q) 
> gB(a)"O(g +1), a€ O(2), g€ O(q+1). By using orthogonal matrices, 
we can, in a very natural manner, identify Y with the subset 
{ (cos 6, — sin 0,21, %2,° OS OS 22, —1} 
of and identify S%** with the subset {(4o,41,° Yqu): Dyi?—1} of 
kv? such that 7°e, is given by 
Yo= COSMO, Yi sin mM, t= 1,2,-- -,q+1. 

It is direct to verify that 7 °e, is of degree 2m either by local degree argument 
or by using differential forms. (12.4) is thus proved. 

(12.5) The assumptions are as above. Then O(2)NT =e, and L, L, 
have exactly two connected components. 

Proof. Let Z; denote the additive group of integers modk, k~1. Then 
the commutative diagram 

e 


2 
G/L° ——> G/L.° 


Ai 0, 


fe 
X —— 


induces a commutative diagram of the (¢-+1)-th homology groups with Z, 
as the coefficient group 
C2 


6 6, 
fe 


Y= 0(2) O(¢ + 1)/O(q) is a submanifold of G/L° = O(2) O(q+2)/0(q). 
Let u be the fundamental cycle of Y, and [uw], the element of H4.1(G/L°, Zx) 
which contains u. Since g-+1 is odd, we know from the familiar properties 
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of the Stiefel manifolds that [uw], 0 for any k1. The map e, carries Y 
into a circle, and hence 


é2([u]x) = 9, f20(Lu]x) = 82¢2([u]x) = 0. 


From (12.4), ¢:([wlom) =0, and then by the above commutative diagram, 
f:0([uJom) =0. Therefore 6([w]2m) belongs to both the kernel of f, and the 
kernel of f,. Since 0<qg+1<n—1, it follows from the dual of (3.4) 
that 0([u]on) = 0. 

If Z is connected, then 6 becomes the identity map, and then [u]., 
= 6([w]om) 0 which is impossible. Therefore by (12.3), both Z and L, 
have exactly two connected components. Now we know that 0: G/L°-> X is 
a two-fold covering map, and moreover, from (11.2) that 6 induces an iso- 
morphism on the homology groups with real coefficients. Therefore, 6([u];) 
~0 for k>2. This implies that 2m=2, or in other words, m=1, 
(12.5) is thus proved. 


(12.6) The assumptions are as above. Then (O(2)X O(g + 2))/Iz acts 
effectively on S", where I, 1s the only central subgroup of order 2 which belongs 
to neither O(2) nor O(q+-2). Moreover, the triple {L, L,, L.} of subgroups 
is uniquely determined up to an automorphism of G. 


Proof. From (12.1), the pair {L°, L.°} of subgroups of G=0(2)0(q+2) 
is unique up to an automorphism of O(q¢q+2). From (12.1) and (12.5), 
T is a circle group centralizing L° and TM O(2) =T NM O(¢ + 2) =e. There- 
fore 7’ is unique up to an automorphism of O(2). Now let us see that 7, 
L°, L.° completely determine the triple {Z,Z,,L.}. Since L,=—T- L°, L, is 
settled. Noting that L/L° is of order 2, L C LZ, and LM O(2) —e, we find 
immediately that L can only be LL. Therefore, we have 


Thus, up to an automorphism of O0(2)M O(q+ 2), the system {7’', L°, L,°} 
and hence the system {L, L,, Z.} is unique. This establishes the second part 
of (12.6). The first part of (12.6) follows from the fact that J. is the only 
normal subgroup of G contained in LZ. The proof of our proposition is 
completed. 

As a direct consequence of (11.5), (12.1) and (12.6), we have 


(12.7) Let G be a compact, connected differentiable transformation 
group of S" with (n—1)-dimensional orbits. Suppose that n> 15, p=], 
q 1s even, and the special orbits are not spheres. Then n=2q + 3, X, 1s the 
Stiefel manifold Vo..2., X =S'& X,, and X. ts an orientable S%-bundle 
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over St. Moreover, if G is effective, then G = (O(2) X O(¢g+2))/I2, where 
I, is the central subgroup of O(2)X O(q+2) belonging to netther of the 
direct factors. The system {L,L,,L.} of subgroups 1s unique up to an auto- 
morphism of G. 


Now let us come to the case by which p—1 and q is odd. Taking account 
of (11.9) and using similar arguments as in the case of even q, we can prove 


(12.8) Let G be a compact, connected differentiable transformation group 
of S" with an (n—1)-dimensional orbit. Suppose that p=1, q ts odd, 
n>18, and the special orbits are neither both points nor (8%,S*). Then 
n=2q+3, X, is the Stiefel manifold Vogi2,2, X =S* X Xi, and X, ts the 
(q+2)-dimensional generalized Klein bottle. If G 1s, moreover, effective, 
then O(2)X O(g+2) and the triple {L, L,, of subgroups is unique 
up to an automorphism of G. 


18. Summary of the results. For clarity, let us recall some of the 
relevant definitions and summarize the results which have been obtained. 
G is a compact, connected and differentiable transformation group of S" with 
an (n—1)-dimensional orbit. X denotes a general orbit, X, and X, denote 
the two special orbits, and p—dim —dim X,, q—=dim X—dim X,. _L, 
[,, L, are the isotropic subgroups of at points a, a,, a, on X, X2 
respectively, where a, are so chosen that C L,, C Lz. From (5.2), 
(7.4), (8.3), (10.1), (10.4), (11.7), (11.9), (12.7) and (12.8), we have 


THEOREM I. If n 1s even and different from 4, then either (i) X1, X2 
are single points, X or (ii) S84, X, X = 81 X 


THEOREM I]. Suppose that G 1s effective, n > 31 is odd, and qSp (up 
toa change of notation, we can always assume gp). Then there are only 
five possibilities : 

(i) X,, are single points, X = §""; 
(ii) X, = 89, G?, x 

(ili) g=—4, p=4r—5, n—1—2(p+4), X, ts an Sr4-bundle over 
SX =S* x X., is the quaternion Stiefel manifold Sp(r)/Sp(r—2), 
GX (Sp(r)X Sp(2))/Is, where I, is the central subgroup of order 2 belonging 
fo neither Sp(r) nor Sp(2) ; 

(iv) g—2, p= 2r—3,n—1—2(p+2), X, ts an S?**-bundle over S?, 
t=§? x X,, X, is the complex Stiefel manifold SU(r)/SU(r—2), and 
G is isomorphic with either (SU(r) X SU (2))/I or (U(r) X U(2))/T, where 
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I and T are the maximal central subgroups which intersect each direct factor 


only at the indentity ; 


(v) g=1, n=2p+3, X, is an S?*-bundle over S*, X, 1s the real 
Stiefel manifold O(p+2)/O(p), X=S'*XX2, and G ts tsomorphic with 
O(p+2)xX O(2) or (O(p+2)X O(2))/I, according as p is odd or even, 
where I, denotes the central subgroup of order 2 belonging to netther of the 
direct factors. Moreover, in Cases (ili), (iv) and (v), the triple {L, Ly, L,} 
of subgroups is unique up to an automorphism of G. 


Concerning the orbits of G, we know from the above theorems that there 
are five possibilities. Now let us see that all of them are actually realized by 
subgroups of O(n -+ 1) acting on the unit sphere in R"*?, 


(i) Let G be any closed and connected subgroup of O(n) transitive 
on the unit sphere 8S" of Rk”. By imbedding O(n) in O(m+1) in the 
canonical manner, the group G@ acts on the unit sphere 8S” of R"*? with an 
(n —1)-dimensional orbit and with two single points as the special orbits. 


(ii) Let G’, G” be connected closed subgroups of O(q¢ +1), O(p+1) 
transitive on the unit spheres S%, S? of respectively. Since p+ 
—=n—1, we can identify the direct sum RY Re with and thus (’, 
G@’” are imbedded in O(n-+-1) as subgroups. The direct product @’ x G” 
acts on the unit sphere of #”"** with an (n—1)-dimensional orbit and with 


S42, 8? as the two special orbits. 


(iii) Let Sp(7) be the group of all symplectic transformations of the 
r-dimensional right quaternion vector space Q" and Sp(2) that of the left 
quaternion plane Q*. Then Sp(r) xX Sp(2) acts naturally (not effectively) 
on the tensor product Q"®Q? which is the real vector space R%". Let 
Sp(r) @ Sp(2) denote the group of automorphisms of R*” so obtained. Then 
Sp(r) @ Sp(2) acts on the unit sphere 8” of R’", n = 8r—1, with an (n —1)- 
dimensional orbit. The -ecial orbits consist of a quaternion Stiefel manifold 
and an S*"?-bundle c <r S*. We note that Sp(r)x Sp(2) is a two-fold 
covering group of Sp(r) @ Sp(2). 


(iv) The tensor products SU (r) @SU(2) and U(r) @U(2) are groups 
of unitary transformations of the complex vector space C?r, and hence are 
transformation groups of the unit sphere S" of C?", where n—=4r—1. Both 
of these groups have an (n—1)-dimensional orbit. The two special orbits 
consists of a complex Stiefel manifold and an S”*?-bundle over S?. It is noted 


that SU (r) ® SU(2) = (SU(r)X SU(2))/I, U(r) @ = (U(r) X U2))/T. 
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where I is the identity for odd r and is of order 2 for even r, and T is a circle 
group. 


(v) The tensor product G=O(p+2)@0O(2) which acts on R?*4 
| orthogonally gives a realization of the possibility (v) in Theorem II. 


14. Orthogonality of G. Let K be a transformation group of a space 
M. By a linear representation of {K, 3/} of degree m, we mean a pair {a, $d}, 
where @ is a continuous map of JW into the euclidean space R™ and 


a: K GL(R,m) is a homomorphism such that 
=¢o(k(2)), KEK, we M. 


Now suppose that 1/ is an n-sphere. We say that A acts on M orthogonally 
if there exists a linear representation {a,¢} of degree n+ 1 such that ¢ 
carries M homeomorphically onto the unit sphere in R"**. It is to be noted 
that we do not assume K to be effective and hence « may not be an isomorphism. 

It is the aim of the present section to show that if n > 31, then G acts 
on 8" orthogonally. For this purpose, we find it convenient to write the 
difference set S"— (X,U X.) in the form of a topological product. Let us 


recall that, in our discussions, we take a cross section a,da, of the orbits of G. 


This cross section is an are with a,, a, as the end points which has the properties 
that the isotrope subgroups at any two inner points coincide, and G(a,) = 1, 
(}(a) =X, are the two special orbits. Let us parametrize this are by ¢ in such 


a,a, = {s(t): —1 StS 1}, s(—1) =a, s(1) =a, 


and G(s(0)) is our orbit Y. This point s(0) coincides with the point “a” 
which we used in §3. There is a natural homeomorphism between the product 
I, X and the difference set S"— (X,U X,.), where = {t: —1<t<l}. 
In fact, for any (¢,2) with —1<t< 1, there exists g€ G such that 
g(s(0)) =z. Since all the isotropic subgroups at s(¢) coincide when 
—1<t< 1, the point g(s(t)) is independent of the choice of g. Thus we 
get a map (t,2) > g(a(t)) which can be easily verified to be continuous and 
bijective. From now on, we identify J) X X with S"— (X,U X,) by means 


of this map. It is evident that 
g(t, = (t,g(z)), —1<t#<1, g€G, Xk. 


THEOREM III. Let G be a compact, connected differentiable transforma- 
tion group of S" with an (n—1)-dimensional orbit. If the special orbits are 
either (i) both single points, or (ii) spheres 84, S? with p+q=—n—1, then 
G acts on S" orthogonally. 
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Proof. Case (i) has been proved by Poncet [17]. It suffices for us to 
study the case by which with p+q—=—n—1. Since Gis 
compact and connected and acts on X; transiticely, it must act on J, 
orthogonally (t=1,2) [17]. There exist then a homomorphism 4;,: 
GoGL(R,qg+1) and a map ¢i: such that «,(g)¢:(«,) 
= Xi, g€ G, and ¢, carries XY, homeomorphically onto the 
unit sphere in R%*?, Similarly, we have a homomorphism «,: G— GL(R, p +1) 
and a map ¢2: X,— R* such that = (22) ), T2€ 


and ¢, carries X, homeomorphically onto the unit sphere of R?*?. 


Let us define ¢: RY @® = as follows: 


$(21) = € Xi, 
= (0, t2€ Xe. 
(t, 2) € 1p XX =—8"— (X,UX,). 


Here, ¢,f,(@) and ¢2f.(2) are points in euclidean spaces, and so the multi- 
plication by real numbers has a meaning. It is evident that ¢ is continuous 
and ¢(S8") belongs to the unit sphere of R"**. From (4.8), @ is injective 
and hence ¢ carries 8S” homeomorphically onto the unit sphere of R"**. Let 
us consider R41, R?*! to be subspaces of #"** in the natural manners. Thus 
GL(R,qg+1), GL(R,p+1) are imbedded in GL(R,n +1) as subgroups. 
Defining «: G>GL(R,n+1) by «(g) =a,(g)%2(g), and taking account of 
the facts that, for 11, 2. 


(9) (Pi (fi(r))) =dilg )), filg(2)) (fi(*)), 9 wEX, 


we find immediately that the pair {«,¢} forms a linear representation of 
{G,S"} of degree n+ 1. Hence G acts on 8” orthogonally. Theorem III is 


thus proved. 


To discuss the orthogonality of @G when the special orbits are neither 
points nor spheres, we need the following proposition : 


(14.1) Let G be a compact, connected differentiable group acting on 
S" with an (n—1)-dimensional orbit, and L, L,, L. have the same meaning 
as before. Suppose that G also acts on another sphere S” with an (n—1)- 
dimensional orbit, and that the corresponding isotropic subgroups be L’, Ly’, 
L.’. If there exists an automorphism 6 of G@ carrying {L,L,,L.} into 
{L’, L,’, Le’}, then and the two transformation groups {G, {G, 
are equivalent. 
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Proof. Since n—1=dim G— dim L = dim G— dim L’=m—1, we 


haven==m. Let dy, (a,’a2’) be the cross section in 8” (S8”) of orbits based 
on which LD, L,,L. (L’,L,’,L.’) are defined. We write 


{s(t):—1St3S}}, a,’, a.’ = {s’(t): —1StsS} 


such that 
s(—1)=a,, s(1) s’(—1) =a)’, 8’(1) =a’. 


| This facilitates us to construct a homeomorphism of S” onto S”. In fact, 
let S". There exists g€ G and t, such that r—g(s(¢)). 
Here ¢ is uniquely determined by z while g is not. Suppose that «=h(s(¢)), 
he G@; then g*h belongs to L,, L, or L according as t=—1, t=1 or 
—1<t<1. Let us define ¢: by $(x) =0(g) (s’(t)), where g 
and ¢ satisly z—g(s(t)). Since 0(L) =L’, 6(L,) = L,’, 6(L.) = L,’, L,’ 
leaves a,’ invariant, DL.’ leaves a.’ invariant and L’ leaves ata pointwise 
invariant, it follows that @ is independent of the choice of g and hence well- 
defined. We can easily verify that ¢ is continuous and injective. Therefore 
¢maps S” homeomorphically onto S” as they have the same dimension. More- 
over, from the definition of ¢, we have (g(x)) =0(g) TES", gE G. 
The two transformation groups {G,S8"} and {G,S8"™} are equivalent. 


THEOREM IV. Suppose that n is either even and different from 4, or 


odd and greater than 31. Then any compact and connected differentiable 
transformation group of S" with an (n—1)-dimensional orbit is orthogonal. 


Proof. 1f the special orbits are both points or both spheres, then this is 
contained in Theorem III. Therefore, it is sufficient to discuss the Cases (iii), 
(iv), and (v) in Theorem I]. From (14.1), the transformation group {G, 8"} 
is determined by the system {G@, LZ, Z,,£,}, and from Theorem II, the system 
{G, LZ, L,, £2} is completely determined by the topological group G. Hence, 
for a given n, there is at most one transformation group G@ (up to equivalence) 
realizing Case (iii) or Case (v), while there are at most two transformation 
groups realizing Case (iv). It follows that the orthogonal models which we 
have constructed in § 13 exhaust all the transformation groups @ for Cases 
(iii), (iv) and (v). Theorem IV is thus proved. 


15. Some exceptional cases. In §7, we have classified all the orbits 
| of G when both p and g are even. By using (14.1), the transformation groups 
{G,8"}, in this case, can be quite easily determined. We shall give these 


745 

s to 
the 
1) 

] 
Iti- 
Ous 
ive 
Let 
1us 
— 
of 
1s 
ler 
on 
ng 
ito 
| 


HSIEN-CHUNG WANG. 


746 


groups explicitly in order to see some examples different from the five main 


classes mentioned in Theorem IV. 


TueorEM V. Let G be a compact, connected differentiable transforma- 
tion group of S" with an (n—1)-dimensional orbit such that the differences 
of the dimensions of the orbits are always even. Then n is odd and G acts 
on 8” orthogonally. If the special orbits are neither both single points nor 
both spheres, then the transformation group G is either the linear adjoint 
group of a simple group of rank 2, or the irreducible representation of (; 
of degree 14, or the irreducible representation of the group F, of degree 26. 


Proof. The fact that n is odd follows directly from (7.4). On account 
of Theorem I, we can assume that the special orbits are neither both points 
nor both spheres. Therefore, by (7.4), there are only five possibilities: (a) 
G=A., L =T?, L, and L, are locally isomorphic with T X A,; (b) G=C.,, 
T*, L, and Lz are locally isomorphic with T X (c) G=G., L=T", 
L, and L, are locally isomorphic with TX A,, (d) G=Cs;, L is locally 
isomorphic with C, C, X C;, LZ, and Lz are locally isomorphic with C, X 
(e) G=F,, L=D,, L, and L, are of Cartan class By, If G@ is, moreover, 


effective, than G has trivial center. We can verify directly that the compact 
linear groups given in our theorem give orthogonal realizations of these five 
cases. Hence, to prove our theorem, it suffices to prove that, for a given (, 
the action of G of 8S" is unique. On account of (14.1), it is sufficient to 
show that, for each G, the triple {L, L,, L.} of subgroups is unique up to an 


automorphism of G. Let us discuss the five cases separtely. We shall give 


the detail for G=C;. As for the rest, only indications will be provided. 


1. G=C;. Then L is locally isomorphic with C, XC, XK C,, and J. 
IL, with C; X C,. Let {L’, L,’, L.’} be another such triple of subgroups of G. 
We shall show that there exists an automorphism of @ carrying L, D,, L. into 
L’, L,’, L.’ respectively. Since both LZ, L’ are connected and locally isomorphic 
with C, XC, X C;, they must be conjugate [14], and thus we can assume 
L=L’. Take a maximal toral subgroup // of Z and consider it Lie algebra H. 
Evidently H is a Cartan subalgebra of the Lie algebra G of G. We can choose 
coordinates 7,, tr», 7; of H such that the angular parameters are 


(t,7 = 1, 2,3). 


For each angular parameter p, let us denote by Vp, Zp the quasi-root vectors 
[14] corresponding to +p. It is known that any subalgebra containing H 
is spanned by H and some quasi-root vectors. We see immediately that the 
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Lie algebra L of L is spanned by H and For,, Zz7,, += 1,2,3. A direct com- 
putation tells us that there are only three subalgebras J,, Jz, Js; of G@ which 
contain L and are of type C; X C2, namely 


We know that the Weyl group consists of transformations of the form 


where o denotes a permutation of the indices. It follows that, given any two 
pairs of the algebras J,, J2, Js, there exists an automorphism of G leaving L 
invariant and carrying one pair to the other. In other words, there is essen- 
tially only one pair of subalgebras of the type C: X C. which contains L. 
Since L,, Ls, L,’, Lo’ are connected and L,A~ Ln, L,’~L.’ on account of 
(6.2), we can find an automorphism of G@ leaving L invariant and carrying 
L,. Lz into L,’, L.’ respectively. Our theorem is thus proved in this case. 


2. G=F,. The proof is the same as before. We note the following 
two properties of /’, which can be readily verified: (1) up to an automorphism 
of Fy, there is only one connected subgroup of type Dy; (2) given any two 
pairs of connected subgroups of type B, which contains a fixed subgroup L 
of type D,; there exists an inner automorphism of F, leaving LD invariant and 


carrying one pair to the other. 
The proof is the same as the case @ Cy. 


L is a two-dimensional toral group and L,, L, are locally 
isomorphic with 7X A,. There are six connected subgroups which contain 
L and are locally isomorphic with TX A,, and hence 15 pairs of such sub- 
groups. Up to automorphisms of G@ leaving LZ invariant, there are only four 
different pairs. Among these four pairs, only one pair satisfies both (6. 2) 
and (7.5). Therefore, the triple {Z,Z,,L.} of subgroups of (@, is unique 
up to automorphisms of G4. 


C,. The proof is the same as the preceding one. 
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CONFORMAIL TRANSFORMATIONS OF RIEMANN SURFACES.* 


By LEon GREENBERG. 


1. Introduction. Let S be a compact Riemann surface of genus p > 1, 
and let C(S) be the group of 1-1 conformal transformations of G onto itself. 
It is known that C(G) is finite and that any finite group is isomorphic to a 
subgroup of some C(G) (see [3]). The latter fact can be seen as follows. 
Let G be a finite group generated by g1,92,° * *,gn, and let F be the group 


b1,° * 5 Ans On 3 = 1>. There is a homomorphism ¢: 


defined by ¢(ax) = 9x, 6(0x%) =gx?. If K is the kernel, then @ is isomorphic 
to F/K. F is the fundamental group of a compact Riemann surface & of 
genus n. & is covered by the half-plane § = {(2,y)|y > 0}, and the group 
of covering transformations is a discrete group of linear fractional trans- 
formations, isomorphic to F. If we identify points of § which are congruent 
under K, we obtain a Riemann surface 6 = §/K. © is compact, since it is a 
finite covering space of T= /F (the index [F: K] —order(G) is finite). 
A conformal transformation c of S can be lifted to a conformal transformation 
éof §. The transformation ¢ maps an orbit Kz, z€ §, onto another orbit. 
From this it follows that ¢K = Ké@, or ¢ is in the normalizer N[K,C() ] of 
K in is isomorphic to N[K,C() ]|/K, which contains F/K as 
asubgroup. Thus G is isomorphic to a subgroup of C(S). 

Since the fundamental groups of the non-compact surfaces are free groups, 
a similar argument shows that any finite group is realized as a subgroup of 
C(S), where © is some finite, non-compact Riemann surface (we shall call 
S finite, if it has a finitely generated fundamental group). The purpose of 
this article is to show: 


(a) If © is a finite, non-compact Riemann surface which is not homeo- 
morphic to a plane or cylinder, then C(G) is finite. 


(b) If @ is a finite group, then there is a finite, non-compact Riemann 
surface G, such that C(G) is isomorphic to G. If & is a countable group, 
then there is a non-compact Riemann surface G, such that C(G) is isomorphic 


to G. 


* Received September 4, 1959. 
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2. The hyperbolic plane. The half-plane § can be given the Riemannian 
metric ds? = (dx? + dy”)/y’, so that it becomes the Poincaré model of the 
hyperbolic plane. Let X denote the z-axis, together with the point «0. The 
geodesics in § are semi-circles and half-lines orthogonal to Y. The orientation- 
preserving isometries are exactly the conformal transformations of §. These 


are the linear fractional transformations 
f(z) = (az+b)/(cz+ 4), 


where ad — bc ~1 anda, b, c, d are real. We shall often write f as the matrix 


If f is hyperbolic, the geodesic Ay through the fixed points of f is invariant 
under f, and is called the axis of f. The translation length along A; is 


(1) A(f) =2 log $[¢ + —4)84], 


where ¢=a-+d. In later calculations we shall be dealing with the case that 
A;={(2,y) |e? +y—r,y>0}. If A=A(f), then 

cosh (A/2) r sinh (A/2) 

Corresponding to each isometry f, which moves the point oo, there are a 
pair of (circular) geodesics J;, I;/ which are the isometric circles of f. The 
transformation f is the product of a reflection in J; and a reflection in the 
perpendicular bisector of the line segment between the centers of J; and J[/. 
The isometric circles of f do not intersect, if and only if f is hyperbolic. In 
this case J; and Jj’ are orthogonal to When y=", 
y > 0}, the isometric circles are of the forms: 


Iy= {(2,y)|(t@+ > 0}, 
If = {(2,y)|(t—c)? y > 0}, 
where r? + s?==c?, since I; and I; are orthogonal to Ay. Each of the pairs 
{A;,A(f)}, {Ay,I7} determines f completely. The correspondence between 
A=A(f) and J; is given by: 
c=rcoth(d/2). 


(2) 


(3) 


(The radius s is determined by: r? + s? = c?.) 


Let I be a geodesic in §. For each point z€ §, there is a unique geodesic 
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I’, which passes through z and is orthogonal to J. Let proj (z,f)=—INl’. 
For any set S C § let proj(S,I) = {proj(z,Z)|2z¢ S}. If this latter set has 
a hyperbolic length, we shall denote this length by 7(S,I). Now let I and J 
be geodesics which intersect XY in the points {t:,t.} and {j1, jz} respectively. 
It is not hard to show that 


(4) m(I,J) =| log | R(t, jr, J2)| |, 


where 3 j1, j2) is the cross ratio [(t, —js)/(t: — ] [(t2 — /(t2 — J) 
If I is contained in the interior of J or J in the interior of J (that is, if 
either <4, << te < je OF Jr < Jo << tz), then (4) becomes 

(5) a(I,J) =r(J,I) =log R(t, t23 Jr, 


38. Discrete groups. Let F be a subgroup of C(). The set of limit 
points of F, denoted Lr, is the intersection with XY of the set of limit points of 
(f(z) |f¢€F}, where z is any point in §. Ly, is independent of z€ § and is 
invariant under F. JL, can be the empty set, a single point, two points, X, 
or a perfect, nowhere dense subset of Y. The latter occurs in the case that F 
is the group of covering transformations corresponding to a non-compact 
Riemann surface which is not homeomorphic to a plane or cylinder. In this 
case, .Y— LZ, is composed of a countable number of open intervals, called 
regular intervals. Each regular interval is spanned by a geodesic, which may 
or may not be an axis of an element in F. J. Nielsen [5], [6] has shown that 
if F is a finitely generated, discrete group, then each of these geodesics is an 
axis (a bounding axis) and there are a finite number of bounding axes 
B,,B2,- - -,Bm, such that all bounding axes are contained in the set 
| f € F,&=1,2,- - -,m}. 

A discrete group F has a canonical fundamental region, denoted Rr, which 
consists of the region in § outside of all isometric circles of elements in F. 
The following is proved in [4, p. 76]. 


THEOREM 1. Let F and G be discrete subgroups of C($) such that the 
isometric circles of F are contained in Ne and the isometric circles of G are 
contained in ftp. Then the group E generated by F and G is discrete. E is 
the free product F and Re Re N Ne. 


A method of constructing a class of discrete groups is the following. 
Let I2,Is’,- In, In’ be (circular) geodesics which are external to each 
other and such that radius(J;,) = radius (J;’). Let f;, be the linear fractional 
transformation with isometric circles I,, I,’. Let D, (D,’) be the closed half- 
disk bounded by Y and Jj, (I;’). Theorem 1 shows that the group F generated 
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by {fx|*&—=1,2,---,n} is a discrete, free group of rank n, for which 
Rp—=— H—U (DU D,’). It is not hard to show that the elements of F are 


all hyperbolic. 
We shall need the following definitions. Let F be any group. An J- 
chain is a sequence of subgroups F,, F2,- - -,F, such that 


(a) b—1,2,- - -,n, 


(b) Hither F, is a normal subgroup of Fy, or Fy. is a normal sub- 
group of F,, k =1,2,- --,n—1. 


Two subgroups G and H are N-equivalent if there is an N-chain 
G=F,,F.,---,F,—H. CG is an N-subgroup if it is N-equivalent to F. 
G is N-maximal if it contains every subgroup of F which is N-equivalent to 6. 
The following has been proved in [2, Theorem 4]. 


THEOREM 2. Let F be a discrete subgroup of C() and let G be a 
finitely generated N-subgroup of F. Then the index [F: G] is finite. 


LemMMA 1. Let F be a discrete, non-commutative subgroup of C(). 
Then the normalizer N[F,C() | is discrete. 


Proof. Suppose that there is a sequence {nz} C N[F,C() ], such that 


limn,=1. Then lim fn,f-'n,-1—1, where f is any element of F. Since 
k> 


fnxf*n,7 € F, and F is discrete, it follows that fn,f-1n,"! = 1, for almost all f. 
Two linear fractional transformations commute, if and only if they have the 
same fixed points. This shows that F must be a commutative group, contrary 
to assumption. 


THEOREM 3. Let © be a finite Riemann surface which is not ho: :ro- 
morphic to a sphere, plane, cylinder or torus. Then C(G) is finite. 


Proof. The restrictions on © imply that S is (conformally) covered by 
§. Let © be the group covering transformations and let F be the normalizer 
N[G,C()]. €(G) is isomorphic to F/G. Since S is not homeomorphic 
to a plane or cylinder, G is non-trivial and non-commutative. Lemma 1 
implies that F is discrete, while Theorem 2 implies that the index [F: 6] 
is finite. Therefore C(G) is finite. 

We now wish to show that for any finite group G, there is a finite Riemann 
surface © so that C(G) is isomorphic to G. In order to prove this, we shall 
show that for any positive integer n >1, there is an N-maximal, discrete 
(hyperbolic) group F, which is a free group of rank n. Suppose, for the 
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moment, that we know such groups exist. If @ is generated by n generators, 
then G is isomorphic to a factor group F,/K. K is finitely generated, since 
the index [F,,: K] is finite; therefore the Riemann surface 6 = §/K is finite. 
C(S) is isomorphic to N[K,C($)]/K. Now F, is N-equivalent to 
N[K,C(%)]. Since F, is N-maximal, it follows that F, —N[K,C()], and 
C(S) = F,/K = G. 

Similarly, if we prove the existence of an N-maximal, discrete group, 
which is free of countably infinite rank, then we can show that any count- 
able group is realized as the conformal group of some Riemann surface. 


4. Construction of the group F,. We shall now construct an N- 
maximal, discrete group F, which is a free group of rank n. Fy, will be 
generated by elements +, fn with isometric circles I,,1,’,- -,In,In’ and 
axes A,,* - -,An. The bounding axes of F, will fall into a finite number of 
disjoint classes F,B,,F,B2,- --,F,B,. The minimal translation length A 
along an axis A is the same for all axes in the class F,A (since gAy= Agyy1 
and A(f) =A(gfg*)). Let A, be the minimal translation length for the 
class F,,B,.. 

We shall first show that F, can be constructed so that: 


(a) The isometric circles {I;, I,’ - -,n} are external to each 
other. 


(8) is irrational, if iA j. 
(y) Ar Bm). 


In Section 6 we shall show that the resulting group F, is N-maximal. 
Let us first choose the axes {A;|k—=1,2,- - -,n}, and then choose /;, 
I,’ as orthocircles with equal radii, and orthogonal to A;. We shall choose 
A, = {(a,y) > 0}, where = 2, and {r,|k—2,3, 
* +,n—1} are to be determined, and will satisfy 
(6) > > tel. 
The isometric circles will be: 
T= | ex)? = y > 0} 
L, = | + y? =3,7,y 0}, 


and 


where the {c,} and {s,} are to be determined and will satisfy 


(7) + = 
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in order that J;, and I,’ be orthogonal to A;,, and 


(8) C1 — 8, > Co + 82 > Co > C3 + 83 >* > Cp —Sn > 


in order that the isometric circles be external to each other. For any choice 
of {rx, Cx, 8,} satisfying (6), (7), (8), the surface §/F, is homeomorphic to 
a sphere from which n + 1 closed disks have beeen removed. This means that 
there are exactly n +1 congruence classes of bounding axes, or +1, 
The fundamental region fir, intersects A in the intervals: 


W,O = X — (—e, 

V6) == [— Cra t —Cr—Sx], b= 2,3,---,n, 

== [Cx + Se, b=2,3,-- 
Wasi = [— Cn + Sn; Cn — Sn]. 


Each of these intervals is contained in a regular interval, and any regular 
interval is congruent to a regular interval which contains at least one of these 
intervals. 


Let Wi = f,"W, (h=0,+1,+2,---). The interval U W.” 


h=- 00 
is bounded by the limit points {—7,,7,}. Thus W, is contained in the 
regular interval W,, which is spanned by the bounding axis A,, and we can 
take B, = A,. Similarly, if Wai = then U Waa™ isa 
h=- 0 
regular interval containing W,,,, bounded by the limit points {— rj, 7,} and 
spanned by the bounding axis An. We can take By, = Ap. 

Now V4 and are three consecutive intervals with 
common endpoints, and f;,;-"f,-, maps the first interval into the third. Therefore 
if WwW, === U Vi and = (fat then Wi = U is 

h=- 00 
a regular interval which is spanned by the bounding axis B;, = Ay;,-,,,.. Thus 


we have found representatives for the classes of bounding axes: 


B, A,, B, or A},-14,, Bn A Bas As. 


We are now ready to begin choosing the f, so that conditions (a), ({) 
and (y) are satisfied. We first choose f,; so that A(f1) < 2r(A,,An) and the 
points — 1 and 1 are outside the isometric circles J,, J,’.. This latter condition 
is exactly A(f1) > An). Since An) = log R(—1, 1; — 2, 2) = log 9, 
the condition on f;, is 


log 9 <A(fi) < 2log 9. 


hat 
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Choose any number A between log9 and 2log9 and define 


cosh(A/2) 
cosh(A/2) 


Then A=A(f,) =A, satisfies condition (y). Furthermore the condition 


A(f:) > An) guarantees that c;—s, >1. 
Now suppose that we have found f2,- such that 


and such that the ratio of any two of the numbers 


is irrational. We wish to extend these conditions to a transformation fy41. 
The condition ¢;— 8%; > + 18 equivalent to 


Char < [ — Sx)? /2 (Cx — 

The condition ¢;,;— Szs1 > 1 is equivalent to 
Cha < (1 + /2. 
Choose 7%, so that 1 < trea < (¢,—s,)3. Then it follows that 
(1 /2 < [ (Ce — Sk)? + 1/2 (Cx—Sx) and < The 

Now if we choose any ¢;,41 so that 
(9) < Cr+1 (1 + 
and define = — 4, it will follow that 

Ce — Sk > Crsa > — Star > 1. 
However we wish to choose cx,, so that the ratio of any two of the numbers 
is irrational. The relations (3) show that 
(9) is equivalent to 
(10) 2 log[ (Trea +1)/ (Te —1)] <0. 


cosh (2/2) Tri SINh (2/2) 
cosh (7/2) ) and y(2) Tr). 


The function y is continuous and maps the interval 
I= (2 log] (Tee + J, 
onto an interval J. Let 
K,={ra(f:)|r rational}, {ra(fi*fis)|r rational}, 
tem 2,3,° 
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k 
The set K = (J K; is countable, so JK is non-empty. Choose 2 € I so that 


€ J —K, and define The transformations fj, fr. 
satisfy the conditions: 


Cy — 8, > Co + 82 > Co—S2 >° > — D1, 


and the ratio of any two of the numbers A(f1),A(fo“f1),° 
irrational. 


fe) is 


Now suppose we have found f,,f2,- - -,fn-1 with the required properties. 
We wish to find f, so that ry = 1, > Cn + Sn > Cn —Sn > O and con- 
dition (8) are fulfilled. The second condition is equivalent to 


[ (en-1 1)? + 1] /2(Cn+—Sn+), 
which, as before, is equivalent to 


log[ (w+ 1)/(u—1)] <A(fn) 


(eosh(2/2)  sinh(2/2) 
and p(x) = A(f(z)*fe-1) /2. 


The function y is continuous on the interval J = (log[ (u + 1)/(w—1)],«) 
n-1 

and maps 7 onto an interval J. Define K; as before and K =|) K;. Now 
i=1 


the set M = {x|x¢€I and ¢(z) is irrational} is an uncountable set, while K 
is countable. Therefore M cannot be a subset of K, and MM(I—K) is non- | 
empty. Choose z€ and let f,=f(2). Then the transfor- 
mations {f;|k 1,2,- - -,n} satisfy conditions («), (8), (y). 


5. Construction of the group F,. In this section we shall construct a 
discrete group F,, which is a free group of rank Np), and which will later be 


shown to be N-maximal. The construction will be similar to that in the 
previous section. F', will be generated by transformations = 0, 1, 2,- --}. 
with isometric circles {I;, I;’|k =0,1,2,- - -} and axes {A,|&—=0, 1, 2,- 
We can choose A; = {(2,y)|z?+ > 0}, where = 4, = 2, and 
The isometric circles will be 


Ty = {(2,y) | cx)? +y? = 5:7, y > 0}, 
{ (2, y) | (c—c)? +y=s,7,y > 0}, 


| 


that 


ties, 


00 ) 
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where + = 
Cy — > Co + 82 > Cet > 


>1> 8 > > 0, 
and lim cy, = 1. 


‘ie any choice of {rx, ¢;, 8,}, satisfying the above conditions, the funda- 
mental region Jir,, intersects XY in the intervals: 
Wo == [—- + 80, Co— So], 
= X¥ — (—e,— 51,0, + 81), 
W_ = [—1,—e¢— 5], 
= [60+ 50, 1), 
[— cya + (b= 
V0 == [ey + Sx, Sra], 


Any regular interval is congruent, under F’,, to an interval which contains 
at least one of the above intervals. 


Let == f,*W,, Wo U Wo, == f,*W,© and W, — U 

h=- h=- 00 
Then W, and W, are regular intervals, spanned by the bounding axes By = Ao, 
B,=A,, respectively. Let W, = = (fe WO 


and W,= J) W,™. Then W,, is a regular interval, spanned by the bounding 


h=-0o 
axis B,—=Ay,-,,,. The interval W—W_Uf,?*W, is a regular interval, 
bounded by the limit points {—1,f)*(1)}. The geodesic which spans W 
is not an axis of F',. Every regular interval is contained in the set 


(fW,fWilf¢ =0,1,2,- -}, and every bounding axis is contained in 
(fB.|f € k= 0, 1, 2, Let Xo =A(fo), Ay == and = fe-1) 
(k= 2,3,---). In the same way as in the case of F,, we can show that 


= 0,1, 2,- - -} can be chosen so that: 


(«) The isometric circles {I;, I,’|k = 0,1,2,- - -} are external to each 
other. 


(B) A,/A; is irrational, if 7. 
(y) Ai 2x (B,, B,). 


6. The N-maximality of F, and F,. The following is proved in [1, 
p. 43]. 
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Lemma 2. Let G be a discrete subgroup of C(O). If Y ts a closed 
subset of X, which contains more than one point and is invariant under 6, 
then Y D 


Lemma 3. Let E and F be subgroups of C(). Suppose that F is 
discrete, Ly contains more than two points! and E 1s N-equivalent to PF. 
Then Le =Ly,. 


Proof. There is an N-chain F = G,,G.,: - -,Gm—=E. We shall prove 
inductively that G;, is discrete and Le, = Lr. 

Let us assume the above is true for G;, and prove it for G;,1. Either 6, 
is a normal subgroup of G;,, or Gz. is a normal subgroup of G;. We shall 
first assume the former. Then Lemma 1 implies that G,;,, is discrete. Since 
Gia D Gy, Lr = Le, C Le,,,. We need to show that Le,,, C Le, To do this, 
we shall show that Le, is invariant under G;,,,. 

If z)€ Le,, there is a sequence {gm}C G,, so that lim gm(z) = 2%, for 

any point z€§. Let g€ Gy. Then limgmg*(z) =2 and lim 


=4g(%), since g is continuous. But ggmg€ Gz, so g(Z) € Le,, and Leg, is 
invariant under G;,,. Furthermore L¢,— Lr contains more than one point. 
Lemma 2 (with Y—JLe¢, and G=—G,,,) now implies that Le, C Le,., 
Therefore Le¢,,, = Le, = Lr. 

Now suppose that G;,,, is a normal subgroup of G,. It is immediate 
that G;,, is discrete and Le¢,,, C Le, The argument given above (reversing 
the roles of G, and G;,,) shows that Le,,, is invariant under G,. If Le,,, is 
the empty set or L¢,,, consists of one point, then G,,, is an elliptie or para- 
bolic group. In this case there is a point z€ § or X, which is the comma 
fixed point (in § or X) of all elements in G,,,. If g € G, and h € Gx,;, then 
g(z) is a fixed point of ghg*€ G1. It follows that z must be a common 
fixed point for all elements of G;.. Then G;, is an elliptic or parabolic group. 
This contradicts the assumption that Le, (—L,) contains more than two 
points. Therefore L¢,,, contains more than one point, and Lemma 2 implies 
that Le,,, D Le, It follows that Le,,,— Le, and Lr. 

Let and gly, —Lr,} and ant 
gLr, = Lr, }. 


Lemma 4. G, and G,, are discrete. 


Proof. A closed subgroup of €() must be one of the following: 1) the 


group of all hyperbolic transformations with a given pair of fixed points in 


* The Lemma is true without this assumption, but we are interested only in this case. 
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X; 2) the group of all parabolic transformations with a given fixed point in X ; 
| 3) the group of all elliptic transformations with a given fixed point in §; 
4) the group of all hyperbolic and parabolic transformations with a given fixed 
point in X; 5) the group of all hyperbolic and elliptic transformations which 
leave a given geodesic in § invariant; 6) C(); 7%) a discrete group. 

The only possibility for the closures G, and G, is 7). Therefore G, 
and are discrete. 


LemMaA 5. G,—F, and 6G, 


Proof. It is clear that F, C G, and F, C Gq, since Lp is invariant under 
F, for any group F CC(§). We must prove that F, DG, and F, D Gz. 
| We shall first consider the case of Fy. 

Let g€G,. The regular interval W,, spanned by B,, is mapped by g 
onto another regular interval Y, spanned by an axis Ay —gA,, where f’ € Fy. 
Now Y is in one of the classes {F,W;,|k =1,2,---,n-+1}. Suppose Y is 
in F,W;,, so that gW,—fW; and gB,—fB,, where f€ Fy. Let gi, gx be 
primary elements of G, with axes B,, B;, respectively (such elements exist 
since G, is discrete). Then since B, and B; are congruent in G, it follows 
that A(gi1) =A(gx). Furthermore A, —A(f,) must be an integral multiple 
of A(gi), say pA(gi). Similarly Ay = GA(gx). Therefore 
\i/An = p/q, Which is contrary to the construction of F,, unless k =1. Thus, 
we have found that gB, —fB, (and gW,—fW,). The transformation f-'g 
maps W, onto itself, and is therefore a hyperbolic transformation with axis B,. 
Therefore = g,", for some integer k, or g =fgi*. This implies that the 
index [G,: F,] is finite, so G, is N-equivalent to F,. Therefore, according 
to Lemma 3, Lr, = Le,. 

We now note that the condition A, < 27(B,, Py.) implies that A(g:) 
=X(f:), or g: =f,*. For suppose g is a transformation with axis B, such 
that A(g) <2(B,, Bn). Then By,,, intersects g(Bn1), so that gfnug has a 
fixed point (which is a limit point) in the regular interval W,,,. Since Wn,, 
isa regular interval for G, (for Lp,—=Le¢,), no such element g can belong 
to Now A(fi:) =paA(g:), for some integer p. If p>1, then A(g,) 
=A(fi)/pSA(f:)/2 < (Bi, Busi). We conclude that g,—f,*2. Since for 
any g€G, there is f¢€ F, and an integer & so that g =fg,*, it now follows 
that G, = Fy. 

The argument for F,, is similar. The only difference is that gW, might 
be fW rather than fW;. This can happen only if the geodesic, spanning W, 
is an axis of an element in G, (even though it is not an axis of an element 


in F,), We shall show that this cannot happen, by showing that the index 
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= [G,: F.] is finite. If this is true, and g€ G., then one of the elements 
9:97," ° *5g" must be in F,. These elements all have the same axis, so w 


see that for any g € G,, there is an element in F,, whose axis coincides with A, 

If W, is not congruent to W under G,, then the argument used for F, 
is valid here. Suppose then, that W, is congruent to W. Wz, cannot lp 
congruent to W under G,. For in this case W. would be congruent to I, 
and A2/A, would be rational. 

An element g€G,, maps W, onto a regular interval W’, which is in 
some class F,W;,. We now have gW.—fW,, where f€ F,. By the same 
argument as before, we see that & — 2, because A2/A; is irrational. Therefor 
gW.—fW, and f-'g maps W, onto itself. If g. is a primary element in 6, 
with axis B., then f-'g—g.”. If A2—ndA(gz), then every element in 6G, is 
congruent mod F, to one of the elements 1, 92,- -,g2"*. Thus the index 
[G..: F.] is finite, and as we have seen, this implies that G, =F... 


THEOREM 4. The groups F,, and F,, are N-mazimal. 


Proof. Let F be one of the groups F, or F,. If E is N-equivalent to F, 
Lemma 3 implies that Le—Ly. Therefore Ly is invariant under E, ani 
ECG={g|g¢C(S) and gly—Lrf}. But according to Lemma 5, G =F, 
Therefore E C F, and F is N-maximal. 

The previous theorem and the remarks at the end of Section 3 now imply 
the following. 


THEOREM 5. Let G be a countable group. Then there is a Riemani 
surface S, such that C(S) is tsomorphic to G. If G is finite, the surface ¢ 
can be taken to be finite. 


BROWN UNIVERSITY. 
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SUBGROUPS OF THE MODULAR GROUP AND SUMS 
OF SQUARES.* * 


By Morris NEWMAN. 


Introduction. The problem of counting the number of representations 
r,(n) of a positive integer n as the sum of a fixed number of squares s has 
been of interest to mathematicians for many years. This function is defined 
as follows: If n is a non-negative integer, then 7,(”) is the coefficient of q” in 


; 


otherwise, r,() is zero. The results obtained have generally been of two 
kinds: Asymptotic formulas, showing the behaviour of r,(n) for large n and 
fixed s; and exact formulas, which express 7,(n) in terms of other arithmetical 
functions such as divisor sums and which are considered to be more elementary 
than r,(n). There is yet a third kind of relationship which has occurred 
occasionally in the literature but has not been fully exploited. This is the 
recurrence formula, an instance of which is 


r(np°) = (p— (—n/p)) ), 


where p is an odd prime, n an arbitrary integer and (—n/p) the usual 
quadratic reciprocity symbol. Such formulas give information about the 
internal structure of the numbers r,(n). 

The principal purpose of this paper is to prove that recurrence formulas 
of this type exist for all positive integers s and all odd primes p. The number 
of terms in these formulas depends only on s and p. The method used is the 
‘subgroup’ method which concerns itself with functions invariant with respect 
to the substitutions of a suitable subgroup of the modular group I, regarded 
as linear fractional transformations. Related problems have been treated by 
the author in [6] and [10] by the same method. 

The paper falls naturally into three parts. In §1 the necessary group- 


* Received October 9, 1959. 


*The preparation of this paper was supported (in part) by the Office of Naval 
Research. 


761 


Lents 
O We 
1 A, 
be 
0 
and 
nply 
n il 
athe 
r a 
| 
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theoretic preliminaries are developed. These are given in much greater detail 
than is actually required for the remainder of the paper. In addition several 
theorems relevant to the structure of modular subgroups are proved which 
are not used in the remainder of the paper. These theorems are of high 
intrinsic interest however and generalize previous theorems given in [8] and 
[9]. In §2 the necessary transformation equations for the associated modular 
forms are derived. In §3 the class of modular functions to be studied is 
defined and the properties of these functions worked out, leading to a proof of 
the theorem mentioned above. Finally, it is shown how a Hauptmodul for a 
certain subgroup of I can be constructed from these functions. 


1, Subgroups of the modular group. In what follows I is the full 
modular group; that is, the totality of rational integral 2 < 2 matrices of 
determinant 1. TI is generated by the matrices 


0 — 
with defining relations 
T? = (ST)*=—— I, 


where J is the identity matrix. We also define 


1 0 


Then for all integral k, 


1 sk 1 


W-T—TS, W—STS. 


Furthermore 


The group generated by the elements A, B of I will be denoted by [A, B]. 


If A is the matrix 
a 
d 


and 7 is a complex number, then by Ar we shall understand 


(ar +b) /(cr+d). 


We shall say that g(r) is a function on a subgroup G of I, if g(Ar) = g(r) 
for all A€ G. 


of 
or 
shi 
an 
[m 
(1 
Fo 
no 
wh 
If 
th 
eX 
ry 
on 
of 


SUBGROUPS OF THE MODULAR GROUP. 763 


Let G be a subgroup of I. We define a class of congruence subgroups 
| G(n), n a positive integer, as follows: The element 


b 
c d 
of G belongs to G(n) if and only if c=0O(modn). If G=T, then the 
‘groups so defined become the customary congruence subgroups T(n). We 
shall assume that G does not consists solely of powers of 8, since then G(n) = G 


and the groups are without interest. If m and n are positive integers and 
[m,n] is their least common multiple, then 


(1.1) G(m)N G(n) = G([m, n]). 


Formula (1.1) implies that if m|n, then G(m) D G(n). The converse is 
not necessarily true. We can say however that if G(m) D G(n), then m | né, 
where 6 is the greatest common divisor of all integers c such that 


€ G(n). 


For example, suppose that m >1, (m,n) =1 and take G=I,(m). Then 
G(m) =To(m),G(n) =To(mn). Thus G(m)D G(n) but m does not divide 
n. Here 8==m and certainly m | né. 

We now define the integers a, 8 as follows: If some non-zero power of 8 
| isin G, let & be the least positive integer such that S*€ G; otherwise let « = 0. 
If some nan-zero power of W is in G, let B be the least positive integer such 
that WE G; otherwise let B—=0. We say that G is of type (a,8). For 
example, is of type (1,n), is of type (n,1), 
T°(n) =To(n)OT°(n) is of type (n,n) and the principal congruence sub- 
group of level n (which we denote by ['[n]) is of type (n,n). 


Every group of type («,8) contains as a subgroup the group 
and it is of interest to investigate these groups further. We have 


THEOREM 1.1. Suppose that a, B are positive. Then if a8 > 4, Gag is 
of infinite index in T. If a8 <4, Gag is of finite index in T and G,,—T, 
Gy,» T,(2), T(3), T, (4), r°(2), Ge, 2 Gs 
=I"(3), Gs. =1°(4). Furthermore is a free group for 4B = 4. 


Proof. If «8 > 4, the fundamental region of Gog contains a segment of 
the real axis, which proves that Gog is of infinite index in T. Also it has 
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764 MORRIS NEWMAN. 
been shown in [1] and [3] that for «B24, Gag is a free group. We now 
suppose a8 <4. Because of the relationship 

= 


we need only consider «= 8. The group G;,,; is clearly I, since T = S“WS>, 
Suppose 2 n= 4. We have that D Gin. Let 


a b 
A ihe T,(n). 


NCo 


Since a cannot vanish, can be determined so that | | $|a|. Furthermore 


[ | Ay =a + NCoy. 


NCo 


Thus if co 40, y can be determined so that |a)|4n|c.|. We can conclude 
therefore that either 


(1.2) Co=0 


or integers x, y can be determined so that |a)|S4n|a|S|a]. If c=0, 


then is a power of S and soA€ G,,. If then |a.|S|a|. If 
| a) |a]|, then the inequalities 


| a | Sin] S| co | 


imply d) = + 2, co =+1,n—4. But this is impossible, since (do, nco) =1. F 
Thus if co 40, then |a>|<|a|. Therefore the process can be repeated until 
(1.2) holds. Thus A € Gin, To(n) C Gin and so Ty(n) = Gyn. 


1 0 
2 


Geo D*G,4D — DT, (4)D — r[2]. 


Finally, put 


Then it is easy to verfy that 


This completes the proof of the theorem. 


Remark. We have implicitly identified a matrix with its negative in 
this theorem, but we keep the distinction elsewhere. 


An interesting application of Theorem 1.1 is 


Then 
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THEOREM 1.2. Let a, B be positive and suppose G 1s a group of type 
(a,8) with oB=4. Then G ts of finite index im YL. 


It is not immediately obvious that there are non-abelian groups of type 
(0,0). An example is furnished by the following theorem: 


THEOREM 1.3. There are non-abelian subgroups of T of type (0,0). 


4 


and consider [A,7']. Since A is not of period 2 and AT =TA-, [A,T'] is 
non-abelian. Since 7? ——TI, every element of [AT] is of one of the forms 
+A*,+TA*, k an integer. But A” contains a zero entry if and only if 
k=0, so that +7, +T are the only elements of [A,7'] containing zero 
entries. This proves the theorem. 

The previous construction can be generalized. It is not difficult to show 
that if A and B are elements of I such that AB = BA and A is not scalar, 
then both B and AB are similar to J over T. Further, essentially the same 
conclusion can be reached for AB = BC, if it is assumed that C is a polynomial 
in A. 

We assume from now on that G is of type («,8) with a8=40. We are 
interested in proving inclusion theorems for the groups @(n) and for certain 


Proof. Put 


other groups, and we require the following result: 
LemMA 1.1. Suppose that m, n are positive integers and that (m, «B) 


=1. Then S*, W"8 generate the coset representatives (left or right) of G(n) 
modulo G(mn). 


Proof. Let 
a b 


It suffices to show that integers a, y can be found such that W2"8Sv*M € G(mn). 
Consider 


suey — + ancy al 


ne 


We have A= (a,anc) = (a,a) since M is unimodular. Thus A |o and 
since (a,m)—=1, (A,m)=1 also. Thus y may be found so_ that 
(a+ ancy,m)=1. For such a y, put ancy. ‘Then 
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Since (Ba ,m) —1, x can be determined so that Bayz + c=0(modm). For 
this choice of x, W2"8Sv*M € G(mn) and the proof of the lemma is complete. 


Since x and y were determined only modulo m it is clear that ((@(n): 
G(mn))<o. 

On the basis of this lemma and formula (1.1), the theorem that follows 
can be proved in just the same way that the corresponding theorem for T 


was proved in [8]. 


THEOREM 1.4. Let m and n be positive integers, and assume that 
(m,aB)=1. If H ts any group such that 


G(mn)C HC G(n), 


then H =G(dn) for some divisor d of m. 


This theorem can be generalized to a larger class of groups (m,n) 
defined as follows: The element 


of 
(1 
c d ( 
of G belongs to G(m,n) if and only if b=0 (modm), c=0 (modn). Thus §. 
1s 
G(n) =G(1,n). We have as a matter of fact 
THEOREM 1.5. Let m and n be positive integers and assume that 
(m,naB)—=1. Let H be any subgroup of G containing G(m,n). Then 
H =G(m,,n,) for some divisors m, of m and n, of n. 
Si 
Proof. Since (m,na«B) =1, we can determine integers x, y such that 
rm —ynaB=1. Set 
a 
‘Lyng 14° Si 
Then RE G since R= S*W"8, The proof is now completed in the same way a 
as the proof of the corersponding theorem given in [9] for I. ? 
For purposes of constructing modular functions we need more detailed 
information on the structure of the representatives of G(n) modulo G(mn) 
than is furnished by Lemma 1.1. This is given in the lemmas below: \ 


LemMA 1.2. Let m and n be positive integers such that m is divisibie 
only by primes dividing n and (n,B) =1. Then (G(n): G@(mn)) =m, and (1 


(1.3) WanB, 


is a set of left coset representatives for G(n) modulo G(mn). 


For 
lete, 
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Proof. Let 
a 
1 € G(n). 


Now (a8,n) since det M=1 and (8,n) by assumption. Thus 
(a8,m) = 1 also, since m is divisible only by primes dividing n. Hence 
we can find z such that zaB==c (modm), 0OSrSm—1. For this 2, 
V=W2"8M,, where M,€G(mn). Further, if 0S7,ySm—1, then 
€ G(mn) if and only if nB(y—2) =0 (mod mn), which implies 
that ey since (B,m)=1. The representatives (1.3) are thus distinct 


(‘onsider 


modulo G(mn) and the proof of the lemma is completed. 


LemMA 1.3. Let m and n be positive integers such that m 1s a power 
of a prime p and (p,naB) =1. Set m’—=m/p. Choose t so that nagt=—1 
(mod p) and put R=S*W"t6, Then (G(n): G(mn)) =m-+m’ and 


isa set of left coset representatives for G(n) modulo G(mn). 


a b 
u—|* 7 


Suppose first that (a,p) 1. Consider 


Proof. Let 


Since (aB,p) 1 and m is a power of p, we can find 2 so that raB=c 
(modm), O=x=m—1. For this M—W#"8M,, where M,€ G(mn). 
Suppose now that p|a. Consider 


W-2nB, [ | 
n(c—axB(a—anc)) * 


Now (B(a—anc),p) = (aBne,p) =1 since p|a, det and p) 
=1 by assumption. Thus z can be determined modulo m so that 
(1.5) 2B (a—anc) =c(modm). 


For this z, M—S*W2"8M,, where M,€ G(mn). Considering congruence 


(1.5) modulo p, we have naBxr==—1 (mod p). Let ¢ satisfy naBit=—1 
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(mod p). Then «t+ yp, where now y is determined modulo m’, and 
S*W2"8 becomes 


Further, suppose that 02,2’ = m—1 and 0Sy,y’S=m’—1. Then 
G(mn) if and only if or 
(RW?6)- € G(mn) if and only if npB(y’ —y) =0 (modmn), or 
y=y’; and finally, W-*"®RW»?6 € G(mn) implies that {==0 (mod p), which 
is impossible. The representatives (1.4) are thereffore distinct modulo G(mn), 
completing the proof of the lemma. 


The application to the construction of modplar functions we wish to 
make depends on these lemmas and Theorem 2.2 of [7]. We obtain 


THEOREM 1.6. Let m be a power of a prime p, and set m’=m/p. 
Suppose that h(r) is a function on G(m). Define 


fn (1) 


m-1 


k=0 


Then tf (p,B)=1, gm(r) ts a function on G(p) and if (p,aB) =1, 
fm(t) + 9m (Rr) is a function on G, where R=S*W*tP and aBt=—1 
(mod p). 


Since # is in G, we can equally well conclude that in the latter case 
fm(Rr) + gm’(r) is a function on G, and since gm(r) is a function on ((p), 
fm(Rr) is a function on G(p) also. 

Define the subgroup 

K = [T, 8?]. 


Then K is of type (2,2) and of index 3 in I. In general [7,S"] is of type 
(n,n) and of infinite index for n=3. For n—1 it is just T. K can also 
be described as follows: The element A of T is in K if and only if A=I 
(mod 2) or A=T (mod2). From Lemmas 1.2 and 1.3 we obtain for K 


Lemma 1.4. Let p be an odd prime, m a power of p, and set m’ = m/). 
Then (K(p): K(m)) =m’ and 


(1.6) 0=k=m’—1, 
is a set of left coset representatives for K(p) modulo K(m). 


Lemma 1.5. Let p be an odd prime, m a power of p, and set m’ = m/p. 
Put R=S?W"-), Then (K: K(m)) =m+m’ and 


= 
( 


se 
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(1.7) W*, 0SkSm—1, RW*, 0SkSm’—1, 
isa set of left coset representatives for K modulo K(m). 


The group XK is the underlying group for the study of the modular form 
whose powers generate r,(n). This study will be undertaken in § 3. 

Let G be an arbitrary subgroup of T and let C be a fixed element of G, 
na positive integer. Define the congruence subgroup G(n;C) as follows: 
The element A of G belongs to G(n;C) if and only if for same integer /’, 
A4=C* (modn). 

These groups are congruence subgroups and have an easy structure. Thus 
G(n;I) is the principal congruence subgroup of G of level n, and if e is the 
exponent of C modulo n, then (G(n;C): G(n;I)) =e, the quotient group 
Gi(n;C)/G@G(n;Z) being isomorphic to the cyclic group generated by C modulo 
n. We remark that a principal congruence subgroup of G is normal in any 
subgroup of G containing it, and a subgroup of G containing a principal con- 
eruence subgroup is itself a congruence subgroup of G. 

Let ZL be the complex of elements A € @(n;C) such that A==C (modn). 
The following lemma is of use in showing a function invariant for G(n;C): 


LemMA 1.6. If g(z) ts invariant for L, then g(r) ts a function on 
G(n;C). 


Proof. Since Ce L, g(Cr) = g(r); and by iteration, g(r) is invariant 
for any power of C. Let A4€G(n;C). Then for some integer A ==C* 
(modn). Henee C'*A € LZ and so g(r) is invariant for C**A. Since g(r) 
is invariant for (’*, g(z) is invariant for A. The lemma is thus proved. 

We note the facts 


K=1(2;T). K(n) =T*(n)(2;T), n odd. 


2. The modular form #(7). The functions to be considered in the 


following section will be built up from the modular form #(7), defined by 


(2.1) B(r)= Sq’, > 0. 
n=- 
Thus 
Sr, (n)q*. 
n=0 
Here g is the proper uniformizing variable for #(r) at the parabolic 
point ico of the fundamental region of K, which will be denoted by K*. A 
good discussion of uniformizing variables can be found in [2]. 
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(7) can also be defined in terms of the Dedekind modular form (7), 


where 
(2. 2) n(r) = (1—2"), c= —exp > 0, 
n=1 


and x is the proper uniformizing variable for y(r) at the parabolic point 
of The relationship is 


oo 


Both #(r) and »(r) are of dimension —4 and are regular and zero-free 


in the interior of the upper 7 half-plane. Thus #(r) is an entire modular 
form for K and y(7) is an entire modular form for I. 

The transformation equations for these functions are classical and have 
been worked out in great detail by many writers. In particular, 


(2.4) (S?r) = 

(2.5) Tr) = (—1r)4d (7) 

and 

(2.6) d(Wr) —2(r 1)32% I (1—2") (142%). 


As (2.6) indicates, x is the proper uniformizing variable for #(7) at 
the parabolic point 1 of K*, since W takes 10 into 1. 
In his paper [4] Hecke proves the transformation formula below, which 


we state as a lemma: 


Lemma 2.1. (Hecke, [4]). Let 


a b 
as 
A = € K,A=T 


Then 
(2. 7) O(Ar) = + d) (a/| c|)#(r), 


where (a/|c|) is the generalized Legendre-Jacobi symbol of quadrulu 


reciprocity. 


To obtain the transformation formula for a matrix A€ K sueh that 
A =I(mod2), we write A=T"TA and apply (2.5) and (2.7). In thi 


manner we obtain 
LEMMA 2.2. Let 
b 
4 € K,A=I (mod2). 


770 


point 


ree 


lular 


have 


at 


‘hich 


ri 


that 


{lil 


771 


SUBGROUPS OF THE MODULAR GROUP. 


Then 
(2.8) = (—i(er + d) (— a |) 


3. Sums of squares. We assume in this section that p is an odd prime 
and that m is an even power of p. We set m’—m/p. We prove first 
THEOREM 3.1. Let s be an integer, and define 
(3.1) h(r) =h(s, p,m37) = 88 (mr) 8(r). 


Then h(r) is an entire modular function on K(m). 


| 


a mb 
d 


Then A, € K, A=A, (mod 2), and we have 


Proof. Suppose 


Put 


h(Ar) = (A (Ar). 


Since A (m) =Ty(m)(2;7'), we need only consider A==T (mod 2), in 
view of Lemma 1.6. Then Lemma 2.1 implies that 


h(Ar) = "-De8(a/m)sh(r), 


and this becomes (7) since m is an odd square. Thus h(7) is a function 
on K(m). The fact that h(7) is an entire function on K(m) is clear, since 
d(r) is regular and zero-free in the interior of the upper 7 half-plane. 

We now want to construct a class of entire modular functions on K and 
we do this by Theorem 1.6, Lemmas 1.4 and 1.5 and the preceding theorem. 


we obtain 


THEOREM 3.2. Put 


m-1 

(3.2) fm(t) =f(s, p,m37) = Sh(W-*Rr), 
k-0 
m-1 

(3.3) Gm(t) = 9 (8, p,m37) = Wr), 
k=0 


where h(r) is defined by (3.1) and R=S?Wi0"), Then fm(r), Im (7) 


are entire modular functions on K(p) and 


(3. 4) F'm (7) = fm (rt) + 9m’ (7) 


isan entire modular function on K. 


MORRIS NEWMAN. 


Our general procedure will be as follows: K*, which is of genus zero, has 
the two inequivalent parabolic points r—=10, r—=1. The functions F,,,(7) 
are entire modular functions on K with polar singularities at most in the 
proper uniformizing variables (q for 10, 2 for 1) at these parabolic points, 
Therefore we need only determine the behaviour of these functions at 10 and 
1 to have complete information about them. We shall show that F’,(7) is 
pole-free at r=100, and for positive s has a pole at r—1 of order less than 
s/8, a number independent of m. This will imply that for sufficiently many 
different values of m the functions F,,(r) are linearly dependent, if s > 0. 
Comparing coefficients we will obtain the desired identities for r,(n). 

We consider +100 first. The function f(r) can be simplified by 
noticing that 

—2 —1 
€K(p); 


and since f»,(7) is a function on K(p), we have 


fm(7) 


m-1 

= Dh(W-*Tr) 
k=0 
m-1 

= Sh(TS**r) 
k=0 


m-1 


= > (T (7 + 2k) /m)d8(T (7 + 2k)). 
k=0 
The transformation formula (2.5) may now be employed to show that 
m-1 


(3. 5) fm(r) + 2k) /m). 


Therefore fm(r) is pole-free at r=io0 since #(7) is both pole and zero- 
free at r=10. 
We now consider at We have 


m’-1 


k=-0 


m’-1 


= > 9-8 ( 
k=0 


m’-1 


k-0 


Let (m’,k) =A and put m’=Am), k=Ak,, where now (mo, ko) =1. 
Determine integers m,, k, so that mom,—4k,k, =1 and set 
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Mo — 2k, 
— 2ko M1 


M = 
Then Mé€ K and M=I (mod2). Furthermore, 
m’ W-**pr = M (Apr + 2k1)/(m’/A). 
Now K, W-*pk==I (mod 2) also. Thus using (2.8) we find that 


where c is a number independent of r. Therefore gm(7) is also pole-free at 
7=io and we have proved 


Lemma 3.1. For all integral s, F(z) ts pole-free at r=to. 


We go on now to the remaining parabolic point ;=1. As indicated, 
we study the function F,,,(W7r) at r= 10 in terms of the uniformizing variable 
As with rio, we consider each component fm(Wr), gm (Wr) 
separately. Now 

m’-1 


(Wr) = > h 
k=0 


m’-1 


k=0 


But (m,—2pk +1) since m is power of p. Thus integers m,, can 
be determined so that mm,—2(2pk—1)k,=—1. Put 


m — 2k 
M = 
—2pk m 


M (r+ 2h,)/m. 


Then 


Now MWe K, and MW-+=I (mod2). Using (2.8) once again, we find 
that for some number c independent of 7, 


h ( W-2Pk+17) c8(W(r + 2h,)/m)o8 (Wr). 


We can now use (2.6) to deduce that apart from constant multipliers, the 
latter expression begins with 


(s/8)(1—1/m). 


From this we conclude that gm (Wr) is pole-free if s<0 and has a pole of 
order less than s/8 if s > 0. 


Turning now to fm(W7r) and making use of (3.5) we have that 
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fm( Wr) = m-4#9-8 (Wz) (1/m)S**Wr). 


Put A=(2k+1,m). Set so that (mo, ky) =1, 


Determine k,, m, so that 2k,.k,—m )m,—1. Put 
ko 
Then 
(1/m)S*Wr = M (Ar + A—2k,)/(m/A). 

Furthermore, MW-*€ K and MW*=T (mod2). Using (2.7) and then 
(2.6), we find that 

((1/m) S*Wr) (Wr) 
begins with 

= (8/8) (1— A?/m), 


apart from constant multipliers. Considering s=0 and s>0 separately, 
we conclude easily 


LemMA 3.2. Jf sS0, then Fy(r) has a pole of order —s(m?—1)/8 
at most at r=1. If s>0, then Fy(r) has a pole of order less than s/8 
at 


Summarizing for s > 0, Lemmas 3.1 and 3.2 taken together state 


THEOREM 3.3. Supposes>0. Then the total valence of F(z) through- 
out K* is less than s/8. 


From this theorem we deduce the following one by a simple application 


of Liouville’s theorem: 


THEOREM 3.4. (First principal theorem). Let pw be any integer satis- 
fying 
8/8, > 0. 
Then if mp, 1SkSyp, are all even powers of p there exist constants (y, 
0O<k=uz, not all zero such that 


(3.6) (7) = Co. 
k=1 


Identity (3.6) is the identity whose existence we wished to prove. We 
are now interested is comparing coefficients in this identity to obtain identies 
for r,;(n), but first we must know the Fourier expansion of F',(r) at r =i. 
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The component fim(zr) offers no difficulty whatsoever and we find 


775 


qn'(r) is quite complicated however and we must resort to special devices. 


We write k:n in a sumation to indicate that k runs over a reduced set 


of residues modulo n. Then if ¢ is an arbitrary function and n is a power 


of p, it is evident that 
n-1 n’-1 

(3.8) = + 
k=0 kin k=0 


where n’==n/p. Iterating, we can prove without difficulty 


LemMaA 3.3. If n= pt, then 


(3.9) =—$(0) +B 


If we apply Lemma 3.3 to gm(r), we find 


LemMA 3.4. Suppose Then 


2t-1 


(3.10) (7) =h(r) + $r(7); 

where 

(3.11) dr(t) = Wer), 


In this form we can expand gm’(7). We have 
h ( W-20"! ) (p* ( 
== 9-8 ( , 


Now (p",k) =1 since k runs over a reduced set of residues modulo p’. 


integers m,, k, can be determined so that p"m,—4kk,=1. Put 


mr 
Hal * 


— 2k mM, 


Then We K, M=I (mod2). Also 


Thus 


We can now employ (2.8) to simplify h(W-??*'"*r), The result is that 
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Noting now that & and k, simultaneously run over a reduced set of 
residues modulo p’, we find 
2t-1 
Gm (7) =h(r) + (7) (— 2/p)*G,(r), 
r=1 
where 


Gy (7) = + 2k) /p’). 


k:p" 


The expansion of G,(7) is straightforward and depends only on the Gauss 
sums. We find that 


(3.12) G,(r) =p" Dd Dd (pn) gen, 


n=0 kip 
Let us define 


kip 
Yrs (1) 


(3. 13) 
0 otherwise 


so that for integral n 


(p—1 rs even, p|n 
yrs(n) =4 —1 rs even, (n,p) =1 
(a(p (n/p) rs odd. 


Then (3.12) may be written 


n=0 
We thus obtain 
3.5. Define 


Then 
2t-1 

(3.14) gm {r6(n/m) + Cy, (p?”-?'n) }q”. 
n=0 r=1 


9 


Expansion (3.14) now yields our second principal theorem. 


THEOREM 3.5. (Second principal theorem). Let p be any integer 
satisfying 


p= s/8, s>0. 
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choose Mm, p?'*, LSkSp. Then there are numbers cy, OSk Sp, not all 
zero and independent of n such that for all integral n 


(3.15) 2ty-1 


+ Cr (p???tn) } = Cors(n). 
r=1 


The simplest examples (and the only ones we shall write down explicitly) 
occur for s= 8. For then the choice » = 1 is permissible, and choosing m = p’, 
we find 


te(mp?) = {1 + pt? — (—1) (n/p) }re(m) 


(3.16) 
— p**r,(n/p*), 1, 3, 5, 


r.(np*) = {1 + + (—1)#@Ypis*) (n/p)? } 
— p**r,(n/p?), S=2, 4, 6, 8. 


The identity for s—=3 can be found in [11]. See also the paper [5] 
where the identities for s = 3,5,7 are derived by the application of a Hecke 
operator. 

As a final application, we notice that the entire modular function 
F(—1,3,9;7) is non-constant, and is regular throughout K* except at r=—1 
where it has a pole of order 1. Therefore 


THEOREM 3.6. The function F(—1,3,9;7) 1s a Hauptmodul for K. 
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ABELIAN EXTENSIONS OF DIFFERENTIAL FIELDS.* 


By E. R. 


Introduction. The Galois theory of differential fields ([2], [3]) is 
concerned with strongly normal extensions of a differential field ¥ with alge- 


| braically closed field of constants @ of characteristic 0. The Galois group & 


of such an extension 9% has a sort of algebraico-geometric structure and is 


' shown to be birationally isomorphic with an algebraic group variety (not 


necessarily connected) ; more precisely, there is an algebraic group @ in the 
algebraic geometry having for universal domain the fixed universal differential 
field extension U of 9, G being defined over @, such that © is birationally 
isomorphic with the group Gy consisting of the points of G which are rational 
over the field of constants K of U (Gy is an algebraic group in the algebraic 


geometry with universal domain &). This permits the classification of 


strongly normal extensions by means of algebraic groups: a strongly normal 
extension of ¥ with Galois group birationally isomorphic to the subgroup Gy 
of an algebraic group G defined over @, or to an algebraic subgroup of Gy, 
will be called a G-extension of #. 

If & is a G-extension of F and if 


- 


is a normal chain of algebraic subgroups of G, all defined over @, then there 
is a corresponding tower 

F=F,CH#,C: 
of differential fields such that ¥; is a of (1SiSr). 


Now, by Chevalley’s structure theorem (see Rosenlicht [4], p. 439, or Barsotti 
[1], p. 47) @ has a canonical normal chain 


(1) GD@>DH D1 


defined over @, G@° being the component of the unity element of @ and H° 
being the greatest connected linear algebraic subgroup of G°, such that the 


* Received October 26, 1959. 
* This work was done in connection with a contract with the Office of Naval Research. 
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factor groups G/G° and G°/H° are, respectively, finite and abelian (i.e. an 
abelian variety). Therefore ¥ and Y appear in a corresponding tower 


(2) FCHcCEcS. 


But a finite group corresponds to an extension of finite degree, so that F° is 
finite algebraic over F (indeed, F° is the algebraic closure of F in 9), and 
({3] p. 891) a linear group corresponds to a Picard-Vessiot extension, so 
that 9 is Picard-Vessiot over €°. Thus, the gap in our knowledge of the 
structure of § over § is in the extension from #° to €°. The purpose of the 
present paper is to close this gap, that is, to characterize the strongly normal 
extensions which are A-extensions for some abelian variety A. We shall call 
any such extension an abelian extension. The characterization which we find 
is in terms of solutions of certain kinds of differential equations, and 
generalizes the result previously obtained ([2] p. 809, [3] p. 892) in the case 
in which the extension is of transcendence degree 1, i.e. A is of dimension 1, 
The remainder of the present introduction is intended to describe this charac- 
terization more fully, in its natural more general setting which includes, among 
others, the above mentioned characterization of strongly normal extensions 
with linear groups. 

Let G be any connected algebraic group defined over @, of dimension 
say n. If w is a differential on G and @ is a point of G at which w is finite, 
there is induced a differential w(a) of U over K (if »o—df and the rational 
function f on G@ is defined over K then w(a) maps each derivation d of U 
over K onto df(a)). Every birational automorphism ¢ of G induces a contra- 
variant automorphism ¢* of the vector space 3(G) over U of invariant (i.e. 
left invariant) differentials on G; in particular, the inner automorphism 7({): 
s— £sB" determined by an element 8 of G determines an automorphism 7(()* 
of S(G). It is “well-known” that if » is invariant, and therefore finite at 
every point of G, then 


(3) w(aB) = (7(B*)*w) (a) + 


for all points « and B of G. This formula (which when G is the additive or 
multiplicative group of UW becomes, respectively, 8) or 
(aB)d(aB) d representing an arbitrary derivation of U 
cver K, and when G is the general linear group GL (1) becomes 
= B-1(a-"da)8 + B-dB) has been given a rigorous exposition by Rosenlicht [5], 
but unfortunately only in the case of commutative groups G; therefore we give 


in §1 a discussion supplementing that of Rosenlicht, establishing the desired 


formula in full generality. 
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We define a point a of G to be a G-primitive over F if the following two 
conditions are satisfied: 1° the field of constants of F¥ <a> is @; 2° <8, o(a)>€ F 
for every derivation operator 8 of the differential field and every invariant 
differential » on G@ defined over @. If the derivation operators are denoted 
by 815° 8m and if n linearly independent differentials -,on defined 
over @ are expressed in the form 

(1<j<=n), 
1SvEn 
where the fj, and the z, are rational functions on G defined over @ and 
defined at a, and 2,,: * -,2, are algebraically independent over @, then the 
condition 2° above is equivalent to the condition that « satisfy a system of 


differential equations 


> =ay Se, 
1SySn 


where the aj; are elements of #. 

By a G-primitive extension of #, we mean an extension of ¥ of the form 
where is a G-primitive over 

It is not difficult to prove, making use of (3), that a necessary and 
sufficient condition for « to be a G-primitive over ¥ is that the field of 
constants of F<a> be @ and oa-at€ Gy for every F-isomorphism o of 
#<a> onto an extension of ¥ in U. It follows almost immediately that every 
(-primitive extension of F is a G-extension of F. 

Suppose now that 8 is a G-extension of ¥, so that there exists an 
injective rational homomorphism y: G6 > Gy, & denoting the Galois group 
of & over F. Regarding y as a rational crossed homomorphism of © into G, 
we find by the above that if y splits in Gg (in particular if the cohomology 
set H1(@, @) is trivial) then & is a G-primitive extension of F. It is known 
({[3] p. 887) that H+(G, is trivial whenever is the additive group of U, 
or the multiplicative group of U, or the general linear group GL(r) for any r; 
this recaptures the characterizations ([2] p. 809 and [3] p. 891) of the 
strongly normal extensions corresponding to these groups as extensions of the 
form #<a>, where in the first case a is an element such that 8¢¢€ ¥ for each 
derivation operator § (extension by a primitive element), in the second case 
is an element such that a%8a€ F for each § (extension by an exponential 
element), and in the third case a is an invertible r X r matrix such that a2 
has its coordinates in ¥ for each 8 (Picard-Vessiot extension). 

If G is commutative, in particular if G is an abelian variety A, then we 
do not know in general that H(®, @), which is now a group, is trivial; but 
we do know ([3] p. 887) that every element of H1(G,G) is of finite order, 
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so that for a suitable exponent h > 0 the cocycle y* splits in Gg. It follows 
in this case that there is a G-primitive « such that # C #<a> C JY and the 
Galois group of & over F¥<a> equals the finite group G(h) of all elements 
o € & with o? —1. 

Returning to the general case of a G-extension 9 with arbitrary algebraic 
group G defined over @, we see that thse normal chain (1) has a refinement 


G2@DHD HP 1, 


where H is the set of points s€ G° such that s'€ H, and therefore the group 
variety A = G°/H is abelian and H/H? is finite abelian, and that the tower 
(2) has a corresponding refinement 


cece 


where € is A-primitive over ¥° and €° is an abelian extension of € of finite 
degree. Since H/H°® is finite and H® is linear, it easily follows that H is 
birationally isomorphic with a linear algebraic group, and therefore that § 
is a Picard-Vessiot extension of €. Thus every strongly normal extension has 
a three-storey tower 


FCHFHcECY 


in which F° (the algebraic closure of F¥ in §) ts a normal extension of J 
of finite degree, E is an A-primitive extension of F° for some abelian variely 
A defined over 8, and & is a Picard-Vessiot extension of €. 

In the final §3 the A-primitive extensions are given a function-theoretic 
characterization in the classical case in which ¥ consists of functions of m 
complex variables meromorphic in some region of C™. It is shown that if 4 
is an abelian variety of dimension n defined over the field € of complex numbers 
then every A-primitive extension of F is of the form F(fi(f),- 


where f,(z),- are abelian functions of z= which 


generale .a nondegenerate abelian function field, and ws a 
family of n functions of m complex variables, each £; being primitive over §. 


1. Induced differentials. This section supplements the discussion of 
tosenlicht [5]; a familiarity with the terminology and notation as well as 
with the methods and results of that paper is assumed. We find it convenient, 
for any element u of a vector space and any element v of the dual space, to 
denote the value of v at u by <u, v>. 

Let V be an algebraic variety defined over a field k, let K be a subfield 
of the universal domain U (not necessarily distinct from U) with & C XK, 
and let D(K/k) denote the vector space over K formed by the derivations 
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of K over k. We recall (Rosenlicht [5], p. 54) that if « is a simple point on 


' V which is rational over K then there is a unique K-linear mapping D—> da, 


from D(K/k) to the space of tangent vectors to V at a which are rational 
over K, defined by the condition that def =df(a) (f€ 0a Nk(V)); also, if 
» is any differential on V which is finite at « and defined over K, then the 
local component we of w at a is a K-linear mapping of the tangent space to V 
at a into UM which maps the tangent vectors rational over K into K. The 
composite of the two mappings b— de and oe then gives a K-linear mapping 
of D(K/k) into K, that is, a differential of K over i; we call it the differential 


| of K over k induced by w at a, and following Rosenlicht denote it by w(), 


or by wx/xz(@%) when the greater detail is desirable. 


If fi gi€ 02 Nk(V) (1StSr) and o= fidgi then 
<d, o(%)> = fila) dgi(2). 


It is easy to see that if a subfield k, of & is also a field of definition of V and 
is defined over k, then <d,w(a)> € ko (a) -ko(dko(a)). Furthermore, if V’ 
is also a variety defined over k, and ¢: VV’ is a rational mapping defined 
over & such that @ is defined at « and (a) is a simple point on V’, and o’ 
is a differential on V’ finite at ¢(a) and defined over K, then w’(¢(a)) 
= ($*u’) (a). 

We are interested in the case in which V is a group variety @ and o is 
an invariant (meaning left invariant) differential on G. Every point of G 
is simple, and w is finite everywhere. In order to prove the result we require, 


| we use the notion of a rational crossed homomorphism. 


Let G and G’ be connected algebraic groups. We say that G operates 


| on @ by g if g is a group homomorphism of G into the group of automor- 


phisms of G’ such that the mapping @ x G’— @ defined by (s,s’) > g(s)s’ 
is rational. When such is the case g(s) is a birational automorphism of @’, 
defined over k,(s), whenever ky is a common field of definition of G, of G’, 
and of the mapping (s, s’) > g(s)s’. 

Suppose G operates on @’ by g. A rational crossed homomorphism (or 
l-cocycle) of G into G’ (relative to g) is a rational mapping £: G@—> G@’ such 
that, if ko is a common field of definition of G, of G’, of the mapping 
(s,s’) > g(s)s’, and of ¢, and if (s,¢) is a generic point of GX G over ko, 
then £(st) —£(s)-g(s)¢(t). It is easy to see that this implies that { is 
defined at every point of G, £(st) =£(s)-g(s)¢(t) for all points s,t of G, 
and (1) 1. (We denote the unity element of every multiplicative group 
by 1.) The notion of rational crossed homomorphism includes that of rational 
homomorphism, the latter corresponding to the case in which the operation g 
is trivial, that is g(s) is the identity automorphism of @’ for every s€ G. 
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Consider a rational crossed homomorphism £: G— G’. ¢ induces a homo- 
morphism X — ¢X of the tangent space to G at 1 into the tangent space to (’ 
at 1—{£(1) ; since these tangent spaces are canonically isomorphic (as vector 
spaces) to the respective Lie algebras 2(@) and 2(G’) of G and G’, we obtain 
a linear mapping ¢D of 2(G@) into 2(G’). Thus, by definition, (f)), 
={D, (DEL(G)). (We use a point of a variety as a subscript to a 
derivation or differential on the variety to indicate the local component at 
that point.) 

This being so for any rational crossed homomorphism, in particular it is so 
for any rational homomorphism, including the automorphism g(s): G’—> (/’. 

Returning to £, we note that the crossed homomorphism property ¢(s/) 
= €(s)-g(s)€(¢) can be written in the form £7, = T(s)g(s)¢, where for any 
element v of any group we use 7’, to denote the left multiplication mapping 
x—> vx of that group into itself. It follows that for any DE L(G) we may 
write = = (8) = Tis) (9 (8) = (9 (8)ED) cs), so that 


(9(s)2D) = EDs (DE L(G), s€G). 


Therefore the homomorphism w’— {*w’ which ¢ induces from the space of 
differentials on G’ into the space of differentials on G has the property that J 


if w’ is an element of the space X(G’) of invariant differentials on G’ then 
<9g(s)¢D,0’>(t’) is independent of the element ¢’€ G’, so that we may write 


(4) <D, = <g(s)ED, (s) (DE R(G), 0” € $(G"), s€ G). 


In particular, a rational homomorphism G— G’ induces vector space homo- 
morphisms L(G) > 2(G’) and 3(G’) §(G@) each of which is the transpose 
of the other. 

If v: G— is a rational homomorphism, and if ¢’: G’— is a ratio ual 
crossed homomorphism (G’ operating on the connected algebraic group (:” 
by g’), then G@ operates on G” by g’v, and ¢’v is a rational crossed homo- 
morphism of G into G”; furthermore, D=f’(vD) (DE &(G)). 

We now apply these considerations to the differentials w(«) =ox,x(%) 
of K over k induced by an invariant differential » on a connected algebraic 
group G; as before, G is defined over k, w is defined over K, and a€ Gx (the 
group of points of G which are rational over K). 

As examples of rational homomorphisms we have the two projections 


GX mj (81, S2) = Sj, 


the three injections 
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GX G, == (8,1), 
G, te8 == (1,38), 
4:G->GXG, As= (s,s), 
the identity mapping .: G— G, and the trivial endomorphism 
G>G, == 1, 


Obviously Tale = and Tol, €5 also «D = 0 
(DE Furthermore, 7,*U(G) is the subfield of U(GX G@) consisting 
of the rational functions f on GX G such that f(s,,s2) is independent of sz, 


and similarly for 7.*W(G), so that U(G X G@) is precisely the compositum 
(5) UGX G) =7,*U(G) -72*U(G). 
For any DE X&(G), 
(AD — = (97: (AD —uD—.D),)f 
= (7, AD — — = —D—eD),f =0 
for all f € 0, so that 
((AD —1,.D — wD), *f) (s, t) = (AD — wD) (5,1)71*f = 0 


provided f€ 0,; choosing (s,¢) generic on G XG over a common field of 
definition of G, of D, and of f, we see that then f € 0, and 


((AD —wD)x,*f) (s,t) =0; 
thus (AD =0 for every f€ U(G). Similarly 
(AD =0 
for every f€ U(G), so that by (5) AD=14D+.D (DER(G)). 

Now, for each ¢€ G@ let +(¢) denote the inner automorphism of G defined 
by ¢: r(t)s = tst. Then operates on itself by +, and the reciprocation 
mapping 

p: G— G, p(s) =s" 


is a rational crossed homomorphism. Also, @ X @ operates on @ by rm, and 
the mapping 
x: G— 4G, x (8, ¢) 


is a rational crossed homomorphism. Obviously yA =e, yu: and 
Therefore xAD = D xt2D = iD pD, so that 
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It is easy to see that the two mappings D— uD of 2(G) into 2(G x &@) 
are injective. Also, if and then 
+a and similarly Therefore 
= {0}, so that 

dim (4,2(G4) + .2(G)) = dim u2(G) + dim 
2 dim 2(G4) = dim&(G X G), 
whence 


Q(4 +48(G) (direct sum). 


Since yu,D— 74D + and — + 
= pD —«D + =0, we conclude that 


(6) (DER(GXG)). 


For any a,B€Gx (%,8) is a point of (@XG@)x so that for any 
D)€ D(K/k) we have the tangent vector diag) to G KX G at (4,8) and diag) 
is rational over K; also, there is a unique D€ 2(@ X G@) with Diag) == d(a,). 
Since x is obviously defined over it follows that <d, w(@B-1)> = <d, w(x(«, 
= <b, (x*w) (a, B)> = <d(a,6), x*0(a,8)> = <D, x*w> (4,8); by the general 
formula (4) this equals <7(8)xD,o>(«, 8), and by (6) this in turn equals 


<1(B) (71D — 72D), (a, 8) = <D, (8) *o (8) *o> (2, B) 
<D(a,6), (7177 (8) (0,8) — (72*7 (8) (a,8)> 
= <b, (™1*7 (8) *w) (a, 8) *w) (a, B)> 
= <b, (7 (8) *w) — (8). 


Thus, = (7(B)*w) («) — (7(B)*w) (8). Applying this formula to 
7(B*)*o instead of w, and then replacing a by «8, we obtain the desired 
formula (3) of the introduction. 


2. G-extensions and G-primitives. In this section ¥ denotes a com- 
mutative differential field of characteristic 0 with algebraically closed field 
of constants @; the derivation operators of are denoted by 
%U denotes a fixed universal extension of ¥ (in the sense of [2] p. 768) and 
HK denotes the field of constants of U. We identify the derivation operators 
*,8m In an obvious way with derivations of over XK. 

% is an algebraically closed extension of ¥ of infinite transcendence 
degree, and therefore can be used as a universal domain for algebraic geometry. 
Whenever we introduce algebraico-geometric notions it always is in the alge- 
braic geometry based on U as universal domain. The algebraic varieties we 
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have occasion to introduce, other than points, are actually defined over @; 
if w is a differential on such a variety, the symbol w(a@) always denotes the 
differential w2,/%(«) of U over K induced by w at a, so that « can be any simple 
point of the variety at which o is finite (and therefore, in the case of an 
invariant differential on a group variety, can be any point whatsoever). 

Let G@ be a connected algebraic group defined over @; denote by Gy the 
group consisting of the points of G which are rational over KX. 

It is apparent from the definition of induced differentials in §1 that tf 
y€ G, then a necessary and sufficient condition that y€ Gy is that <8,0(y)> 
=0 for every index i and every invariant differential w on G. 

It follows from this that if «,B€ G then a necessary and sufficient con- 
dition that Ba*€ Gy is that <8, 0(«)> = <8, 0(8)> for every index 1 and 
every invariant differential w on G. Indeed, setting ya" we have, by 


formula (3), 
<8i, o(8)> = <8i, (ya) > 
= <8i, (7(a*) *w) (y)> + <8, 


and as w runs through the set of invariant differentials on G so does 7(a*) *w. 

It is also obvious from the definition of induced differentials that if w 1s 
an invariant differential on G which 1s defined over @ and a€ G, then 
<a> (1Sism). If m addition o is an tsomorphism of the 
differential field @<a> over @ onto an extension of @ in U, then o<8;, o(a)> 
= (6;,0(0%)> (1Si=m). To prove the second point we observe that there 
exist uniformizing coordinates 2,,- - -,Z%, on G at a with each 2;€ @(G@), and 
we may write = Sf; dz; with each f;€ 00M 6(G) ; then 


o(%)> = Fila) 


and the result follows. 

Let « be a G-primitive over ¥. We recall from the introduction that 
this means: 1° the field of constants of F<a> is @; 2° <8:,0(a)>€ F for each 
index 1 and every invariant differential » on G defined over @. Then, for 
each isomorphism o of #¥<a> over F onto an extension of F in U, 
w (0%) > = 0 <8;, > = <8;,0(%)>, so that the point y(o) =a oa is in 
Gy. Therefore F<a>-o(F<@) = F <4, 04> = F <a, y(0)> = F Kaa, y(c)>, 
so that F<a> is strongly normal over ¥, and ([2] p. 768, cor. 5) the field 
of constants of F<a>-o(F<a>) is B(y(c)). Identifying the isomorphisms 
of F<a> over F with the unique automorphisms of F¥<a>-K over F¥-K to 
which they extend ([2], Ch. Il, §3), we find that #-y(or) =ora =o(2-y(r)) 
=" -y(7), so that y =y(c)y(r). Since y(c) == 1] only if 
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the mapping o —> y(c) is a birational isomorphism of the Galois group of Fay 
over ¥ onto an algebraic subgroup of Gy. In particular, every G-primitive 
extension of F ts a G-extension of F. 

Conversely, suppose that we are given a G-extension of #, that is, a 
strongly normal extension 9 of ¥ such that there exists an injective rational 
homomorphism y: 6 > Gy, © denoting the Galois group of Y over F. 

If y splits over %, i.e. if there exists a point «€ Gg such that y(c) 
(o € &G), then 


ai, w(a)> o(0a%)> <8i, o(y (a7) 
= <8i, (r(a*) *w) (y(o*) )> + <8, = <8;,0(a)> 


so that <8;,0(a%)>€ ¥ for each index 7 and each invariant differential w on G 
defined over @, i.e. ~@ is a G-primitive over ¥. Since y is injective, ca~=a 
only if o—1, so that F¥<a)— GY. Thus we have proved, in particular, that 
if is a G-extension of with Galois group and if H*(G, G) then § 
is a G-primitwe extension of F. 

If we do not assume that y splits over 9, but suppose instead that G is 
commutative, then ([3] p. 887), for some integer h >0, y* splits over 9: 
there exist a point «€ Gg such that y(c)"—a-oa (co €G). The same 


reasoning as above then proves: Jf G ts commutative and & is a G-extension 
of F with Galois group G, then there exist a G-primitive extension 9 of F 
and an integer h >0 such that $F CH CY and the Galois group of Y over 
H& is the finite group G(h) of all elements o of © with ot = 1. 


3. Abelian extensions and abelian functions. In this section we con- 
sider the classical case in which § is a differential field consisting of functions 
meromorphic in some region of complex m-space C”, the derivation operators 
being the partial derivations 0/0z,,- - -,0/0rm with respect to the m coordi- 
nate functions 2;,- - -,@m, and the field of constants of # being the complex 
number field €. We seek to characterize the A-primitive extensions of § in 
function-theoretic terms, A denoting an arbitrary abelian variety defined 
over C. 

To this end we recall certain facts about abelian varieties defined over € 
and abelian functions. If IT is a free abelian subgroup of €” with 2n 
generators, the field @ of all meromorphic functions on €” admitting as 
periods the elements of [ is called the abelian function field with period 
group lr. @Q is said to be degenerate if by means of some invertible linear 
transformation on €" the elements of (@ can all be expressed as meromorphic 
functions of fewer than n variables, that is, if there exist complex numbers 
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not all 0 such that Sh, 0f/dzj=0 (f€ A), z= Zn) 
denoting the usual coordinate functions on €", and d is said to be non- 
degenerate otherwise. There are well known necessary and sufficient condi- 
tions on I for @ to be nondegenerate (the period relations). When @ is non- 
degenerate then I is of rank 2n over the field of real numbers, and there exist 
an abelian variety A of dimension n defined over €C and a biholomorphic group 
isomorphism €"/T ~ Ac (these groups being endowed with their usual complex 
analytic structures). The composite of the canonical projection C*— C*/T 
and this isomorphism is a surjective holomorphic homomorphism p: €"— A¢ 
with kernel I such that @=C(p(z)). Conversely, if A is any abelian 
variety of dimension n defined over C, there exist a nondegenerate abelian 
function field @ and a surjective holomorphic homomorphism p: C*— A¢ 
exactly as above. These facts, or a reasonable facsimile of them, can be found 
in Chapter VI of Weil’s book [6] (see especially his Theorem 5, page 130). 

Now, @ is obviously a differential field relative to the derivation operators 
0/02,,° + *,0/02n, the field of constants of @ being C, and for each k€ C* the 
| translation mapping f(z) >f(z+4&) (f(z) € @) is an automorphism of this 
differential field over €. It follows by § 2 that if (w1,- - -,,) denotes a basis 
of the space of invariant differentials on A defined over C then this auto- 
morphism maps <0/0z;,w;(p(z))> onto <0/0z;,w;(p(z+k))>, which by §2 
equals <0/02;, wy (p (2) )> + <0/02), w7 (p(k) )> = <0/02;, (p(z))>. Thus 
<0/02;, wy (p(z))> is invariant under every translation, that is, is a complex 
constant, which we denote by aj (1 In other words, 
p(z) 1s an A-primitive over C. Because @ is nondegenerate, the matrix (a;;) 
is invertible. 

Shifting our attention to the differential field F of functions of m complex 
variables *,2%m meromorphic in some region D of (m possibly 
| different from n), let -,%m)>° °>fn(%1,° *>2m)) be a 
sequence of n functions of x= (2,,- - -,a%m) meromorphic in some subregion 
of D. Then 


wy (p(E(x)))> 
= 0€;(x) <0/02;, wy (p(2z))> = OE; (x) ayy, 


so that we may write the matrix equation 


(7) (<0/02x%, wy (p(S(x)))>) = 


Therefore if each £;(x) ts primitive over F, i.e. F (1Sism, 
1=7n), then p(€(x)) ts an A-primitive over F. 
Conversely, let g be any A-primitive over ¥, so that we may write 
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wy (q)> = fy F 


It is easy to see that for each index a the m functions fi (7) satisfy the 
integrability conditions dfjj (x) /dry = (1 
and therefore for each 7 the m functions g;;(x) defined by the matrix equation 
) = (fiz (@) ) (aj)? satisfy similar integrability conditions. Conse- 
quently there exist functions £;(2) meromorphic in some subregion of D such 
that 0f;(x) Therefore by (7) 


(<0/0ai, wy (p(E(x)))>) 
= ) = (fa ) = (K0/02i, (G)>). 


It follows by §2 that Ace, ie. g: p(E(x))-* = p(k) for some 
k= +,kn) € whence p(¢(z) +). Since each +h; is 
primitive over #, we have the following result: In the classical case of a 
differential field F of functions meromorphic in a region of complex m-space 
C” with field of constants C, a necessary and sufficient condition that a point 
A be an A-primitive over F is that q=p(€), where £= and 
each £; is primitive over #. This means that the A-primitive extensions of § 
are precisely the extensions of the form ¥<p(¢)> = F(p(£)), and therefore: 
Every A-primitive extension of F is obtained by adjoining to F finitely many 
functions f,(f),- - -,f-(&), where f:(z),- - -, are abelian functions which 
generate the nondegenerate abelian function field and £= isa 
sequence of n functions which are primitive over F. 
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THE ALGEBRAIC DETERMINATION OF THE 
GENUS OF KNOTS.* 


By Lee NEUWIRTH.* 


1. Introduction. The genus of a tame knot in S* was first defined by 
Seifert [1]. Although it was defined purely geometrically, he showed that 
the degree of the Alexander Polynomial, a purely algebraically defined 
invariant, is at most twice the genus. This inequality relating a geometric 
invariant to an algebraic invariant was sharpened by Crowell [2] and Murasugi 
[3] to an equality for alternating knots, which are defined geometrically. 

In the course of investigating the commutator subgroup of knot groups 
I was able to prove a structure theorem which shows that the genus of a knot 
is, under a certain simple algebraic condition, determined algebraically by 
the knot group. Furthermore, this algebraic condition is often easily checked, 
and if satisfied, the genus is effectively computable. 

Using a result of E. Rapaport [4] and the structure theorem mentioned 
above, equality between the degree of the Alexander Polynomial and twice 
the genus is established under an algebraic hypothesis quite different from 
the geometric hypothesis of Crowell and Murasugi. 

A number of corollaries to the structure theorem will be proved, some of 
which relate to the center of a knot group, and constitute a start in the 
direction of proving the following: 


Conjecture 1. A knot group G is the group of a torus knot if and 
only if G has a non-trivial center. 


2. Hypothesis and notation. Throughout this paper & will denote an 
arbitrary but fixed non-trivial, polygonal knot in S%. 

By the group of the knot k&, is meant 7,(S*—sk), which will be denoted G. 

g will denote the genus of k. 

Unless the base point is critical 7,(X,2)) will be denoted 7,(X). 


* Received November 11, 1959. 
* The helpful suggestions of the referee are gratefully acknowledged. Part of this 
paper was prepared while the author held N. S. F. Post-doctoral Fellowship 49164. 
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The free product with amalgamation of two groups H, F on subgroups 
B, A respectively, will be denoted F, where BRA. 
Cc 


~ will denote “is homotopic to.” 


3. A construction. The infinite cyclic unbranched covering of S*—); 
will be constructed in this section. 

Let S C S* denote a polyhedral orientable surface of minimal genus (9) 
spanned by & [1]. 

Let XY denote the unbranched covering of S*—k corresponding to | G, (|. 

Let U be an open regular neighborhood (in the sense of [5]) of the 
interior of S. Then UD k, and U is a manifold with boundary [5]. Since 
S is orientable U—k has two polyhedral components, call them S, and §8,, 
Notice that genus of S,== genus of S,—=genus of S=g. 

X will be constructed by matching copies of S*—-(UUk&) along S8, 
and More precisely, let —=S*—(UUk). Let denote a 
countable collection of disjoint copies of Yo, where ; may be identified with 
AX, by a natural homeomorphism Xo. In each X; let denote 
fi'(S:), fi?(S2) respectively. Since U is a regular neighborhood of the 
interior of S, the interior of S is a deformation retract of U—k (see [5], 
p. 291); furthermore, this deformation retraction may be adjusted so as to 
map each S; homeomorphically onto the interior of 8; let g; be this homeo- 
morphism for 7/1 or 2. 

Now match each with A;_, along as follows. Consider the 
space A’ obtained from {.Y;}**j-. by factoring by the relation, 


if 8, for some 1. 


This matches ;S,; with ;,,S. for all i. X’ may be pictured with the help of 
this diagram. 


xX; 


iS, iS2 iS, inSe. 


It must be shown that .\’ is homeomorphic to Y. Recall G/[G,G| = Z. 
Clearly one sheet of X is homeomorphic to S*— (UUkUS,). The elements. 
t”, of the group of covering translations of XY thus correspond in a one to one 
manner to the maps (f“i.ifi)". Since X’ covers S*—k in the obvious way, 
and since A” has an infinite cyclic group of covering translations ({f7iufi}, .,) 
it follows that X’ is homeomorphic to X. It will be assumed from now on 
that the are imbedded in 
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Two lemmas are needed before we can proceed to calculate 7,(X) =[G, @]. 


4. Two lemmas. 

Lemma 1. The inclusion map h: S;—U induces a monomorphism 
h*: > (U). 

Proof. Since k is knotted, 8; is of genus greater than zero, hence no 
power of i, considered as an element of 7,(S;) is null homotopic. U is con- 
structed by identifying S, with S, along k. A simple application of the Van 
Kampen Theorem thus gives 

m(U) =m (Si) * m(S2). 
11(k) 
Since the inclusion S, C S, clearly induces an isomorphism of the funda- 
mental group, 7:(S,) is imbedded monomorphically in 7,(U) by a map 
induced by the inclusion h. 

Lemma 2. The inclusion map 1: S,;— (S*—U) induces a monomor- 

Proof. Suppose the lemma is false, and that @ is a closed curve on §,, 
such that a~ 0 in on According to Lemma 1, «0 on U. 
Since 8, is polyhedral, « may be assumed polygonal so that (S*—U) and @ 
satisfy the hypothesis of the Loop Theorem ([6], Theorem 15.1 and Theorem 
1), thus we may assume that a is simple. According to Dehn’s Lemma [7], 
a bounds a non-singular polyhedral disc in S*—U. If we make a cut 
(Umschaltung) along this disc and its boundary we obtain a new surface 8’, 
which is bounded by k. If the curve a separates S,, then because «+0 on S;, 
the new surface S’, has lower genus than S,, which contradicts the assump- 
tion that the genus of S; is minimal. If « does not separate S,, then compare 
the Euler characteristic of S,, x(S:), with that of S’;. Since the cut adds 
one vertex, one edge, and two faces, x(S8’1) —x(S:) =2, hence 8’, has lower 
genus than S,, so we again arrive at a contradiction. The existence of the 
curve @ thus leads to a contradiction, so the lemma is proved. 


Remark. Lemmas 1 and 2 obviously remain valid if S, is substituted 
for 8, Lemma 2 also remains valid if S*—(U—k) is substituted for 
S°—U. 


5. The structure theorem. 


THEOREM 1. If [G,G@] ts finitely generated, it is free of rank 2g, where 
g is the genus of k. 


(q) 
|_| 
Be 
8, 
@ a 
vith 
10te 
the 
5], 
3 to 
1e0- 
the 
of 
ts. 
ne 
ay, 
) 
on 


LEE NEUWIRTH. 


If [G,G@] is not finitely generated, then either tt 1s: 


A) a non-trivial free product with amalgamation on a free rank 2g, 
and may be written in the form 
--* Ae Ae 
Fog Pog Pog Fog Fog Fog 
where Fo, is free of rank 2g, and the amalgamations are all proper and 


identical, or 
B) locally free, and a direct limit of free groups of rank 2g. 


Proof. By virtue of Lemma 2, the last remark in 4 and the identifica- 
tion of ;S, and ;,,82, the following diagram is valid for every 1, 


ai (81) —— (Xiu) 
where the ;f; are monomorphisms. 
By a simple application of the Van Kampen theorem, the fundamental 
group of X;U X;,, is the direct limit of the above system. This direct limit 
is a free product with amalgamated subgroup, 7,(Xi) * 71(Xi1). 


Let = U Xi U 
U X_2 X U X ny 


Using the fact that each factor in a free product with amalgamation is 
contained as a subgroup in the free product with amalgation ([8], p. 32) 
and proceeding inductively it is clear that from the above diagram one obtains, 


(1) m1 (¥n) * 
m(S) 


= (((m(Xo) * omy (X,)) * 
Ty 
* m(Xn1)) * mi (Xn). 
= (( (mi m(X-2)) * 
771 ( 


ay (X41) ) m1(X_n). 
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w:(Yo) = lim (Yn,¢n), where $, denotes the inclusion isomorphism of 


n=0 


in ([8], PD. 32), and 


ai(Y_») = lim (¥-n,p-n), where p_, denotes the inclusion isomorphism 


n=0 


ot (Y—ns1) in 1 (Y_-n) ([8], p. 32). 
It follows then that 7,(Yo)Cm(Y.), and m(¥Y-1)C7m(Y-_.). This 
fact and the diagram above imply that 


71 
Note that if / is of genus g, then z,(S) is free of rank 2g. 
Suppose one of the maps, ofi: 71(0S1) >7:(Xo) is not onto, say for 
i=1. Then no ,f; will be onto, so that 
Gm (YiU Yo) Gm(¥2U Va): 


and 


n=1 
so that is not finitely generated. But if ofj: 7:(oSi) > is onto 
for i= 1,2, then all ;f; are onto so that 


and 7,(X) is free of rank 2g. Hence if [G,G@G] —7,(X) is finitely generated 
of: and of. are onto and 7,(X) is free of rank 2g. This proves the first 
assertion of Theorem 1. 
If neither of the mappings of; is onto, then 7,(X) =7m(Y¥_») * m(Ye) 
is a proper free product with amalgamation and may be written as 
lim 2,(¥,U ¥_,), where each 7,(¥Y,U Y_,) is a proper free product with 


n>0 
amalgamation of 7,(Y,) and 7,(¥_,) on a free group of rank 2g isomorphic 


to 7:(S), so by virtue of equations 1) and 2, A) is proven. Suppose one of 
the maps, of;, is onto, say of2, and the other, of,, is not, then 
U Y (F U Y 0-2) 


and 


29, 
nd 
al 

it 
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Since Y,, is homeomorphic to m(¥x2) Yao), and hence 
each of the groups in the direct system 


is free of rank 2g. Of course 7,(1) = lim 7,(Y.UY_,). Since the mappings 


n>0O 


in this direct system are all inclusions, it follows that any finitely generated 
subgroup H C z,(X) lies in some 7,(Y.U Y_,) and so H is a subgroup of 
a free group and hence free [9]; in other words, 7,(X) =[G, G@] is locally 
free, and B) is proven. This completes the proof of the theorem. 


6. Application. In [1] H. Seifert showed (Satz 4) that the torus 
knot of type (p,q) has genus $(p—1)(q—1). Theorem 1 allows an 
alternative proof to Seifert’s result, since the rank of the commutator sub- 
group of G = (a,b: a™=b*%) may be easily shown to be (p—1)(q—1). 


7. Corollaries. In this section a number of corollaries to Theorem 1 
are given, many of which concern the center of a knot group. 


Corotiary 1. If [G,G@] is finitely generated, then no orientable surface 
of minimal genus spanned by I: is algebraically knotted.* 


Proof. If [G,G@] is finitely generated, = m1 (S*—S8), 


hence 7,(S*—S) is free. 
CoroLLary 2. The center of [G,G@] is trivial. 


Proof. lf [G,G] is finitely generated, it is free of rank > 1 according 
to Theorem 1, hence the corollary follows. 

If [G,G@] is not finitely generated, it is either a free product with 
amalgamation on a centerless group and hence centerless according to [8, 
p. 32], or else locally free and non-abelian and hence centerless. Q. E. D. 


CoroLuary 3. If k is non-trivial, G contains a free group of rank n for 
any 


Proof. GO[G,G@]D (8) according to the proof of Theorem 1, and 
m,(S) is free of rank 29 (g > 0 since k is knotted). Since the free group of 
rank 2 contains a free group of countable rank, the corollary follows. 


* The homeomorphism may be taken to be the covering translation ¢” restricted to 
U Yo. 


* A surface S C S* is algebraicallyknotted if 7,(8?— 8S) is not free. 
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CoroLuary 4. The comutator series of a non-cyclic knot group does not 
terminate after a finite number of steps. 


Proof. 1f the commutator series of a knot group terminated after a finite 
' number of steps, the same would be true for any subgroup (see for example 
[8], p. 179). By Corollary 3 there exists a subgroup with a non-finite com- 
mutator series ({8], p. 36), hence the corollary is proved. 


Corontary 5. The center, Z, of a knot group, G, is cyclic. 
Proof. Corollary 2 implies ZN[G, G] =1, hence 
1/[G,G]D Z/Z N[G, G] =Z. 
Since G/[G,G]| is cyclic, the corollary is proved. 
Remark. Of course if Z is non-trivial, Z is infinite cyclic. 
The existence of a non-trivial center in a knot group has a rather 


interesting consequence. 


THEOREM 2. If a knot group, G, has a non-trivial center, Z, then Z 
intersects every abelian subgroup of rank 2 non-trivially. 

Proof. According to Corollary 5, Z=(z: ). Suppose 

), 

then the subgroup HZ is free abelian, and of rank 2 according to [10]. 

Let s and ¢ generate HZ; then the following equations are valid for some 
integers mi, Ni; 

ns + m,t =z, 


N3S + Met y. 


Since and y generate H, and is not cyclic, nse — may 
thus 
(M3Nz— Mons) = Mgr — may 


(ngmz— noms) (t) = ngt — ney 0. 


Upon multiplying each of these equations by n, and m, respectively, we deduce 


OA Key 


so that ZM H A1, which was to be proved. 
Since [G,@G] 1 Z=1 by Corollary 2, Theorem 2 implies 


10 
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Corouuary 6. If a knot group G has a non-trivial center, then [G, G] 
has no abelian subgroups of rank 2. 

I have shown in [11] that the group of any alternating knot which is 
not a torus knot has no center. On the other hand it is easy to see that the 
group of any torus knot, ((a,b: a” —=b"), (m,n) =1) has an infinite cyclic 
center (generated by 6"). Thus Conjecture 1 is true for the class of 


alternating knots. 


Corottary 7. If [G,G] is finitely generated, then the degree of the 
Alexander Polynomial is twice the genus of k. 


Proof. In [4] E. Rapaport has shown that when [G,G] is free of 
rank 2g <0, the degree of the Alexander polynomial is 2g. This and 
Theorem 1 imply the corollary. 
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AN ULTRAHYPERBOLIC EQUATION WITH AN INTEGRAL 
CONDITION.* * 


By O. G. OwENs. 


Introduction. The ultrahyperbolic differential equation with four inde- - 


pendent variables, 
(0.1) + = + Pu/dr,*, 


is of special importance in the investigation of the Hilbert problem of deter- 
mining in 3-dimensional cartesian space all metrics for which the geodesics 
are straight lines. G. Hamel [1] showed its relationship to the Hilbert pro- 
posal and established for (0.1) a characteristic value problem, the data being 
analytic in some of the variables. F. John [2] has treated with elegance 
other characteristic value problems for the same equation, his data not being 
restricted by analyticity requirements. Furthermore, N. 8. Piskunov [3] has 
treated the conical characteristic value problem for (0.1). 

In 1923 J. Hadamard [4] asserted that the ultrahyperbol:. equation does 
not seem to possess any “ properly posed” limit problem ; that is, an auxiliary 
limit condition which when taken in conjunction with the differential equation 
assures both the uniqueness and the existence of the solution. In 1946 I. G. 
Petrowsky [5] made a similar statement: “There is a sizable class of partial 
differential equations for which we do not know of any correctly posed limit 
problem. The so-called ultrahyperbolic equation seems to be one of these.” 

It seems to the author that the Hadamard-Petrowsky statement applies 
primarily to non-characteristic value problems and but one such problem, 
which seems to be a simple natural limit problem for (0.1), will be discussed 
in this paper. The problem will be concerned with solutions of (0.1) which 
are defined on the 4-dimensional cartesian region consisting of all points 
(21, 2, ty, t2) where is an arbitrary point of the cartesian (t,, t.)-space 
and (2,,%2) any point of a given bounded region G(X) of (2, 22)-space. 
These solutions are assumed to vanish for all (¢,,¢2) whenever (2,22) is at 


* Received December 13, 1959. 
* This work was supported by the National Science Foundation, Contract No, G6093. 
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the boundary G*(X) of G(X). Moreover, the auxiliary limit condition 
required of the solution is that 


(0. 2) u ds = F (24, £2, 0) (t, + ite = , 
0 


where the prescribed function F'(2,, 72,0) is of period 27 in 6, regular on its 
domain, and vanishes with sufficient smoothness at the boundary G*(X). 
Subject to these restrictions it is shown that there exists a unique solution 
of (0,1), Theorem 3.1 and Theorem 12.1, and that the integral (0,2) is 
only conditional convergent, Theorem 12.2. An evident conclusion from these 
theorems and their proofs will be the existence of a bi-unique mapping of 
the above class of solutions of (0.1) onto denumerable sequences of harmonic 
functions defined on the unit circle. 


1. Notation. (z2,,7,) and t= (t,,¢,) will denote any two points 
of the cartesian (x,, 7)-space and (t,, t.)-space, and u = u(z, t) = Lo, t.) 
any real-valued function of z and ¢t. G(X) will indicate any simply connected 
bounded region of (2, 72)-space with boundary, G*(X), consisting of a simple 
closed curve formed from a finite number of analytic arcs. G(T) signifies 
the entire (t,,¢,)-space and G—=G(X)xX G(T) the 4-dimensional region 
consisting of all points (z,¢) = (%,,%2,t,,t2) with G(X) and t€ G(T). 
The closure of any set # will be denoted by #. The euclidean elements of 
area on G(X) and G(T) are abbreviated to dye —dz,dr, and dt = dt,dt,, 
and the related double integrals are written as 


udz= u dx,dxo, u dt = ff u dt,dts. 
G(X) G(X) G(T) G(T) 


It is convenient to indicate the repeated Laplacian by 


or A;’u = A;(A;"*u) 
where 
A,u = + Ayu = 0u/dt,? + 0?u/at,, 


and D,'u(D;,'w) will stand for any partial derivative of u of order | 
(D,°u = D,°u =u) with respect to the variables (21,272) ((t:,¢2)). Further- 
more, the index in any sum will always vary successively over the positive 
integers. Finally, the notation “Theorem 12.2” refers to the second theorem 
of Section twelve. 


2. Characteristic functions with estimates. The characteristic func- 
tions and values corresponding to the Laplacian operator and the region G(X) 


= 
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are indicated by ¢n—=d¢n(xz) and A, (n=1,2,---). They satisfy the fol- 
lowing equations: 
(2.1) + = 0 ce G(X), 
(2. 2) =0 se 4}, 
(2.3) dn? dz = 1. 

G(X) 
In addition, the dependence of the maxima of the moduli of ¢, and its partial 
derivatives upon A, are known. Indeed, A. Hammerstein [6] has shown the 
existence of a positive constant C which is independent of z and n and for 
which 
(2.4) | Dakon | S (k =0,1, and n—1,2,: - 
provided that G*(X) is formed from a finite number of analytic arcs. Further- 
more, J. Schauder [7] has investigated the general linear second order elliptic 
differential equation and has determined bounds for the second and third 
order partial derivatives of the solution. It follows, as an easy consequence 
of the bounds of Schauder and those of Hammerstein, that 


(2.5) | | = (k = 2,3, and n—1,2,-- 


3. Statement of existence theorem. 


THEOREM 3.1. There exists a u(az,t), with Dz'u and (l=0,1, 2) 
continuous on G(X)X G(T), which simultaneously satisfies the ultrahyper- 
bolic equation 


(3.1) Ayu = A,u (x, t) € G, 
the boundary condition 
u(r, t) =0 (z, € G*(X)xX G(T), 


and the integral condition 


(3.3) u(x, t)ds = 8) + it, = 
0 


the integral converging uniformly in (2,6). 


It is assumed that the arbitrarily prescribed (2,0) is of period 27 in 6 
and in addition possesses the following properties: (i) A,’F (1=0,1,- - -,5) 
and (A,'F) (1=0,1,- - -,4) are continuous on 


G(X)X 1, I = {6|0<0S 2z}. 
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(ii) AF (1=0,1,- - -,5) vanishes at G*(X). (iii) the normal derivative 
6A,F/dv is bounded on G*(X). (ili) F(z,6) and 
satisfy a Hélder condition with respect to 6, uniformly in (2,0), with Holder 
exponent « > 4; that is, there is a constant H independent of z and 6 such 


that 
| F(x, 0.) —F(2x,6,)| SH 62 — 8, |%, 


3.4 
| (x, 62) —Az?F (2, 6:)| SH | |* 
for (2,6;) € G(X) XI, i=1,2. 


4, Formal series representation of solutions. Assume that u(z,t) is 
a solution of (0.1) which vanishes for (z,t) € G*(X)X G(T) and that D,*u 
(k =0,1,2) is continuous for (z,t) € G(X) G(T). Then, as is well known 
(see [8], p. 369), w(z,t) admits the series representation 


where 


Now, suppose that u(,¢) fulfills (3.1)-(3.3) and (k 2) is con- 
tinuous on G(X) G(T). Then, because of (4.2), 


G(X) 


dx + f [dn (0u/dv) —U(dpn/dv) |dG* ; 
G(X) G*(X) 


where du/dv and 0¢,/dv denote the normal derivatives of u and ¢, at G*(X). 
Since 0¢,/dv (n=1,2,-- +) are uniformly bounded at G*(X), see (2.4) 
and (2.5), the line integral appearing in (4.3) vanishes. Thus v,(¢) must 
be a solution of the reduced wave equation 


(4.3) 


(4. 4) + Anvn = 0 t€ G(t). 
Besides, by reason of (3.3) and (4.2), v,(t) will also satisfy the integral 
condition 
(4.5) F (2,6) de=F,(6). 

G(X) 
Hence v,(t) simultaneously satisfies (4.4) and (4.5). Conversely, by 


Theorem 5.1, the conditions (4.4) and (4.5) assure the existence of a unique 
Un(t). Consequently, this completes the demonstration that the series (4.1) 


Ain = dx 
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represents the solution of the indicated problem provided that the series and 
its derivatives can be properly majorized and provided that (4.1) uniformly 


satisfies the integral condition (3.3). 


5. The reduced wave equation. The following result was recently 
established in [9]. 


THEOREM 5.1. There exists a unique v(t), with D,'v (l=0,1,2) con- 
tinuous on G(T), which simultaneously satisfies the reduced wave equation 


(5.1) + Av =0 te G(T), 


ha positive constant, and the integral condition 


(5.2) J, 706) (t, + it, — se"), 


the integral converging uniformly in 9. 


It is assumed that the arbitrarily prescribed f(6) is of period 27 in 6 
and in addition it posesses the following property: f(6) fulfills a uniform 
Holder condition with Holder exponent « > 4; that is, there is a constant H 


independent of @ such that 
(5.3) | —f(@)| SH | |* 


for J, 2. 
Finally, the solution v(t) has the following explicit representation : 


/2 
TAY dof(o) (sins) *[Ka(a's, + —$ + 6)] dr, 
where 
(5.5) K;,(s, 6) =cos[s sin 6], K,(s,0) =sin[s sin 6]. 


By Theorem 5.1 the function v, satisfying (4.4) and (4.5) is uniquely 
and explicitly given by the formula (5.4) with A replaced by A, and f(¢) 
by The fact that f() =F n(¢) satisfies the Hélder condition (5.3) 
is shown in the proof of Lemma 11.1, and is a simple consequence of fact 
that F (2,6) satisfies the Hélder condition (3.4). Hence, the formal series 
for u(z, t) is 
(0.6) u(x,t) = vn(t)dn(2), 


where 
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2r 


2r 
X [Ka 6—8) + Ka (als, +6) dr 


and 


(5.8) F, (8) — de. 


6. A bound for F,. 


Lemma 6.1. Assume that 0A,'F/dv (l=0,- -,k—1) ts bounded on 
G*(X) and A,'F(2x,0) (l=0,- - -,k—1) vanishes at G*(X). Then 


= (—1)"),-* dz. 
(6.1) F, (6) = 


Proof. The relation (6.1) follows by &—1 applications of Green’s 
formula. 


CoroLtuary 6.1. Retaining the hypotheses of Lemma 6.1, 


(6. 2) | Fn(0)| S BrAn*, where B,? = Max [A,*F']? de. 
gel J G(X) 


Proof. Applying Schwarz’s inequality to (6.1) and making use of (2.3) 
yields (6.2). 


7. A bound for 

Lema 7.1. Set »—= Max A,4. Then, under the hypotheses of Lemma 
(7.1) | vn (t)| +p). 


Proof. Define v,—v,(t,n) and v.—v.(t,n) by the following two 
equations : 


27 
(7.2) tv, = (Ants, ¢ — 0) de, 


°2r 


/ 
tv, | doF,(¢) J (sin r)~*[K2 (Anis, + —8) 
0 


+ +8) Jar. 


Therefore, 


(7.4) Un(t) n) + v2(t, 1) ; 


804 


AN ULTRAHYPERBOLIC EQUATION. 805 


so, an estimate for v, will be obtained as soon as estimates for v, and vz are 
known. A bound for v, is immediately found by reason of (6.2) and (7.2), 
namely, 

(7.5) | | S And Max | Fn | S Beant. 


An estimate for v, will now be derived. Set 5=¢—6 and 


Hence, because of (6.2), (7.3) and (7.6), 
(7.7) | V2(t,n) | S Max | I (Anis, 8) |. 
Moreover, because of the mean value theorem, 
| K2(s,7 +8) —K.(s,8—r)| Ss | sin(r + 8) | 


= 2s | sin cos 8 | 


(7.8) 
which implies 
|1(s,8)|< 2s 
It thus will follow from (7.7) and (7.9) that 
(7.10) V2(t, n) | S 
Consequently, the bound (7.1) for v, follows from the inequalities (7.5) and 
(7.10). 
8. Bounds for the derivatives of v,. By defining 
(8.1) + ia, = —exp[— id] 
and recalling that ¢, + it, —=sexp[16], one finds that 
(8. 2) (Anis, 6 — 0) = cos[An3 + aot.) |. 
Hence, using (7.2), 
which implies that 
(8.4) dv,/ot; = — [And + ate) 
and 


(3. 070, ‘Ot Ot; jAn2 F'n COS[ And + |dp. 
0 
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From the last two equations, together with (6.2), one deduces the following 


estimates : 

(8.6) | dv,/0t; | S Burn? 
and 

(8.7) | 0?v,/0t,0t; | S 


9. Bounds for the derivatives of v.. By defining 
(9.1) + ty: =exp[t(r— 9) ] 
and placing 
(9.2) Q(t, 7) = Ka (Ants, + 6 + Ka (Ants, + 8), 
one finds that 
(9.3) = + Bate) ] + sin (yats + yates) J. 
Hence, by (7.3), 
and, by (9.3), 
= cos (Bit: + Bote) ] 
+ Antyi cos[An# + yete) J; 
= — AnBifj sin [An® (Bits + Bate) J 
— Anyiys [ + yete) J. 


From (9.5) and (9.6) one can derive estimates for the derivatives with respect 
to r of 002/dt; and 6°0/ét,dt;. Because of these estimates and the fact that 
the left-members of (9.5) and (9.6) vanish for r—0, it follows from the 


mean value theorem that 


(9.7) | 02/dt; | S (s+ p) 
and 
(9.8) | #°0/at.at; | + 2p), 
where »= Max dA,4. 
n=1,2,--- 
It is now possible to find estimates for the first and second partial 
derivatives of v.(¢,n). First, these derivatives are given by the formulas 


(9.9) = f (sin r)~?(00/0t;) dr 
0 
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and 
(9.10) 2, F f (sin dr. 
0 


Thus, by (6.2), (9.7) and (9.9), 

0 


and, by (6.2), (9.8) and (9.10), 


(9.12) | | S 2(s 7(sin r) S 2(s + CByAn?*, 
0 


with a suitably chosen constant C. 
As Un(t) =v,(t,n) + v2(t,n), the inequalities (8.6) and (9.11) yield 


(9. 13) | | S Bran? + 2C(s +4) ], 
while (8.7%) and (9.12) yield 
(9.14) | + 20(8 + 
10. Majorization of series. The solution u(z,¢) has been defined by 
the formal series 
(10. 1) u(x,t) = 


where v,(¢) is uniquely determined by means of the conditions (4.4) and 
(4.5). The series (10.1), together with its formal partial derivatives, can 
be majorized by making use of the estimates given in Sections two, seven and 
nine. In particular, the bounds (2.4), (7.1) and (9.13) give the following 
majorizations : 


(10.2) | Un(t) | S + 

(10.3) = | | S CBy(s + 

(10. 4) | | S CBu(u-+ 2C(s + 
while the bounds (2.4), (2.5), (7.1) and (9.14) give 
(10. 5) | | S (s + 

(10. 6) | | S CBu(u + 2C(s + An? 


By reason of the well-known inequality, S.An*<oo (see [8], p. 130), 
and the above estimates, the following lemma and corollary have been 
| established. 
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k = 6, on the closure of G(X) XK Gy(T), where N is any positive real number 
and Gy(T) {(4, | —N= te N}. 


CoroLLary 10.1. u(a,t) of (10.1) and the partial derivatives D;'u, 
D,'u (l=1,2) exist and are continuous on the closure of G(X) X Gy(T), 
Furthermore, u(x,t) is a solution of the ultrahyperbolic equation (0.1). 


By reason of Corollary 10.1, the proof of Theorem 3.1 has now been 
completed except for the fact that the integral condition (3.3) has still to 
be established. 


11. Verification of integral condition. Here in this section it will be 
shown that w(z,¢) is such that 


(11.1) f, u(x, tds — F(a, 6), 


the integral converging uniformly with respect to (7,0) € G(X) XJ. Since 
the series (10.1) is uniformly convergent on G(X) X Gy(T), 


(11. 2) t)ds = 


In order to discuss the passage to the limit (V—o) in (11.2), it is 
necessary to use the following lemma. 


Lemna 11.1. The integral 


(11.3) f (t) ds (n = 1, 
0 
converges uniformly with respect to (n,@). 


Proof. It was proved in the paper [9] that the integral (11.3) converges 
uniformly in @ when n is fixed. That the convergence is uniform with respect 
to (n,6) will now be established. First, the integrals (3.7) and (3.8) of 
paper [9], page 394, converge to zero uniformly with respect to (n,6) provided 
that the Holder coefficients A, of /, are uniformly bounded and the Holder 
exponents have a greatest lower bound which is greater than }. But this 
is clear from (5.8), by virtue of Schwarz’s inequality, the normalization 
condition (2.3), and the Hélder condition, (3.4), satisfied by F. Furthermore, 
because of the assertion, the integral (4.3) of [9], p. 394, converges uniformly 
in (n,@). Consequently, the condition (3.4) of the present paper is sufficient 
to assure that the integrals (11.3) converge uniformly in (n, 6). 


Lemma 10.1. The series (10.2)-(10.6) are uniformly convergent, for 
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It is now possible to investigate the passage to the limit, N—> 0, in 


equation (11.2). 


LemMaA 11.2. The u(z,t) of (10.1) is such that the integral relation 


(11.1) holds uniformly in (2,6). 


Proof. Since F(x,6) is subject to the conditions of Theorem 3.1, it can 
be expanded into the series 


(11-4) (2,0) =X Fa(6)$n(2), 


where F’,(@) is defined by equation (5.8). Thus, 


N 
(11.5) f u(x, t)ds—F (2,6) => Lf Un(t) ds — Fy, (0) |on(2). 

0 0 
Now, setting 
(11. 6) Fux (0) ={ dn (x) (x, 0) dx, 

G(X) 

the Lemma 6.1 asserts that 
(11.7) F,,(6) 
with k to be presently fixed. Assuming that A,*(2,@) is such that 
(11.8) | (2,62) —A.*F (a, 0,)| << H | |* (a>), 


H an absolute constant, it follows that F’,,(@) will satisfy the same type of 
Holder condition with Holder coefficient uniformly bounded. Hence, if 
= (—1)*An*vn, then + AnVnx = 0 and 


the integral converging uniformly in (n,6@). Thus, the equation (11.5) 
can be put in the form 


(11. 10) t)ds — F(2, 6) = — 


Furthermore, given an « > 0, the uniform convergence of (11.9) implies the 
existence of an No(e), independent of (n,6), for which 


(11.11) | ds— 


for all N=WN,(e). Consequently, (11.10) and (11.11) yield the next 
inequality. 


been 

ill to 

| | 
‘) 

pect 

of 

lder 

jon 

ore, 


0. G. OWENS. 


N 

| f u(z, t)ds— F(z, 6)| 
0 

As the factor of « in the last term in uniformly bounded for k = 2 (see [8], 


p. 130) and as (11.8) holds by hypothesis (see Theorem 3.1) for k = 2, the 
inequality (11.2) implies the validity of (11.1). 


(11.12) 


12. Uniqueness of solution and conditional convergence of integral, 


THEOREM 12.1. Assume there exists a u(x,t), with and 
(l= 0,1,2) continuous on G(T), which simultaneously satisfies the 
ultrahyperbolic equation 


(12.1) Ayu = (x, t) € G, 


the boundary condition 


u(x,t) =0 t) € G*(X)X G(T), 


(12. 2) 


and the integral condition 


(12.3) t)ds 
0 


the integral converging uniformly in (2,6). Then u(x,t) is necessarily 


identically zero. 


Proof. Because of the boundary condition and the differentiability 
conditions imposed on u(z,¢), it follows that it has the series representation 
(4.1) where v,(¢) is given by (4.2). Therefore, by the uniformity of (12.3), 


(12. 4) f mn(t)ds— dx bn(x) f u(x, t)ds=0. 

0 G(X) 
By Theorem 5.1 the only solution of (4.4) subject to (12.4) is v,(t) =0 
(n=1,2,-- +). Hence, because of the series representation (4.1), t) 


is identically zero on G. That is, the solution of Theorem 3.1 is unique. 


The fact that the integral (3.3) is only conditionally convergent is the 
context of the next theorem. 


THEOREM 12.2. Assume that u(x,t) satisfies all of the hypotheses of 
Theorem 12.1 except that (12.3) is replaced by the requirement that the 
integral 


(12.5) f t)| as 


810 


AN ULTRAHYPERBOLIC EQUATION. 811 


te uniformly convergent with respect to (x,6)€G(X)XI. Then u(z,t) 
is necessarily identically zero. 


Proof. On account of (4.2) 


(12.6) | va(t) | dz, 


and this implies that 


N 
(12. 7) lon(t)|dsS | | f. | t)| ds. 


Thus, because of the uniform convergence of (12.5), 


(12. 8) fl vn(t)| dts | | | w(x, t)| ds oo, 


the convergence being uniform in 6. Hence, by Corollary 3 of [9], p. 390, 
r,(t) =0 (n—1,2,---) on G(T). Consequently, because of the series 
representation (4.1), w(2,¢) is identically zero on G. 


WAYNE STATE UNIVERSITY. 
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QUADRATIC FORMS OVER FIELDS OF CHARACTERISTIC 2.* 


By CuiH-Hawn San. 


In [13], Minkowski solved the problem of rational equivalence for 
quadratic forms. This was extended by Hasse to algebraic number fields, 
[10], [11]. Witt [16], and Arf [1], then developed general theories of 
quadratic forms over fields of characteristic 42 and —2 respectively. These 
works together solved the field equivalence problem of quadratic forms over 
sufficiently “nice” fields, e.g. global and local fields. 

The problem of integral equivalence for quadratic forms over a global 
field remains open. In a sequence of papers, O’Meara [14], [15], solved the 
problem of integral equivalence for quadratic forms over a local field of 
characteristic #2. Earlier, Arf [2], solved the same problem for binary and 
ternary quadratic forms over local fields of characteristic 2. The purpose of 
the present investigation, which formed the basic part of the author’s thesis, 
is to give a solution to the integral equivalence problem for quadratic forms 
in any finite number of variables over a local field of characteristic 2. The 
main results of this paper are contained in Theorem 4.6, for modular lattices, 
and in Theorem 5. 5 for lattices in general. 

Familiarity of [1] is assumed. Basic notions on quadratic forms may 
be found in [4], [5] and [9]. Basic results on fields and algebras may be 
found in [3], [5] and [17]. 

I wish to thank Prof. O’Meara for introducing me to the theory of 
quadratic forms in his seminar given during the spring of 1958 as well as 
the many interesting conversations on quadratic forms during the prepara- 
tion of this paper. 


1. Notations. Throughout this paper, Q shall denote a finite field of 
characteristic 2. k=—=Q<<z>>, the formal power-series field over Q with 
uniformizer 7, =0. 0 =Q[[7]], the ring of integral power series. Q[7*], 
the polynomial ring in 7* over Q. 0 and d are fixed representatives of 0/#9, 
where 2x —2z?+ 2. ord is the ordinal function in & and Ord is the ordinal 
function in k/k defined by Ord(A) = max{ord(x) A}, where A€ 


* Received November 24, 1959. 
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By a quadratic space (respectively lattice) U over k, we mean a vector 
space (respectively free module) of finite type over k (respectively 0), 


together with a map Q: U->k such that Q (az) =a’Q(x) for a€ k (respec- 
tively a€ 0) and x€ U, and such that <z, yy = Q(z7+y) + + Q(y) Is 
bilinear. If U is the direct sum of U, and U, and <U;,U25 =0, then we 
shall write U —U,@U.; such decompositions will be called orthogonal. 
dim U =rank of U over k (or 0). R(U) ={xe U| Q(x) =0, <x, Uy = 0} 

for and K(U) ={x¢€ U| <x, U> =0} will be called the radical and core of U 

lds, respectively. It is easily seen that R(U) and K(U) are orthogonal summands 

of | of U, and that the structure of U is uniquely determined by #(U) and the 
vese natural quadratic structure on U/R(U). Thus, we shall always assume that 

ver the given quadratic spaces or quadratic lattices are non-degenerate, i.e. A(U) 
=—(. U is called non-defective when K(U) 0. It is easy to see that 

bal dimK(U) S[k: k?] =2. 

the If M is a quadratic lattice, then #@,M receives a natural quadratic 

of | structure, this quadratic space shall be denoted by kM. If aA0€ k, then the 
ind | space (or lattice) I together with the quadratic map ao Q defined by (4° Q) («) 
of F =20(x) for x€ M, shall be denoted by ao M. This operation is called scaling 
sis, by a. Homomorphisms which preserve the quadratic structures will be called 
ms [ tepresentations. Isomorphic representations are called isometries and denoted 
the | by =. From the non-degeneracy hypothesis, it follows easily that repre- 

108, sentations are always monomorphic. 

The quadratic lattice ox such that Q(2) =a0€ k will be denoted by 
ray (a). The quadratic lattice or + oy such that Q(x) =a, <x, y> =b~0 and 
be Q(y) = c, where a,b,c € k, shall be denoted by The subscript & will 
of be used to denote the quadratic spaces spanned by the corresponding lattices. 
" If the basis element x is to be emphasized, we shall write ox = (a), otherwise, 
a Ee shall use ow = (a), similarly for binary and higher dimensional lattices 


and spaces. 

If V is a quadratic space, then we shall let C(V) denote the Clifford 
algebra of V, cf. [5; Chap. 9], [9]. If V is non-defective, then C(V) is a 
k-central simple algebra and C((1); @ V)/# = C(V), where # is the radical 


ith 

1], of the algebra C((1),@V), ef. [15 p. 151]. In general, C(U@V) is 
0, F isomorphic to C(U)@,.C(V). If V= Cal , then the class of C(V) in 
val 


the Brauer group of & is denoted by [a,c]. It can be shown, [17; p. 135] that, 
[a,c] =[c,a], [ad?,c] =[a,cd?], [d?,c] =1 and [a,b+c] = [a,b][a,c], 
where the group operation in the Brauer group is written multiplicatively. 
Using these, it is easy to see that [a,c] =1 or [w1, rd] (41). 
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If V= 


invariant is denoted by A(V) = dS ajeib;* + Bk € k/Pk, cf. [1], [6], [12] or 
[18]. We shall need the following fact: 


bi ) is a non-defective quadratic space, then the Arf 
isk 


Lemma 1.1. Let k/$k and a€ k, then, 

1). Ord(A) >0 implies that A=$k and Ord(A) = ; 

2). Ord(A) =0 implies that A=A-+ Yk and conversely ; 

3). Ord(A) <0 implies that Ord(A) =2s +1, s an integer; 

4). a€ A and ord(a) =2s+1<0 implies that Ord(A) =2s+1; 


5). Re, where b€ and D=0 or A; b, D and 
Be are uniquely determined bya. In particular, if ord(a) = 2s +1 <0, then 
ord + D) = ord(x 1b?) = 2s +1 < ord($c) ; if ord(a) = 2s <0, then 
ord ($c) = 2s < ord(x1b? + D); if ord(a) =0, then b =0; and, tf ord(a) 
> 0, then b= D=0. 


Proof. Applying Hensel’s Lemma [7; p. 43] to X? + XY + d, where d€ 0, 
we get 1) and 2) immediately. 


3). Let a€ A such that ord(a) = Ord(A) <0. Suppose that ord(a) = 2s 
and a= where s<0, ord(b) and ord(c)=0. Then 
a’ =a-+$B(xr8b) € A and ord(a’) > 2s, a contradiction. 


4). Let a’€ A such that ord(a) = 2s+1<ord(a’). Then, a+a’€ $k 
and ord(a+a’)=—2s+1<0. Thus, at+a’=—b?+b and ord(b) <0. 
Therefore, ord(b? + b) =2-ord(b) =2s-+-1, a contradiction. 


5) follows easily from the first four results. Q. E. D. 


Let L be a quadratic lattice. s(L) = {<a, y>| x,y € L} is called the scale 
of L. Q(L) is called the norm of L. q(L) = {Q(z) 
+ s(L)|x¢€L} is called the norm group of Z. For L(i) 
= {xe L| <x, wo} is called the i-th invariant sublattice of and 
qi(L) = {Q(«) + | L(i)} is called the i-th norm group of L. 

It is easily seen that the scale is an o-module of finite type in & and that 
the norm groups are o*-modules of finite type in k. If A, B are subsets of 
k, then let A+B=—{a+b|acA,b€B}. If L=L,@L., then s(acL) 
=a-s(L,) +a-s(L,), similarly for Q(aoL), g(aoL) and gi(acoL). Ii 
s(L) then L=—TL(t). In general LD---DL(i) DL(i+1) 
7); kL(t) =kL, when 
and (L, @ (i) = L, (1) (4). 
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Lemma 1.2. Let L be a quadratic lattice. Then there exist e€ k and 
usvse such that q(L) =e(x"0? + 7°0*). Moreover, they may be chosen 
to satisfy the following: 

1). ord(e) =0 and ex“€ Q(L), 

. If q(L) =0, then u=v=—o, 

3). If rank g g(L) =1, thenu< v=o, and s(L) =0, 

If rank »: q(L) =2, 
where s(L) 


When these conditions hold, then u and v are uniquely determined by L. 


Such representations of q(L) will be called standard. 


Proof. We may assume that g(L)~0. Thus, s(L) —=x*0Cq(L)o 
Ifu<s (s<o), then there exists Z such that ord(Q(r)) =u. 
If then there exist x,y such that ord(<x,y>) and one of the 
three elements Q(x), Q(y) and Q(«-+ y) must have ordinal u. Thus, we can 
fnd «€ L such that Q(x) =er" with ord(e) =0. By scaling L, we may 
assume thate—1. Thus, r“o? C q(L). In case 3), we see easily that s(L) = 0 
and q(L) =-7"o*. In case 4), it is clear that v may be found to satisfy all 


the conditions. Since o*-modules of finite type in & have ranks at most 2, e, 
wand v may always be found to satisfy the conditions stated. 

The uniqueness of wu follows from the equation r“o—q(L)o. Let 
rank,: ¢(.) = 2, then v is the minimal ordinal in the set {ord(a)]a€ q() and 
ord(a) =u-+1mod2}. Thus, v is also uniquely determined, provided that 
it satisfies the conditions stated. Q. E. D. 

A subset {x;]|1S im} of a free o-module M of finite rank is called 
pure if it generates a direct summand of rank m. Clearly, given a set 
{y:| 1S ism} of k-independent elements in kM, there is a pure subset 
in M such that for p—1,2,---,m, DS DY ky. 


Let M be a quadratic lattice and —«o<iSo. Then M is pe an 
i-modular lattice if {x} CM is a pure subset implies that <r, =-'o. 
If M is i-modular, then, ico implies that M—K(M);%<0 implies that 
K(M) =0, and {xz} CM is a pure subset if and only if 
<t, If M=M,@ then M is i-modular if and only if and 


M, are i-modular. 


Lemma 1.3. Let L be a quadratic lattice and J be a sublattice of L. 
Then, 


1). If J is i-modular, then J is an orthogonal summand of L if and only 
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if, J CL (i) and J is a direct summand of when i=o. 


2). If L is i-modular with i <0, then J is an orthogonal summand of L 
if and only if J is t-modular. 


Proof. 1) follows easily as in [15; Proposition 1, p. 160]. 2) follows 
from 1) and the preceding remarks. 


Corotuary 1.4. Let M be an i-modular lattice, 1<, then 


and conversely. 


Proof. By induction on dim M and Lemma 1.3. 


2. Orthogonal decompositions and change of bases. 


Definition 2.1. Let Z be a quadratic lattice. By an easy induction 
argument, using Lemma 1.3, we obtain an orthogonal decomposition 
L= Ki, where dim dim K,=1, 0S pS2, is s(i)- 


1SiSm 1Si=p 


modular with s(1) S- - -s(m) <ow, and K(L) = K;. By Corollary 
1Si=p 
1.4, we have L= M,@ K(L), where M; is t(1)-modular with ¢(1) <- - - 


<t(n) <o. These decompositions will be called complete and canonical 
respectively. 
Let L; = ox, -+ oy, and K;—o0z in the complete decomposition. Then, 
the following transformations will be called elementary : 
LT 9: 8). Sua = % 
b). 2.4, ord(a) =0, 
c). 2, =az, ord(a) 


d). + az;, ord(a) = 0, 


b). ay, ord(a) = 0, 
c). ord(a) —0, 
LT,: a). Yi=—Yins Ci Yur = Yi, provided that s(i) 
= 8(t-+ 1) = ord (<2, yi>) = ord 


b). Vin Yi = Did yi + 
where ord(a) = 0, b; = yi and = (Lins, Yisrd- 


M = 
J 
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It is to be understood that in each of the nine types of transformations, 
all the remaining basis elements remain unchanged. Transformations obtained 
by interchanging the roles of a; and y; will be called elementary of the same 
type. 

It is easy to see that the new basis elements in the given order will again 
give a complete decomposition of L. 


LemMA 2.2. Let L be a quadratic lattice with a complete decomposition 
as in Definition 2.1. Let {x} CL be a pure subset such that <x, Ly =s(L). 
Then there is a sequence of elementary transformations which will lead from 
the given basis to a new basis such that x 1s the first basis element. 


Proof. If m=0 or 1, then the hypothesis that <v, Ly =s(L) together 
with transformations of type LT, and LT, easily give the desired result. Thus, 
we proceed by induction on m and let m>1. By using transformations of 
type LT,, LT, a) and the hypothesis that <7, Ly = s(L), it is easy to see that 
we may assume that r—=2,+ > aa+ yizi, where Using 


2SiSm 
transformations of type LT, b), we may first assume that a, —0, then a, = 1. 
Thus, by induction, we may assume that z=, -+ 2, and another application 
3 J 2 
of LT, b) gives the desired result. Q. K. D. 


THEOREM 2.3. Let a, yi, 2; and wv’, yi, v7; be the bases elements of two 
complete decompositions of a quadratic lattice L. Then, there is a sequence 
of elementary lattice transformations which lead from the first to the second 


set of basis elements. 


Proof. If m0, then our assertion reduces to the classical result on 
changing basis in a free o-module of finite type. If m > 0, then by Lemma 
2.2, we may let y’; It is clear that ord(<2,, y,>) =ord(<v’,, 
Hence, we may assume that 2’, has the form given in the proof of Lemma 2. 2. 
We now observe that the transformations carried out in Lemma 2.2 do not 
alter y,;. Hence, we may assume that 2’,—=.2,. Now by induction, we get 
the desired result. Q. E. D. 


3. Hyperbolic lattices. 
Definition 3.1. A quadratic space U is called hyperbolic if it is the 


orthogonal sum of hyperbolic planes, on If 1<0, then a quadratic 
k 


lattice Z is called i-hyperbolic, when it is the orthogonal sum of i-hyperbolic 


planes, fe a If M is any lattice, H is an i-hyperbolic plane, then q;(M @ H) 
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=4qi(M); in addition, if M is i-modular, then Q(M OH) H) 
=q(M) =qi(M). 

LemMA 3.2. A quadratic lattice L is t-hyperbolic if and only if, L is 
i-modular, kL is a hyperbolic space and q(L) =z'‘o. 


Proof. The necessity is clear. Conversely, suppose that the three con- 
ditions hold. By Lemma 2.2, we may find z,y¢€ LZ such that M=oxr- oy 


= where ord(b) ord(c) =i. Replacing y by + y) € M, 


we see that M is i-hyperbolic. By Lemma 1.3, L=M@WM’. By the can- 
cellation theorem, [1; Satz 6, p. 157], kM’ is hyperbolic. Thus, by Lemma 1.3 
and Definition 3.1, we see that M’ is i-modular and q(M’) = z‘o, (provided 
that M’0.) Thus, by induction on dim L, we get the desired result. 

Q. E. D. 


THEOREM 3.3. Let L=H;@L;, j=1,2, be two decompositions of a 
lattice L such that H; 1s an i-hyperbolic plane for j} =1,2. Then, Ly = Lz. 


Proof. By scaling L, we may assume that Hy o2;+0y—=(,',): 
Thus, H,+ H.C L(0) and <H,,H.> Co. 


Case 1. <H,,H.2 =o. Without loss of generality, we may assume that 


Y2>=1. Thus, 00, + By Lemma 1.3, 


L=H’@L’. Thus, by symmetry, we may assume that 2, and y,; 
Let z;, 1=j=™m, be a free o-basis for L,. Then, y2—azx, + by, + 2, where 
z€D, and 1— <2, 42> = Since y¥.€ H.C L(0), we have 
0 and 24, +2,€L for lSjsm. It is now trivial to 
see that L = 0y2)@ Thus, ow; By computation, 


1=j=m 1=jSm 


we see that the map z;— w; leads to an isometry between L, and J. 


Case 2. <H,,H.> Co. Let {z,-+ 2} be a pure subset of H = H, + H,, 
where 2;€ H;. Without loss of generality, let {z,} be a pure subset of H,. 
From <H,,H.» Cm, HC L(0), we see that 0 = <z,, = <2, + 2, 
C ++ %,H>Co. Thus, H is 0-modular. By Lemma 1.3, L=H @ J, 
H=H;@®4M;; thus, we may assume that H,=H;@ 
Hence, 22. =w’+2 and where w’,w”’¢€ H, and 2,2” € 
Since L =H, -+- H», we see that 02”. From <H,,H.5 we 
see that w’,w”€a7H,. From Q(z.) =Q(y.) =0 we get Q(2’) =Q(w’) and 
Q(z”) =Q(w”). Thus, Q(2’),Q(2”) € q(7H,) =7*0. We have shown that 


( 
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H=L is 0-modular, thus, L, is 0-modular by Lemma 1.3, hence, ord (<2’, 
=(. By Lemma 1.1, A(kL,;) =0, thus, kL, is a hyperbolic space, cf. [1; 
Zusatz 2, p. 153]. It is also clear that q(L,) =o. Hence, by Lemma 3.2, 
| L is 0-hyperbolic. By symmetry, L, is also 0-hyperbolic. Hence, L, = Lp. 


Q. E. D. 


4, Isometry of modular lattices. 


Lemma 4.1. Let or + ) and q(B;) Cao, j=1,2. 


Then B, = B, tf and only tf A(kB,) =A(kBz). 

Proof. The necessity is obvious. Conversely, by scaling, we may assume 
that i=0. Since 0 Cq(B;) Cao, we have ord(a) =0 and ord(c, + cz) 
>ord(a). Let d€ such that a(¢, + =$(da). Then c,—c,+ d’a+d 
and ord(d) + ord(1 + da) Zord(a). If ord(d) <0, then 
ord(d) + ord(1-+ da) < ord(1-+ da) = ord(da) < ord(a), a contradiction. 
Thus, ord(d) = 0, dr, +y,€ B, and we have 
=C,. Hence B, = Bz. Q. E. D. 

Corotuary 4.2. Let B= ( : .) be a quadratic lattice such that 

us 


Cato. Let as in Lemma 1.1,5). Then 
p=(_,' ) 

Proof. By Lemma 4.1 and Lemma 1.1, 5). 

Lemma 4.3. Let M be an i-modular lattice, i<o. Then, wiol 

1 
= (, ad ® H, where D=0 or d and H is 0 or 0-hyperbolic, if and only if, 
q(M) 

Proof. The necessity is obvious. By scaling, we may take i=0. From 
Corollary 1.4 and that g(J/) =o, we have M= @® ( . ), where aj, cj € 0, 

1Sjsm\Qj Cj 


1 
1SjSm. If then by Lemma 1.1 and Lemma 3.2, (, ) 


1 
=(, »): If ord(a;)= ord(c;) =0, then an easy application of Lemma 4. 1 


and Lemma 1.1 shows that we may assume c; 40€ ©. By symmetry, we mayr 


assume that a; 40€Q. Using a transformation of type LT,c), we may: 
assume that a; —=1. By Corollary 4.2, we may replace c; by 0 or A. As we 
have just seen c; 0 leads to a 0-hyperbolic plane. By using a transformation 


1 1 1 1 
of type LT.b), (, (, J=(, From this we get our 


assertion immediately. Q. E. D. 
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Lemma 4.4. Let M be an i-modular lattice, i1<o. If dimM=6, then 


M contains an i-hyperbolic plane. 


Proof. We may assume that dimM=6 and i~0. Let q(J) 
= 7%o?) be a standard representation of the norm group. Since 
ord(e) 0, by scaling, we may assume that e—1 and *—(Q(z) for some 
x€M,u<vl, and ut+v=1mod2. {2} is a pure subset of M; hence, 
we can find y€M such that ord(<z,y>)=0. From Lemma 1.3, 
M=(or+ oy) @N. By the choice of x and using transformations of type 


LT,da) on ox @ N, we may assume that or @ N = (a) 
where a, b,c, d€ no”, and ord(a) Sord(c) Sord(d). By transformations of 


type LT, d) on (a) (, we see that M contains a 0-hyperbolic plane. 
Q. E. D. 


Lemma 4.5. Let M be an i-module lattice,i<o, and dimM=4. Let 
q(M) =e(x"0? + 70”) be standard and ext Q(x). Then, 


1). g(M) =Q(). 
2). etrioM= (, (, Je H, where H ts 0-hyperbolic or zero 
| 2 “2 


and the following hold: 


Casel. vSt. iD, + = and co = 
where D,, D.€ {0,A} and ord(b) = 0. 


Case2. v=ti+landu<i. a, and c, as in Case 1, = = 0. 
Case 3. v=t+landu=i. a,—1, dg 
Proof. 1) follows from 2). 


2). By scaling, we may assume thati—0 ande=—1. By Lemma 4. 4 and 
Definition 3.1, we may assume that dim M=4. {7} is clearly a pure subset 


of M, thus, by Lemma 1.3 and Lemma 2.2, we have M = ( ‘ )o( . ) 
rr f g h 


Using transformations of type LT,b), we may assume that g,h € xo’. 
Case 3 now follows easily from Lemma 4. 3. 


Case 2. v—=1andu<0. By Lemma 3.2 (also the proof of Lemma 
4.3), we may assume that g=h—0O. By Corollary 4.2, we may assume that 
where and or dX. If 6,40, then 
ord(f) + u=1mod 2, hence f has the desired form as ¢,. 
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Case 1. Let v—0. By Lemma 4. 3, we may assume that g =1 andh—0 
or A. Repeating Case 2, we get the desired result. 

: Let v <0 and ord(g) =v. Using transformations of type LT,c), we 
' may assume that g—=7”. As in Case 2, we may replace h by w°(21b,*7-+ D). 
By choice, €x“o*. Thus, using a transformation of type LT.,b), we 


1 
may assume that 6,0. One more application of Corollary 4.2 on ( " ‘) 


gives the desired form. 

Finally, let v<0 and v<ord(g)Sord(h). Let M’—ox-+ oy 
CM. Since v <0, we have g(M’)=—gq(M). Thus, for some 

T 
a4,8€o, ord(Q(ar+ By)) =v. Clearly, {ax -+ By} is a pure subset of J/’. 
If ord(B) > 0, then ord(«) =0; hence, 

ord(Q (ax By) ) =ord(a?xr" + «8 + Bf) =u<v<0, 
a contradiction. Thus, ord(@) Replacing y by By), we may 
assume that ord(f) =v. Using a transformation of type LT.b), we have 
1 

Ms ® where h + f ord(f:) =0. Using trans- 


formations of type L7,, M= (. where g,h’ € 


Using a transformation of type LT2b), we have ) 
us 


Using one more transformation of type LT, b), we may assume that h” € ro’. 
Repeating the argument of the preceding paragraph, we get the desired result. 
Q. E. D. 

THEOREM 4.6. Let M, and M, be i-modular lattices. Then, M,=M, 
if and only if kM, =kM, and q(M,) =q(Mz). 

Proof. The necessity is obvious. If then g(M;) = Q(M;), =1, 2. 
It is easy to see that either (er“) or M; = (ex") @ (ex), where g(J/;) 
=e(r“o? + is a standard representation. 

Thus, lett <0, kM, =kM,, q(M,) =q(M.) and M,, M,bei-modular. By 
Definition 3.1 and the cancellation theorem, cf. [1; Zusatz 2, p. 153], these 
conditions are “invariant” under addition or deletion of 1-hyperbolic planes. 
Thus, by Theorem 3.3 and Lemma 4.4, we may assume that dim 1/, = dim //, 
=4. By scaling, we may assume that and q(M;) =2"o?+ 7°o’, 
uU<vSl,u+v=1mod2,7—1,2. If v—1, then by Lemma 4. 5, 2) Case 3 
and a simple computation of the Arf invariant of kM, and kM,., we see that 
M, == M,. Thus, we may assume that v= 0. By Corollary 4.2 and Lemma 
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1 1 
where b;€ D’j, Dj € {0,A}, 7 = 1, 2. 

If wu is even, then v is odd. Thus, [C(kM;) = = 
for j=1,2. Hence, from kM, =kM2, we get D,=D,. From Lemma 4.1 
and that A(kM,) =A(kM,), we see that M, = M2. 

If wu is odd, then v is even. Thus, [C(&M;) |] = [x", = 
for j 1,2. As above, D’;—D’,. From kM,=kM,., we get 0=A(kM,) 
+ A(kM,) + (Di+ Dz) + Bk. By Lemma 1.1, 6; and 
D,=D,. Thus, M, = M,. Q. E. D. 


5. Isometry of lattices. 


Definition 5.1. Let L= Ql, K(L) be a canonical decomposition, 


oSi=m 
where L; is s(j)-modular, s(0) <<: --<s(m) <a. It is easy to see that 
for 7 such that s(n) S[i<s(n+1), we have 
Lit)= @ LOK(L). 

Let gi(L) = ei 0? + be standard representations of the i-th norm 
group for i, i.e. they are standard representations of g(L(i)@® H;) or 
of g(K(L)), where H; is an t-hyperbolic plane, when 1 <0, we do not assert 
that ew € Q(L(t)). Clearly, we have qi(L) gin (L) D- - -Dqa(L) and 
nqi(L) gis (ZL). From these we deduce easily the following possibilities: 


1). u(j+1)=u(j). Then, v(j7 +1) =v(j) or v(j) +2 and = v(j) 
when =j +1, and qj(L) = + 


2). +1. Then, +1) =o(j) +1 =u(j +1) +1 


and 9j(L) Mo, qja(L) = = 
3). +2. Then, (L) = 0? + 


The given canonical decomposition is said to be saturated in the s(j)-th 
component, if qs; (L) = Q(L;) =q(L(s(j))). It is said to be saturated, 
if it is saturated in each s(7)-th component, 0SiX™m. 

If L=K(L), then let F(L)=T(L)=o and D(L)=—(o). If 
LAK (L), then let F(L) =s(0), T(L) =s(m) +n, where n is the largest 
finite integer among 0, u(o)—wu(s(m)) and u(o)—u(s(m)) + 0(0) 
—v(s(m)), and D(L) = +, Where unless i=s(j), 
then 7,=dimL;. (F(L),T(L)) and D(L) are called the type and the type 
dimension of L respectively. L is called a normal lattice when r;= 8 for 


th 
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F(L) StST(L). Thus, either L—K(L) or when LAK(L), then 
u(o) =u(T), v(o)—v(T) or and s(j)—=F+), OSjJS T—F. 
Clearly, F(L), T(L) and D(L) are invariants of L. 

Lemma 5.2. Let L= @ L,@®K(L) be a canonical decomposition of 


the lattice L of type (F,T). Let H=0 when F=T=o and H= @ Hj, 


FSjST 
where H; is j-hyperbolic of dimension 8 otherwise. Then, 
1). g@(L@H)=—q(L) for 
2). L@H is a normal lattice of type (F,T). 


Proof. If L=K/(L), then there is nothing to prove. Thus, we assume 
that (FP, 4 (0,00). 


1). follows from the definition of g;(L). 


2). If K(L)=0, then the normality follows easily from 1). Thus, 
let K(L) AO and n be chosen such that T(L) =s(m) +n=T. 


From Definition 5.1 and 1), gr(ZL @ H) = q(x"L(s(m))) + g2(L) + 270. 
Since Lm +40 is s(m)-modular, let 


q(L(s(m))) = (L) = scm) 92 4. 9?) 


be a standard representation. By the choice of n, Definition 5.1 and that 
K(L) we see that T=—s(m) +n=u(c) + [s(m) — u(s(m)) ] = u(co) 
and 2n + u(s(m)) = u(oo) + [u( co) —u(s(m))] 2 u(oo). Thus, gr(L H)o 
= q,(L)o, or u(T) =u(o). If v(o) =o, then by 1) and definition, 
L@H is normal. Let v(o)<o. If u(o) Zv(s(m)), then nZ=v(e) 
—u(s(m)), thus, we get T=v(o) and 2In+u(s(m))Zv(o). From 
C we get gr(L H) = q.(L), thus L @ H is normal by 1). 
Finally, if w(o) <v(s(m)), then u(s(m)) =u(o) and v(s(m)) =v(0) 
mod 2. The argument used in case v(oo) =o shows that we may assume 
u(s(m)) =u(oo). Hence, we may assume that es;m) =e». It is now trivial 
to see that gr(L @ H) = q.(L), thus, L @ H is normal. Q. E. D. 


Lemma 5.3. A normal lattice L admits a saturated canonical decom- 
position. 


Proof. Let L= @ L,@K(L) be a canonical decomposition. If 


L=K(L), then the decomposition is already saturated. Thus, we may assume 
that LA K(L). By scaling, we may assume that LZ has type (0,m). If 


m=Q and K(L) 0, then Lemma 4.5 furnishes the desired result. If 
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m=0 and K(L) ~0, then by Lemma 4.4 and Lemma 4.5, we may assume 
that L—=L’, BH @K(L), where H is 0-hyperbolic of dimension 4 and 
Q(L’,) =q(Lo). Let qg(K(L)) =e(x%o? + 7°07) be a standard represen. 
tation. Then by using transformations of type LT, on H @ K(L), we have 
H@K(L) =H’ @K(L), where H = ( Jo( ), since Q(K(L)) 
ex” 0 er” 0 

= q(K(L)). Thus, L=L’ @ K(L), where L’=L’, @H’. It is clear that 
q(L’) =q(L) =q(L) and L=L’ @ K(L) is a saturated canonical decon- 
position. Hence, we may assume that m > 0. 

By Lemma 4.4 and Lemma 4. 5, let L; = L’; ® Hi, where H; is 1-hyper- 
bolic of dimension 4 and qg(l;) —Q(L’:), t=0,1. By Theorem 4.6, 
L, =L’, ® H’), where H’, = (, a,c€q(Lo). By using trans- 


we see that H’, ®@ H, =H’, @ H’;, where 


1 1 


Thus, from Definition 5.1, we see that we may assume that L = L, @ L’ with 


formations of type LT», 


gi(L’) =qi(L), t=1,--+-,m,c0. Hence, L’ is a normal lattice of type 
(1,m). By induction, we may then assume that the chosen canonical 
decomposition is already saturated in the 7-th component, 1=i=m. Nov, 


by the same argument, L,= UL’, ®@ H”,, where H”, = ® few and 


H, H”, =H”, where ( J ) and b,d€ qi(L) are 


b 0 d 0 
arbitrary. Thus, we can saturate the 0-th component without destroying the 


saturation of the remaining components. Hence our assertion holds. 


Q. 


Lemma 5.4. Let L= @L,0 K(L)= M;@® K(L) be two canonical 


decompositions of the normal lattice L of type (F,T). Let qi(L) = ei(2"o" 
+ i= F,F+1,---,T, «, be standard representations, cf. Definition 
5.1. Then, 

1). Ord( (A(kL;) + A(kM;))) 

u(F +i) +i) — (2F+2%+4 1), 
2). If v(F +7) =F+i+1, then 


0=jSi-1 o<jSi 


where 1S1ST—F=m. ts taken to mean 0.) 
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Proof. Clearly, the assertions are “invariant” under scalings of L. By 
Theorem 2.3, we may assume that the given decompositions are related by 
an elementary lattice transformation. By inspection, it is clear that we need 
oily consider transformations of type LT.b). By scaling LZ and using trans- 
formations of type L7,, we may assume that the given decompositions of L 


differ as follows: 


1 T | 
(, »)@(, ord(g) = 0; 


it is to be understood that the given canonical decompositions are, in reality, 
complete decompositions, and the lattices above are orthogonal summands of 


the respective complete decompositions. 


1). It suffices to show that Ord(bcg? + Bk) =u(1) + v(1) —3. From 
Definition 5.1, we see that beg? € qo(L)qi(L) = 4 
pr) Tf u(1) =u(0) +1, then by 2) of Definition 
5.1, ord(beg?) =u(0) + u(1) 2u(1) + v(1) —3. Thus, we may assume 
that w(1) —wu(0),v(1) —v(0) € {0,2}. Hence, beg? = + h, where 
ord(f) 20 and ord(h) 2u(1)+v(1)—3. Let n=3(u(0) + u(1)) 
= u(1) —1, b’ = beg? + PB(r"f). Since v(1) S 2, we have n= u(1) + v(1) —3 
and Ord(bcg? + Bk) = ord(b’) = ord(x"f +h) 2u(1) v(1) —3. 


2). By scaling, we may assume that e; =1. By the cancellation theorem 
[1; Folgerung, p. 160], it suffices to show that, 


il i! 
u(1) = 


when v(1) 2. From [1; Satz 8, p. 161], it is enough to show that 

From Definition 5.1 and that v(1) = 2, we see that 

| 0(0) =0 or 1 (note that v(0) =1 by definition). 

If v(0) then u(1)—1 and bev, cg?€ ro. Thus, rb] 

=[C(V)], where v—( is by ). By Lemma 1.1, A(V) =0, thus V is 
2b 


k 
a hyperbolic plane [1; Zusatz 2, p. 153], hence [C(V)]—1 as observed in 
Section 1. 

If v(0) =0, then u(1) =u(0) or u(0) + 2. If u(1) —u(0), then we 
may take e7 =1, by using Definition 5.1,1). If w(1) =u(0) + 2, then by 
Definition 5.1, we have = Cqi(L) ; now, from ord(e,) = 0, 
we have q,(L) = eo7qi(L) (ZL) ; hence, go(L) and we may 
take =1. Thus, in all cases, b € + and cg? € + 
where v(1) = 2 and v(0) ~0. By choice, u(0) and u(1) must both be odd. 
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Thus, = [ar where Do, C2€ 0. Using 
the same argument of the preceding paragraph, we get the desired result. 
Q. E. D. 


THEOREM 5.5. = L,®@ K(L) and M = 
0 


M,® K(M) be 


canonical decompositions. Then L=M ‘tf and only 
1). kL=kM. 


2). Land M have the same type (F,T) and D(L) =D(M). In particu. 
lar, m=nST—F when (F,T) (0,0). 


3). gi(L) =qi(M) = ei + t= F,- -,T, 00, where the 
representations are standard, cf. Definition 5.1. 
4). Ord( + A(EM;))) 
0SjSp(i 
—u(F+1)+0(F +1)— (2F+2%+1), 
where p(t) satisfies s(p(t)) <F +71 s(p(t) +1), L; is s(j)-modular and 


1=i=T—F. 


5). If +i) =F +i-+1, then 


(i) 


0=jSp(i) 0=jSp 


where p(t) isas in 4), and 1 SiS T—F. 


Proof. Using Theorem 3.3, we see that our assertion is invariant under 
simultaneous addition of i-hyperbolic planes to ZL and M, provided that 
FSiST. Thus, by Lemma 5.2, we may assume that LZ and M are both 
normal lattices. 


Necessity. By Lemma 5. 4. 


Sufficiency. A,). By the necessity above and Lemma 5.3, we may assume 
that the given decompositions are saturated. 


A,). By 1) and 3), we may assume that 
K(L) = K(M) = (ean) ® (ean), 


where (0) is understood to be the zero lattice. In particular, we may assume 
that (F,T) (0,0). 


By Lemma 4.4, we may assume that L;= L’;@ Hj, where dim 
= 4 and H; is i-hyperbolic. Using Lemma 4.5, we may assume that L’; is 
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presented in the form stated in 2) of Lemma 4.5. By A), the quantities e, 
u and v of Lemma 4.5 correspond to e;, w(i) and v(t) respectively. From 
Theorem 4.6, we see that L; = L’; H’; ® where 


at at 


| and H”; is either zero or i-hyperbolic. Similarly for Jj. 


A,). We may always consider ao Z and ao M in place of L and JM, since 
the given conditions imply a similar set of conditions for the scaled lattices 
and the latter will also be normal and satisfy A,), A,) and A;). In particular, 
we may assume that (/’, 7’) = (0,m) and proceed by induction on 7’ — F =m. 


A;). (F,T) =(0,0). Then, the following cases occur: 


Case 1. K(L) =K(M)=0. By Theorem 4.6, L= WM. 
Case 2. K(L) =K(M) = u( wo) < 
By normality, w(co) —wu(0). By scaling, we may assume that e, = ¢) 


From u(0) =0, Lemma 4.5 and using transformations of type L7,d) on 
L’,® K(L), we have, 


a 1 1 
L’, ® K(L) = i, .) ® ® K(L), if 


K(L) = )e K(L), if u(0) <0 and v(0) =1, 


LD’, K(L) ® K(L), if u(0) =0 and v(0) 1, 


where ¢ € 7p? and or Applying Theorem 4.6 to Jone, we 


may assume that c—0. Since u(0) + (0) =1mod2 and u(o) —u(0), 
we see that [7 where is the radical of the 
Clifford algebra C(2x“(*)0kL). By condition 1) and interchanging LZ and M, 
we see that L = M. 


Case 3. K(L) = K(M) = (ear"*)) v(wo) < By 
normality, u(co)—u(0) and v(o)—v(0). Thus, we see easily that 
Qo(L) = qu(L) = qe(M)=q(M). By using transformations of type 
LT, d), we may assume that L’) and M’, are 0-hyperbolic. Thus, L = M. 


A,). (F,T) =(0,m),m>0. We assert that L’, @ H’, and M’,@ 
contain isometric 0-modular sublattices of dimension 4, say, 1’) == M”,. We 
have the following cases to consider: 
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Case 1. v(0) =v(1). Since v(0) <1, condition 5) is vacuous on the 
0-modular components. Thus, by Definition 5.1 and scaling by é or ¢,, 
we may assume that e,—e,—1. Now L’,@H’; contains the sublattice 
N=L’, By Lemma 4.5 and using transformations of 


1 1 
type LT,d) on N, we see easily that N contains Inter- 
changing Z and M, we get Ag). 
Case 2. v(0) +1—v(1). By Definition 5.1, v(0) =u(0) +1—u(1) 


and scaling by e, allows us to assume that e7 =e, —1. If v(0) 0, then the 
argument of Case 1 may be used to get A,). Thus, we may assume that 


1 
v(0) 1, hence v(1) =2. By Lemma 4. 5, we see that L’) = 6 pe isa 


1 

1 D’ 
p. 161] and the remarks preceding Lemma 1.1 show that D=D’. Thus A,) 
holds. 


and M’,= ( )o(,',) where D, D’€ {0,A}. Condition 5), [1; Satz 8, 


Case 3. v(0)+2=—v(1). Since v(1) =2, we have v(0)0. By 
Definition 5.1, u(0) =u(1) or u(1) —2. By scaling, we may assume that 


Let u(0) =u(1). If v(1) <2, then v(0) <0. Thus, an argument 
similar to that of Case 1 shows that L’, ® H’, and WM’, @ A’; contain the sub- 


lattice Hence, we may assume that v(1) =2 and v(0) 
00 7) 0) 


00 1D 
where u(1) is odd. By condition 5) and the second argument of Case 2, we 


=0. By Lemma 4.5, we see that =( )o( )e 


see that H’, and M’, @ H’, both contain the sublattice (, ® 


Thus, A,) holds in either case. 
Let u(0) =u(1)-—2. By Definition 5.1, we then have 
(L) = qo(L) Ca (L) = (L) eon (LZ). 


Thus, go(L) =2-*q,(L) and we may assume that e7 =1 as well. If v(1) <2, 
then u(0) << v(0) <0, —u(0) 2u(1) and —v(0) Zv(1). Repeating the 
argument of Case 1, we see that L’, @ H’, contains the sublattice 


1 1 
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Similarly, 1/’, @ H’; contains the sublattice 


1 1 
- where 0’E€Q. 


From 0 > u(0) + v(0) =1mod 2, condition 4) and Lemma 1.1, we see that 
b=b’. Finally, if v(1) =2, then u(0) <v(0) —0 and —u(0) 2u(1). 
Repeating the argument of Case 1, we see that L’, @ H’, contains the sub- 


lattice and that contains the sublattice 


where b, b’€ 2; D, D’€ {0,A}; and u(0) <0 is odd. By 
1 D 


condition 5) and the second argument of Case 2, we get D—D’. By condition 
4) and the last argument of the preceding paragraph, we see that b—0’. 
Thus Ag) holds. 


From A,), applying Lemma 1. 3, we see that L’’, and MM’, are orthogonal 
summands of L’, @ H’, and M’, © H’, respectively. Thus, we may “ replace” 
I’, and M’, by L”, and M”, respectively. Hence, we have obtained decom- 
| positions of Z and M satisfying A,), A.) as well as L)>=M,. Let L’ and M’ 
be the corresponding orthogonal complement of Ly and M, in ZL and M. It is 
clear that L’ and M’ are normal lattices of type (1,m) and satisfy a similar 
set of conditions as stated in our assertion. Hence, by induction, L’ = M’. 
| Thus, D= M. Q. E. D. 
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A GENERALIZED THEOREM OF KRULL-SEIDENBERG ON 
PARAMETRIZED ALGEBRAS OF FINITE TYPE.* 


By Herisuke HIRONAKA. 


1. Introduction. Let B be a Noetherian ring and A a commutative 
B-algebra such that 1g14 14, where 1p and 1,4 denote the unities of B and 
A respectively. We have a canonical homomorphism 1: B—>A such that 
- i(b)a=ba for b€ Bandae A. We shall say that i: BA is of finite type, 
meaning that A is a commutative B-algebra of finite type, i.e., a homomorphic 
image of a polynomial ring over B. In general, if A’ is a commutative ring 
with unity, Spec(A’) denotes the set of all prime ideal in A’ which is 
furnished with Zariski topology; a subset XY of Spec(A’) is, by defintion, open 
(respectively closed) if there exists an ideal %{ in A’ such that X is the set 
of those prime ideals in A’ which do not (respectively do) contain 2, where 
{may be A’ itself. The homomorphism 1: B— A gives rise to a continuous 
mapping f: Spec(A)—Spec(B) defined by f($) (—the prime 
ideal in B formed by those elements in B which are mapped into $ by 1) for 
Be Spec(A). If Pe Spec(A) and Q—f($P), there exists a unique homo- 
morphism ig: By — Ag such that the following diagram is commutative: 


| | 

By —— Ag 

ig 
where B— By and A— Ag denote the canonical homomorphisms associated 
with the localizations. Similarly, if Q¢€ Spec(B), there exists a homo- 
morphism ig: Bg > Ag, uniquely induced by i and the localizations, where 
Ag denotes the ring of quotients of A with respect to the multiplicatively 
closed subset B—Q of B. 

For our convenience, a Noetherian ring will be said to be unmized if all 


| the associated prime ideals of zero have the same corank (which is equal to 
the rank of the ring), and an ideal in it will be said to be unmired if it has 


* Received February 23, 1960. 
831 


nble, 

152 

ahl- 
men 

the- 

bid., 

fiir 

14), 


832 HEISUKE HIRONAKA. 


no imbedded prime divisors. If A’ is a Noetherian ring and %’ is an ideal 
in A’, the unmixedness of A’/2’ is stronger than that of %’ itself. But, if 
A’ satisfies the chain condition of prime ideals, an ideal Y’ of rank r and 
generated by r elements (r= 0) is unmixed if and only if A’/9{’ is unmixed 
we know that if A’ is an algebra of finite type over a field and is unmixed, 
then it satisfies the chain condition of prime ideals. 

One of the theorems proved by W. Krull on the parameter-specialization 
of ideals in a polynomial ring may be stated as follows: 


THEOREM OF Kru? Let B=k[u] with a field k and a variable u 
over k, and let us assume that 1: BA 1s of finite type. If B does not 
contain any zero-divisors of A and Age ts unmixed for B*¥ = B— (0), then 
Ag/DAg ts unmixed and has the same rank as Ape (or, equivalently, the 


principal ideal QAg is unmixed and of rank one) for almost all (1. e., all but 


a finite number of) prime ideals © in B. 
A. Seidenberg generalized the theorem of Krull into the following form: 


THEOREM OF SEIDENBERG.? Let B be an arbitrary polynomial ring over 
a field, and let us assume that 1: BA 1s of finite type. If B does not 
contain any zero-divisors of A and Ages is unmixed, there exists a non-empty 
open subset U of Spec(B) such that, for every QE U, Ag/DAg ts unmixed 
and has the same rank as Age. 


The above condition on OQ € U is equivalent to the following: * 


1 Krull’s theorem: All the isolated prime divisors of an ideal with r generators in 
a Noetherian ring have ranks not greater than r. (Krull [2], and also M. Nagata, 
“Basic theorems on general commutative rings,” Memoirs of the college of science, 
Kyoto University, vol. 24, No. 1 (1955) ). 

2 Krull [3]. 

Seidenberg [4], Appendix. 

* Let k be the field of coefficients of B. Let K be the field of quotients of B. If p 
is any of the associated prime ideals of zero in A, pAgs is an associated prime ideal of 
zero in Ags because B does not contain any zero-divisor of A. Since Agsx is unmixed, 
corank (pA,;+) = rank(A,+). Noting that A is a k-algebra of finite type and Ags is 4 
K-algebra of finite type, we get 

corank(p) = dim,(A/p) = dim,(B) + dim,(Ag*) = rank(B) +rank(Ag,s). 


Hence A is unmixed and rank(A) = rank(B) + rank(Ag*). Let © be any prime ideal 
in B such that DA, = Ay, and §§ any prime ideal in A such that PA, is a maximal 
ideal containing Then dim, = dim, (B/Q), hence, corank(3%) = corank(Q). 
Therefore rank (Ag) = rank(A) —corank(§8) = (rank(B) + rank (Ag,*)) — corank(Q) 
= rank(©)) + rank(Ags). Now, A,/O4A, is unmixed and of rank = rank(Ags) if and 
only if DAg Ag) is unmixed and of rank = rank (A, ) — rank ( 
(= s) for every $8 as above if and only if is unmixed and 
of rank s. 
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(*) if a,°-+°,2, is a regular system of parameters of Bg, then 


(t1,° is unmixed and of rank s, 


and also to the following: 


(**) there exists a prime ideal B in A such that Q=1*(JP), and, for 
every such (21, +, Ag is unmixed and of rank s if a 
regular system of parameters of By, where Ag is view as a Bo-algebra by 


means Of is. 


We shall consider the following condition on %8¢€ Spec(A), which is 
stronger and more useful than the condition (**) viewed as a condition on 
a fixed 3, in particular for ¢—0, that is: 


(***), (for each non-negative integer Let Q—=11($%). For every 
non-negative integer t’<t, if %,:-+,2s 1s any finite system of elements 
(S20) in By such that and tf 41,° Yer 
any system of elements in Ag such that rank(2,- 
then the deal (24,- 41,° ° Yr) Ag ts 
unmixed and of rank s+ ?. 


In connection with this (***);, we shall also consider the following 
condition on a Noetherian ring A’: 


(—): (for each non-negative integer t). For every non-negative integer 
tf yr Ws any system of elements in A’ such that 


rank (Y;,° )A’ 
then the ideal yt) A’ 1s unmized. 


In particular, the condition (—), is equivalent to saying that the zero 
ideal of A’ is unmixed, and (—), is known as one of the important condi- 
tions for A’ to be normal. 


We state (and shall prove in §2) the main result in this paper in the 
following form: 


Matin THEOREM. (Generalized theorem of Krull-Seidenberg). Let us 
assume that B is a homomorphic image of a regular ring and that i: BOA 
is of finite type (in the sense explained in the very beginning). Then there 


° Throughout this paper, we adopt the following conventions: A finite system of 
elements, written as a,,° -*,#,, denotes the empty system (i.e., the empty set) if 
s=0: the empty set of elements generates the zero ideal. 
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exists an open subset V; of Spec(A), for each non-negative integer t, such 
that BE V; if and only if satisfies the condition (***),. 


The homomorphism 1: B— A induces a continuous mapping f: Spec(A) 
— Spec(B), which is called a morphism together with the family of homo- 
morphisms ig: > Ag with One knows the following 
theorem of C. Chevalley:* if i: BA is of finite type, then the morphism 
f: Spec(A) > Spec(B) it induces maps every constructible subset of Spec(A) 
onto a constructible subset of Spec(B); in general, a subset of a topological 
space is said to be constructible if it is a finite union of locally closed subsets, 
i.e., intersections of closed subsets and open subsets. 


Let B and i: B—A be as in the main theorem. Let U’; be the maximal 
open subset of Spec(B) that is contained in the image f(V;) of the open 
subset V; of Spec(A) under the induced morphism f: Spec(A) — Spec(B). 
Let U”; be the complement in Spec(B) of the closure of the image 
f(Spec(A) —V;z) of the closed complement of V; in Spec(A). We define 
the open subset V; of Spec(B) as the intersection of these U’; and U”;. 


TO Main TueEorEM. [f there exists an isolated prime ideal 
DY associated with zero in B such that Ag: satisfies the condition (—),, then 
the open subset U, of Spec(B), obtained as above, is not empty (in fact, 
contains 2’) and satisfies the following condition: For every Q€ U; there 
exists at least one BE Spec(A) such that +*($%) =D, and if Pe Spec(A) 
is such that € then satisfies the condition furthermore, if 
OQ € U; and if is any system of parameters of By, ++, tr)Ag 
satisfies the condition (—),. 


The corollary is immediate from the main theorem and the definition 
of the open subset U;; in fact, we can see that U; is the maximal open subset 
of Spec(B) which has the property stated in the corollary. In case t=0, 
the corollary states a better generalization of the theorem of Krull than that 
of Seidenberg. The corollary for t= 1 is also proved by A. Seidenberg, under 
certin auxiliary conditions, in the course of his proof of the fact that almost 
all the hyperplane sections of a normal variety are also normal.’ 


We shall assume and make use of the whole statement of the following 
theorem due to M. Auslander: 


®° Chap. I, §7, Grothendieck and Dieudonné [1]; Théoréme 3. Also Cartan-Chevalley 
Seminar, 1955-56. 
7 See Seidenberg [4]. 
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TuEorEM 0. (Theorem of Auslander).6 Let A be a homomorphic image 
of aregular ring. Let d(Ag) = rank(Ag) — codh (Ag) for each € Spec(A). 
Then, for each non-negative integer d, there exists a closed subset Fg of 
Spec(A) such that Be Fq tf and only if d(Ag) = d. 


The above integer codh(Ag) can be defined as follows: A system of 
elements in a local ring A’, say 7,° * -, 2s, is defined as a prime sequence of 
A’ (or, simply, an A’-sequence) if a; is not a zero divisor in A’/(a,,° - -, 1-1) A’ 
for s=1,:--,s, and if (a,,:-°-+,2,)A’A’ at the same time. An A’- 
sequence 21,°*° *,2, is said to be mazimal if 2,°--,2%,y is not an A’- 
sequence for any element y in A’. Then one can prove: 


(’) all the maximal A’-sequence have the same length.° 


The integer codh(A’) is, by definition, the length of any (hence, all the) 
maximal A’-sequences. 

More generally, if S is any subset of a local ring A’, a system of elements 
in 8 is called an A’-sequence in S if it is an A’-sequence. An A’-sequence 
in S, say 2,° is said to be maximal if is not an A’- 
sequence for any y€ 8. As is easily seen, an A’-sequence in S, %,° - -, 2s, 
is maximal if and only if at least one of the associated prime ideals of 
(a1, +, @,)A’ contains S MM’, where M’ denotes the maximal ideal of A’. Let 
1," * *,%s be any maximal A’-sequence in S. Let $8’ be an associated prime 
ideal of -,2s)A’ which contains SM M’. Then - +, 2, is a maximal 
A’s--sequence and every A’-sequence in S is an A’g--sequence. Hence, by (’), 
s is the maximal integer attained by the lengths of A’-sequences in 9. It 
follows that: 


(”) all the A’-sequences in S have the same length, for every subset 
S of A’. 
® This theorem was communicated by his letter to the author early in 1958. The 
letter included a complete and simple proof of the theorem, which was based on a charac- 
terization of codh(Ag) (or, more generally, of homological codimension of an Ag- 
module of finite type) in terms of Ext-functors. His method als gives a proof of the 
following statement: Let us assume that A is a homomorphic image of a regular ring 
and that all the maximal chains of prime ideals in the regular ring have the same 
length (for example, A is a k-algebra of finite type with a field k), then the set of 
those such that + codh =< d is a closed subset of Spec(A) for each 
non-negative integer d. One can see that this conclusion is stronger than that of 
Theorem 0. Consequently, Theorem 1 can be restated and proved likewise. 

For the proof of Theorem 0, a paper by M. Auslander (forthcoming in Illinois 
Journal of Mathematics). 

® Prop. 3.4, Auslander and Buchsbaum [5]; also [6]. 


) 
l 
e 
e 
. 
f 
t 
t 


836 HEISUKE HIRONAKA. 


We define codh(A’,S) as the length of any (hence, all the) maximal A’ 
sequences in S. In this paper we shall freely use the following convention: 
For an arbitrary set S (not necessarily a subset of A’), if there is given a 
mapping 1: S—>A’ (or, every element of S operates on A’ like multiplication 
by a certain element in A’) and if there occurs no ambiguity about it by the 
context, then we write codh(A’, 8) instead of codh(A’, i(S)).%° 

We shall first prove the following generalization of the Theorem (0 
(See §2): 

THEOREM 1. Let us assume that B is a homomorphic image of a regular 
ring and that 1: BA 1s of finite type. Then, for each non-negative integer 
d, there exists a closed subset Gq of Spec(A) such that B€ Ga if and only if 
d(Ag, By) 2d with where 

d(Ag, By) = rank(Bg) — codh(Ag, Bg) 
by definition. 


We shall see that the integer d(Ag, Bg) is always non-negative (Lemma 
2 in §2). Therefore the set of those Be Spec(A) for which d(Ag, Bg) =0 
is an open subset of Spec(A). This is the only part of Theorem 1 that we 
shall use later (in the proof of Main Theorem). We shall see in $2 that 
Main Theorem is an immediate consequence of this result and Theorem 0. 

Previously (***), for non-negative integers ¢ are introduced as condi- 
tions on $¢€ Spec(A) for the given B and B-algebra A. More generally, 
however, they may be viewed as conditions on a given pair of a local ring B’ 
and a local B’-algebra A’ (in the places of By and Ag respectively). 

As will be seen by Lemma 4 of § 2, the condition: d(A’, B’) =0 for a 
given pair of a local ring B’ and a local B’-algebra A’ is equivalent to saying 
that 

(***)_, every finite system of elements of B’, say s elements, which 


generates an ideal of rank s in B’, is an A’-sequence. 


Furthermore, for the sake of convenience, as (***)_q will be regarded 
the condition: d(A’, B’) <d, for each positive integer d. Theorem 1 will 
then be considered as a part of Main Theorem by saying that: 

Main Theorem is true for all integers t, non-negative and negative, and 
(***), as stronger than (***)» if t >t’; consequently, the corollary to Main 
Theorem is also true for all integers t (where the condition (—); with t <0 


is empty). 


10 An analogous convention will be used in saying that a system of elements in S 
is (or is not) an A’-sequence. 
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In §3, we shall prove the following proposition, which is not new: 


Proposition. Let B’ be a local ring and A’ a local B’-algebra. Let 
be an ideal in A’ such that B’ and the B’-algebra A’/ satisfy the condi- 
(***) Let + be any system of parameters of B’ and set 
=A’/(a1,- +,23)A’. Then, for an ideal in A’, and FA’ 


Main Theorem, in virtue of this proposition, can be proved also useful 
to study the property of complete intersection (local or even global) of cycles 
in an algebraic family. As for cycles*t of codimension one, for example, 


we shall prove the following 


THEorEM 2. Let V be a normal variety and {Xi},._ an algebraic 
family of V-cycles of codimension one with a non-singular parameter variety 
T. Then there exists a non-empty open subset T’ of T (in Zariski topology) 
such that either all or none of the V-cycles X; with t€ T’ are locally principal 


(everywhere) on V. 


This theorem will be proved as an application of the main theorem 
(or rather, of its corollary) for £0. (Some different proofs of this theorem 
have been suggested to the author by A. Grothendieck and also by C. S. 
Seshadri. ) 

Theorem 2 will be used in a forthcoming paper concerning the notion 
of algebraic equivalence and the theory of blowing-up (factorization of bi- 
rational morphisms); in the paper we shall define a certain algebraic 
equivalence of deals (= coherent algebraic sheaves of fractional ideals) on 
an algebraic model. We shall also see certain relations between the two 
notions of algebraic equivalences, the one defined for arbitrary cycles of 
codimension one (in the sense of A. Weil)?® and the other for divisors in 
Cartier’s sense (=locally principal cycles of codim.1) introduced by C. 
Chevalley..* For example, the following results will be included: (In the 
terminology of Cartier-Chevalley) 


((1)) Let V be a normal variety (defined over a fixed algebraically 
closed field). Let G(V) denote the additive group of divisors on V, and 
Ga(V) the subgroup of G(V) of those which are algebraically equivalent to 


11 See Weil [7], comments on equivalence relations of algebraic cycles. Also, to 
study the Picard variety of a normal variety from this point of view, S. Lang’s book, 
Abelian Varieties (Interscience, New York (No. 7) ), is complete. 

12 See a paper of C. Chevalley, “ On the Picard variety of a normal variety,” forth- 
coming in the American Journal of Mathematics (1959-60). 
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zero on V. Let V” be an open subset of V such that V—V” has codimen- 
sion at least two. Then we have a monomorphism r of G(V) into G(V”) 
(restriction of divisors to V”) which have the following properties: G,(V) 
Cr(G,(V”)) (—clear—) and the quotient r*(Ga(V"))/Ga(V) is a 
finite group. 


((2)) Let us consider the pairs (V’,f) of a normal variety V’ and a 
porper birational morphism f: V’—>V (1.e., a birational transformation of 
V’ onto V which is regular everywhere on V’ and such that V’ is complete 
over V with respect to f). If 3 is a coherent algebraic sheaf of fractional 
ideals on V, f*(<§) shall denote the coherent algebraic sheaf of fractional 
ideals on V’ generated by the ideals of S$, where the function fields of V and 
V’ are canonically identified by means of f. Let V” denote the open subset 
of V which consists of all the simple points of V. Then, given a cohvrent 
sheaf 3 of fractional ideals on V, there exists a pair (V’,f) such that f*(3) 
is locally principal on V’ and is associated with a divisor which is algebraically 
equivalent to zero on V’, if and only if 3 ttself is locally principal on V and 
is associated with a divisor belonging to 17*(Gq(V”)). 


((3)) Let V and (V’,f) be as above. Let V” denote the open subset 
of V’ (also, of V) which consists of those points of V’ at which f is biregular. 
Let r’ denote the homomorphism of G(V’) into G(V”) (restriction of divisors 
to V’). Then the homomorphism Ga(V’)/Gi(V’) > Ga(V”)/Gi(V”) és 
injective, where Gi(V’) (resp. Gi(V”)) denotes the subgroup of principal 
(linearly equivalent to zero) divisors on V’ (resp. V’’). 


These theorems (especially ((2))) will play important roles in the study 
on the lattice of normal projective factors of a birational morphism. 


2. Proofs of Theorem 1 and Main Theorem. Let B’ be a local ring 
and A’ a local B’-algebra. We shall consider the following condition on A’ 
over B’: 

(!) For every ideal in B’, rank(S) = rank($A’). 
It is necessary for A to satisfy the condition (!) over B’ that A’ dominates 
B’, i.e., the maximal ideal of B’ is the complete inverse image of the maximal 
ideal of A’ under the canonical homomorphism of B’ into A’. One can easily 


prove that if A’ is a local ring of an integral extension of a polynomial ring 
over B’, and if A’ dominates B’, then A’ satisfies the condition (!) over B’. 


Lemma 1. Let B be a Noetherian ring and let i: BA be of finite 
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type. Then there can be found a finite set of prime ideals, $8, in A which 
possesses the following property: for every $B € Spec(A), there exists at least one 
Ri such that B'S and Ag/P/Ay satisfies the condition (!) over 
where and Oi — 717 


Proof. The proof is by induction on n=—rank(A). If rank(A) —0, 
then A has only a finite number of prime ideals and there is nothing to prove. 
Let us assume that rank(A)—n>O and that the lemma is true for 
rank(A) <n. First take all the isolated prime ideals belonging to zero in A, 
say Bo’. For each j, set A/Poi = Ai and = Bi, where = (Po!). 
Then the homomorphism 7 induces #: B/— A’, which is injective and of 
finite type. By the normalization theorem, there exists a non-zero element 
b; in Bi such that A‘[b;*] is integral over a polynomial ring over B’[b;*). 
Take then all the isolated prime ideals belonging to b;A + $o/, say B**. By 
the induction assumption, there can be found a finite set of prime ideals Gikm 
in A/$4*, for each 984*, which possesses the property, stated in the lemma, 
for A/S84* viewed as B-algebra in a natural way. Let $8/*™ be the prime ideal 
in A such that D Pik and /Pik — Then the finite set 
{Boi, B*, B*"} possesses the property for A as B-algebra. 


Lemma 2. Let B and i: BA be as in Lemma 1. If $ and f’, 
€ Spec(A), are such that BO’, then always 


d(Ag, Bp) 2 d(Ag, By) 20, 
where and O’ 171 ($’). 
Proof. It is clear from the definition of rank and corank that 
(1) —rank(Bg:) = corank(Q’Bg). 
Therefore, to prove the first inequality in the lemma, it is sufficient to prove 
(2) codh(Ag, Bg) —codh (Ag, By) S corank(Q’Bg), 


where codh (Ag, denotes codh ig: (Bg:) ) and likewise codh(Ag, Bg). 
We can prove (2) by induction on corank(Q’Bg) =s. If s—0 then Q=—Q’, 
By = Bg: and Ag = (Ag) Bag (the ring of quotients of Ag with respect to 
the prime ideal ’Ag). Hence, every Ag-sequence in Bg is an Ag-sequence 
in Bg, which shows codh(Ag. Bg) S codh(Ag:, Bg) and the inequality (2) 
fors—=0. Let us assume that s > 0 and that (2) is verified for corank(Q’Bg) 
<s. To prove the inequality for $, $8’ with corank(Q’Bg) =s, let us take 
a maximal Ag-sequence in Q’Bg, say -,2;. As is easily seen, 2,,° -, 2% 
is an Ag-sequence and its image in Bg: is an Ag-sequence in Bg. Therefore 
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(3) codh(Ag, 2 t. 


If z,,- - -,2 is a maximal Ag-sequence in Bg, i.e., codh(Ag, Bg) =¢, then 
the left hand side of (2) is not positive by (3) and the inequality (2) is 
obvious. Hence we may proceed to the case in which we have an element 


In By such that +, is an Ag-sequence in By. There exists 
an associated prime ideal of (21,° -,2t,2%t41) Ag which contains Q’Bg, say 
PB’ Ag with B’” € Spec(A). In fact, if it were not the case, there would be an 
element y in such that +, y iS an Ag-sequence; so that 
21," * *,%,y would be an Ag-sequence in 0/’Bog, in view of the following 
result : 


(’); Ina local ring, a finite number of elements form a prime sequence 
in every ordering if they do in any ordering." 
On the other hand there should not be such y by the selection of 2,,- - -,2, 
and we can conclude the existence of such $”. Now, let OQ” —71(”). 
CO and O” Bg 2141) Bg. But 2,1 is not in O’Bg because 2,,° 2; 
is maximal as an Ag-sequence in O’Bg and, at the same time 2,° * +, 2, 21; 
is an Ag-sequence. It follows that corank(Q” Bg) S corank(Q’Bg) —1. 
So, by the induction assumption applied to $8 and 9”, we get 
(4) corank(Q’Bg) —1= codh(Ag, Bg) — codh(Ag”, By), 
where Q” 
is a maximal Ag-sequence and, of course, a maximal Ag-sequence in Bp». 
It shows that 
(5) codh(Ag, Bo) =t+1. 
The inequality (2) is now immediate as follows: 
corank(Q’Bg) = codh(Ag, Bg) —codh(Ag,By) +1 (by (4)) 
= codh(Ag, By) —t (by (5)) 
= codh(Ag, By) — codh Bg’) (by (3)). 
The first inequality is now proved. The second one is an immediate conse- 
quence of the first. In fact, if $8* is an associated prime ideal of zero in A 
which is contained in $8’, then 
d(Ag,, Bg’) = d(Ags, Bos) = rank (Bos) 0, 


where Q* 


8 Cor. 2.9 of Prop. 2.8, Auslander and Buchsbaum [6]. 
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We shall consider a chain condition of the following type, on the prime 
ideals in a Noetherian ring B’: 


(The restricted chain condition). For every pair of prime tdeals 9 
and Q/ in B’ such that Q2 CQ’, all the maximal chains of strictly ascending 
prime ideals between Q and 2’ have the same length. 


It is clear that if the condition is satisfied in B’, then so in every 
homomorphic image of B’, and that, for example, it is satisfied in every 


homomorphic image of a regular ring. 


Lemma 3. Let us assume that B satisfies the restricted chain condition 
on the prime ideals (in the above sense), that 1: BA is of finite type, 
and that A is a homomorphic image of a regular ring. Let 8% be any prime 
ideal in A and Q=77($). Then there exists an open subset V of Spec(A) 
such that PE V and d(Ay, =d(Ag, Bg) for every BCP’EV and 


Proof. First we shall reduce the proof to the case in which codh(Ag, Bg) 
=0(. To do it, we take a maximal Ag-sequence in B (which is necessarily 
such one in Bg), say with g—codh(Ag, Bg). Replacing A by 
Afu-?] with a suitable w€ we may assume that - is an A- 
sequence in B. If the lemma is true in case codh(Ag, Bg) = 0, there exists an 
open subset V of Spec(A), A denoting A/(2,,° + *,aq)A which is viewed as 
a B-algebra in the natural way, such that = - -,a,)A is in V and 
d(Ag, By’) = d(Ag, Bg) for every and A. 
Take an open subset V of Spec(A) which induces the open subset V in 
Spec(A) ; for example, the subset consisting of those $’ € Spec(A) such that 
either 8’ or B’/(a1,° +, V. This open sub- 
set V of Spec(A) satisfies the condition stated in the lemma. In fact, if 
PCP € V, then BCP’E V and therefore 

d(Ag, By’) = rank(Bg-) —codh(Ag, Bp’) 
= rank(Bg-) — (codh(Ag, Bg’) + q) = d (Ag, Bg’) 
— d(Ag, By) —q = rank(Bg) — (codh(Ag, Bg) + 9) 
— rank(Bg) —codh(Ag, By) = d(Ag, Bg). 
The reduction of the proof is now done, and from now on we assume that 
codh(Ag,By) 0. First, let us take an element u€ B—Q which is con- 


tained in all but those contained in Q of the associated prime ideals of zero 
in B. Let V’ be the open subset of Spec(A) which is defined by the ideal wA. 
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Then 


(6) BEV’, and rank(By:) —rank(Bg) = corank(OBg,) 


if V’ and (P’). 


The equality in (6) follows from the assumption that B satisfies the restricted 
chain condition on the prime ideals, because © contains all of those associated 
prime ideals of zero in B which are contained in 0’. Next, we apply 
Theorem 0 in §1 to A. Let Fg be the closed subsets of Spec(A) and take 
the isolated prime ideals By, of Fa for every d. We have only a finite number 
of such qa, because Fg are empty for all d>rank(A). Then we apply 
Lemma 1 to the B-algebra A/$ax, for each Bax, and choose a finite set of prime 
ideals $84,/ in A such that all the Ba, contain Ba, and, if Pa, C PB” €Spec(A), 
Ag satisfies the condition (!) over for at least one 
one where = (Pat). When € Spec(A) is given, we can choose 
Bax such that Pa, CPR” and d(Ag-) —d(Ag,,), hence d(Ag-) = d(Ag,,s) 
for every Bui CR”. Therefore, denoting by %* any one of the Pa, (all d, 
k and j), we can state: 


(7) There exists a finite set of prime ideals B* in A which has the 
following property: for every $B’ € Spec(A), there can be found at least 
one such that B*, d( Ag) =d(Ag-) and Ag satisfies the 
condition (!) over Bg with Q* and Q” 


Let V” be the intersection of those open subsets of Spec(A) which are defined 
by the ideals B* C$. Since we have only a finite number of B*, V” is an 
open subset of Spec(A). Clearly Pe V”. 


(8) If B’€ V”, then B” D P* implies PD 


We can now prove that the open subset V = V’N V” of Spec(A), containing 8, 
possesses the property stated in the lemma. Let C and OD’ =71(’). 
We want to prove that d(Ag, Bg) =d(Ag, Bg). Let us take a maximal 
Ag -sequence in Bp, By the maximality, there exists an asso- 
ciated prime ideal of (2,,- - -,2,) As which contains the maximal ideal of By, 
say Ag with Spec(A). Then Q” =D’, and 
is a maximal Ag--sequence, hence, 


(9) codh(Ag-, By) = s = codh (Ag). 


Let us take and fix one $*, for 9”, having the property stated in (7). Since 
is in V”, is alsoin V”. By (8), B* CH. Therefore if Q* —i-1(P*), 
O* CD and corank(O*Bg) = corank(O*Bg:) = corank(QBg,). By (7), 
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d(Ag’) = d(Age),i.e., rank(Ag-) —codh(Ag-) = rank (Ag+) —codh(Ag-). 
Hence 
codh(As-) = codh(Ag--) — codh(Ags) 
— rank (Ag) —rank(Ag-) corank(P*Ag-). 
Again by (7) satisfies the condition (!) over By /O*Bgy (See 
the paragraph preceding Lemma 1), hence, 
rank (Ag /P*Ay) = rank(Bo”/D*Bg”), 


i.e, = corank(Q*By). We have seen that corank(O*Bg") 
corank(QBg,) and that codh(Ag-) = corank($*Ag~). We therefore get 
(by these three inequalities) 
(10) codh(Ag) = corank(QBg:). 
Thus codh(Ag:, Bg) —codh(Ag, Bg) = codh (Ag, Bg’) 
(because codh(Ag, Bg) =0 by assumption) 
—codh (Ay) (by (9)) 
= (by (10) ) 


= —rank(Bg). 


The last equality is by (6); we took $8” such that BCP’EVCV’. The 


result can be written as 


rank(Bg:) —codh(Ag, By) S rank(Bg) —codh(Ag, Bg) 


or, d(Ag, Bg') Sd(Ay, Bg). By Lemma 2 we can conclude the equality 
d(Ag., By’) d(Axy, Bg).* 


THEOREM* 1.%° Let us assume that B satifies the restricted chain 
condition on the prime ideals, that 1: B— A is of finite type and that A ts 
a homomorphic image of a regular ring. Then, for each non-negative integer 
d, there exists a closed subset Ga of Spec(A) such that BE Ga if and only 
if d(Ag, By) 2d with Q=t($P). 


** Notice that the inclusion relation of $8 and 8’ (and consequently the inequality 
in the conelusion) was reversed in Lemma 2. 

* The assumption of Theorem* 1 is weaker than that of Theorem 1 announced in 
the introduction (§1). In fact, if B is a homomorphie image of a regular ring, then 
it satisfies the restricted chain condition, and, moreover, if A is a B-algebra cf finite 
type, then A is also a homomorphiec image of a regular ring, because a polynomial ring 
over a regular ring is also regular. (Furthermore, it can be seen that Theorem* 1 
remains true even without the restricted chain condition in B.) 


¢ 


844 HEISUKE HIRONAKA. 


Proof. Let us fix a non-negative integer d. Let us denote by Vq the 
set of those Spec(A) such that d(Am, By) <d with The 
theorem amounts to saying that V4 is an open subset of Spec(A). Denoting 
by Va’ the maximal open subset contained in Vg (which exists because an 
arbitrary union of open subsets is open), we shall prove that Va’ =—V,. 
Suppose Vy’~ Vy. Let us take an isolated prime ideal $ in Va—Vy. 
First, we see that $ is isolated even in Spec(A)—Vq. In facet, if 
€ Spec(A) —V.’, then, by Lemma 2, Va, hence, € 
Therefore %, isolated in Vg—V,’ coincides with 9’, i.e., % is isolated in 
Spec(A) —Vq’. Since V4’ is open, there exist only a finite number of isolated 
prime ideals in Spec(A) — Vy’, say $1 Po, -, Bp. Let V’ be the open 
subset of Spec(A) defined by the ideal B.N- - -A Bp (or, the whole Spec(A) 
if p—1). Clearly B¢€ V’. On the other hand, there exists an open subset V 
of Spec(A) such that Pe V and d(Ag, Bg’) —=d(Ay, Bg) if PCP EV. 
(See Lemma 3). Let V’=VQOV’. Then V” is an open subset of Spec(A) 
containing 3. What is more, V” is contained in Vg. In fact, let $’e V”. 
If then V implies that d(Ag, By) = d(Ayg, Bg) < d, hence, 
R’E Va. If PR’ DP, PY’ does not contain any of the isolated prime ideal in 
Spec(A) —V,’, i.e., it is contained in V4’, hence, in Vg. Thus V”U Vj’ is 


an open subset contained in Vz and containing % ¢ Vg’. This contradicts the 


maximality of V4’, and we can conclude that Vq’ = Vg, i.e., Vq is open. We 
get Gq as the complement of Vg in Spec(A). 


Main TrreorREM*.*® Let Band i: BA be as in the above theorem. 
Then, for each non-negative integer t, there exists an open subset V; of 
Spec(A) such that Pe V; if and only if $B satisfies the condition (***),. 
(See § 1.) 


Proof. The statement and the proof of (7), given in the proof of 
Lemma 3, are independent of the given 8 and the additional assumption: 
codh(Ag, Bp) =0. We adopt it here in the same form as it is. Let V;* 
be the open subset of Spec(A) which is the intersection of those open subsets 
of Spec(A) defined by the ideals %* not satisfying (***),. It is clear from 
the definition of (***), that if D and if does not satisfy (***),, 
then $% does not (***);. Hence it is necessary for 8 to satisfy (***), that 
Y%eV,*. First we shall prove that if $¢€ V;*, then 


(11) for an Ag-sequence 21,---,2, in By and t/(St) elements 


*° See the footnote 15. (One can also prove Main Theorem* without assuming the 
restricted chain condition in B.) 
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yi im Ag such that rank(2,° 2s, yr )Ag=—s+t’, the 


In proving it, we may assume that -, Ye is an Ag-sequence ; 
in fact, if otherwise, there would exist ¢” (OS¢’?#’—1) such that 
Tis Ves Yer an Agy-sequence but the ideal yinAg 
is not unmixed. Let 98” be any prime ideal in A such that Ag is an 
associated prime ideal of 41," We want to prove 
that rank(Ag) =s-+?’. Let us take and fix a $$* which has the properties 
stated in (7%) for the above ”. If d(Ag+) is proved to be zero, then d(Ay-) 
=d(Ag+) =0 (by (7)) and therefore rank(Ag) =codh(Ay-) =s+l’. 
(See that - 2s, Yi," Ye is a maximal Ag--sequence.) We shall prove 
that d(Ag+) =0. First of all, the following is clear: 


(12) codh(Ag) =s+?t Scodh(Ag, By) + 
Since Ag /B*Ag» satisfies the condition (!) over By /OQ*Bg (see (7)), 


(13) corank(*Ag) = 
Since d(Ag) (see (7)), we get 
codh (Ag) —codh(Ag+) = rank(Ag-) —rank(Ag-) = corank($*Ay), 
hence, 
(14) codh(Ag-) = codh(Ag) — corank 
S codh(Agy, By) + —corank($*Ag) by (12) 
S codh (Ag, Bg) + ’—corank(Q*By) by (13) 
codh(Ag:, Bg+) + by (2). 


On the other hand, V;* and ¥*. Therefore, by the definition 
of satisfies the condition (***);. Hence, if rank(Ag+) > rank 
+t, then codh(Ag+) = rank(Bg+) + ¢+ 1, which is impossible by the above 
result. Therefore rank(Ag+) S rank(Bp+) + #, and then (***), says that 
codh (Ag+) = rank(Ags), i.e., d( Ag+) =0. Thus the assertion (11) on the 
open subset V;* is proved. Let G, be the closed subset of Spec(A) obtained 
in Theorem 1, and let V,/—Spec(A) —G,. As is easily seen, if % satisfies 
(***),, Setting Vi —V,’N V;*, we can prove that Pe V; if and 
only if $8 satisfies the condition (***),. In fact, the if part has been already 
proved, and the only-if part follows from the following lemma, in virtue 
of the above result (11). . 
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Lemma 4. Let B’ be a local ring and A’ a local B’-algebra dominating 
B’; namely, A’ is a local ring with a homomorphism 1: B’— A’ under which 
the maximal ideal of B’ is the complete inverse image of that of A’. Ij 
codh(A’, B’) =rank(B’) (i.e., d(A’, B’) =0), then every finite system of 
elements in B’, which generates an ideal in B’ of rank =the length of the 


system, 1s an A’-sequence. 


Proof. The proof will be an immediate consequence of the results (”) 
of §1 and (’), cited in the proof of Lemma 2. Let 2,- - -,2, be any finite 
system of elements of B’ such that rank(27,,°- -,2,)B’=s. Then we can 
extend it to a system of parameters of B’, say Lm. Let 
If is a maximal A’-sequence in 8S, then one 
of the associated prime ideals of (x,,- - -,2m-)A’ contains S (more rigorously, 
i(S)). Hence it also contains the image of the maximal ideal of B;, 
which implies that 2,,- + -,2m- is a maximal A’-sequence in B’. However, 
m == rank(B’) =codh(A’, B’), by assumption, and therefore +, 2y 
contains all the elements in S. By (’)1, *,%m is an A’-sequence, hence 
obviously, is an A’-sequence. 


3. Proofs of Proposition and Theorem 2. First, as for the proposition 
stated in §1, the existence of B’ is not essential and we restate and prove it 
as follows: 


Proposition. Let A’ be a local ring and Y an ideal in A’. Let 
be a system of elements in A’, which ts an A’/<3’-sequence. 
For an ideal tn A’, = QA’ and Fo CY’ imply Yo =D’, where 
A’ = +, A’. 


Proof. The proof will be by induction on s. First consider the case in 
which s=1. What is asserted in this case is: If x, is neither a unit of A’ 
nor a zero-divisor in A’/\’, then + = Yo +2,A’ and Yo CY imply 


no = 3. Since A’ is a local ring and z, is not a unit of A’ we have 


co 
=f) Therefore it is sufficient to prove that 
n=1 


+ 2,"A’ for all positive integers n. This can be proved by induction on n as 
follows: For n=1, it is included in the assumption. Then, assume that 
ott" td’ YY for any n>1. Let y be any element of 9. Then 
with yo € and z€ A’. Then 2€ 2,"7A’). But, since 
is not a zero -divisor in A’/2’, we have a,""1A’) = 9’. Hence, by the 
assumption in Proposition, z= y’, + 2,2’ with y’, € 3’, and 2’ € A’, and there- 
fore 
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Thus the proposition for s=1 is proved. Assume that s>1 and that the 


roposition is proved for smaller s. Taking 9’+2,A’, 2,4’ and 
proj > aS 


in the places of 9’, and 2,: we can easily check that 
the induction assumption is applicable to them and asserts the equality 
+ = + 2,4’. By the above result for s=1, 3’ = follows. 


Let V be a normal variety, defined over an algebraically closed field k. 
Let T be a non-singular variety, defined over k, and Y a V X T-cycle of 
codimension one. We know that the cycle X,=pry[Y-V X #] on V is defined 
for almost all #€ T, i.e., for all # in a certain non-empty open subset of T. 
We want to prove that there exists a non-empty open subset T’ of T such that: 
1) X, is defined for every t€ T’ and 2) either all or none of the X, with 
t€ T’ are locally principal (1.e., divisors on V in Cartier’s sense). For this 
assertion we may assume that T is affine, without any loss of generality. Also, 
without any loss of generality, we may assume that V is affine, by the fact 
that a variety admits a finite covering of affine open subsets, and then that 
the cycle Y is positive, because one can find a principal cycle Y, of codimen- 
sion one on the affine variety V X T such that Y + Y, is positive. 

We can now formulate the problem in the following generality. Let T 
be a regular integral domain, and W a T-algebra of finite type such that 
i: ’— W is injective. Let Yo be an ideal in the rings of quotients V, of W 
with respect to 7*—T—(0). We assume that all the associated prime 
ideals of So have the same rank, say r > 0. Then the intersection § = Yo N W 
has the same property. If t is a prime ideal in 7 such that rank(%,t) Wt 
=rank(t) +7, then we set Vi = Wi/tW; and 
and we say that the specialization St of Yo is defined. One can prove that 
if Yt is defined, then rank (Yt) 2r. (Note: if s—rank(t), tW; is generated 
by s elements because JT is a regular ring.) If %¢ is defined, we also define 
and denote by S(t) the reduced specialization of 3. at t as follows: 3(t) 
=the intersection of those primary components of S¢ which belong to prime 
ideals of rank r. 


Remark. Let V, T and Y be a normal variety, a non-singular variety 
and a positive V  T-cycle of codimension one respectively. Let k& be a field 
over which V and T are defined and Y is rational. Let T be an affine ring 
ring over T over /, and W such of V X T which contains T. Let & be the 
ideal of Y in W. Let # be a point of T and ¢ the ideal of # in 7, assuming 
that # is contained in the open subset of T with which the ring T is associated. 
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The ring of quotients V, of W with respect to 7 — (0) is an affine ring of V, 
and SV, is the ideal of a generic cycle of the family {X,} with reference to 
field k. Set So—§Vo. Then we can see that the cycle X, is defined if and 
only if oN Wy_= QW (and % is defined) for all W as above. (The second 
condition in the parenthesis follows from the first, because rank(3) = 1.) 
Furthermore, it is easy to see that there exists an affine ring 7 of T such 
that 3, 1 W = for all W containing T, hence, if t is a prime ideal in 7, 
then 3%) 1 We=S3W;¢ for all W as above. Let # and t be as above. Suppose 
X, (hence %;) be defined. Then the reduced specialization §(t) 1s the ideal 
of the cycle X, in the affine ring V; of V. 

In general, an ideal 3’ in a Noetherian ring W’ will be said to be locally 


as 


principal if rank(Y’) =r > 0 and Y is generated by r elements. 


THEOREM 2. Let T be a regular integral domain, W a T-algebra of 
finite type such that 1: T—W 1s injective and Xo an ideal in the ring of 
quotients V. of W with respect to T—(0). Let us assume that all the 
isolated prime ideals in Wx have the same corank for every prime ideal § 
in W and that all the associated prime ideals of 3 have the same rank r > 0. 
Let St and S(t) be the symbols which were introduced above and called respec- 
tively the specialization and the reduced specialization of Xo at t€ Spec(T). 
Then there exists a non-empty open subset U of Spec(T) such that: i) & 
(hence 3(t)) are defined for all t€ U, ii) St—=3(t) for all te U, and iii) 
either all or none of the 3 with t€ U are locally principal. 


Proof. Let 3= W and Then the T-algebra A satisfies 
the conditions (on A with B=T) in the corollary to Main Theorem for 
¢—0; namely, beside basic assumptions on T and A, the ring of quotients 
A, of A with respect to T— (0) satisfies the condition (—) o. By the 
corollary, there exists a non-empty open subset U, of Spec(T’) such that, 
every t€ Uo, tAg A Ay and a regular system of parameters of 7; is an Ay- 
sequence and generates an unmixed ideal in Ay if p€ Spec(A) and pn T=t. 
We shall prove that all t€ U, possess the properties i) and ii). Let t€ U, and 
take a regular system of parameters, - of T; (s—=rank(t)). Then 
the above result implies that: (a) (93,t)Wi:AW; and (b) (%,t) Ws 
(= 71," +, is unmixed and is of rank s for 
every BE Spec(W) such that BOY and PNT—t. Since W is a homo- 
morphic image of a regular ring (that is, a polynomial ring over 7), it 
satisfies the restricted chain condition on the prime ideals. (See the definition 
preceding Lemma 3.) By the assumption that all the isolated prime ideals 
of zero in Wg have the same corank, Wy satisfies the chain condition on the 
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‘fF, prime ideals, i.e., all the maximal chain of prime ideals in Wg have the same 

to length. In (b), if is an associated prime ideal of (3, t) then rank( 

and =s and, by the above chain condition, 

ond 

1.) rank (Wg) =s + rank(3Wy) = rank(t) +r. 

““ (Recall the assumption that all the associated prime ideals of Yo, hence of 3, 

ig have the same rank r.) In other words, all the associated prime ideals of 

an (3,t)Wt have the same rank—rank(t)-+ 7. The statements i) and ii) 

sa follow immediately. We now want to find a non-empty open subset Uy of U 
for which iii) holds. We shall consider the following two cases separately: 

ally one in which %p is locally principal and the other in which ¥p is not. Suppose 


%» be locally principal. First of all, we can easily see that there exists an 
open subset V of Spec(W) such that $¢ V if and only if either JWy=— Wy 
or SWsg is principal, i.e., generated by r elements. By Chevalley’s theorem, 


the the image of Spec(W) — V in Spec(T) is a constructible subset of Spec(T). 
 § Since Yo = SV is locally principal, this constructible subset of Spec(T) does 


not contain any open non-empty subset of Spec(7'). Therefore there exists 
a non-empty open subset of Spec(T’), say U’, which does not intersect with 


’). the image of Spec(W)—V. It is clear that the non-empty open subset 
U, A U’ =U is such that, in addition to i) and ii), all the with U are 
ii) locally principal. Let us now consider the other case in which %, is not locally 
principal. Then there exist at least one prime ideal % in W such that 
BT = (0), ie, Spec(V.) and that is not principal, i.e., not 
oN generated by 7 elements, and \Wy-~ Wy. Since $M T = (0), the canonical 
~ homomorphism of 7’ into the 7-algebra W/ is injective and therefore, again 
- in virtue of the theorem of Chevalley, there can be found a non-empty open 
he subset U” of Spec(T’) which is contained in the image of Spec(W/) in 
* Spec(T). Obviously, this open subset U” has the property that for every 
by U” there exists at least one € Spec(W) such that 
: SWy A Wy and SW is not principal; in fact, we have B” € Spec(W) such 
that A T=—t’ and P” DPOY. Let U=U,N UV”, which is a non-empty 
a open subset of Spec(T). If t’€ U, such $B” € Spec(W) as above possesses 
‘% moreover the property that a regular system of parameters of Ty, is an Ay- 
sequence, where A—W/X and hence, a 
si (It follows from the definition of Uo.) By Proposition, where A’ = Wg 
and = SW, if (3, t)Wy-/tWy is generated by r elements then 
) 


is also generated by r elements. But this should not be true. Hence St. 
(= t) W:/tW;) is not locally principal. (Note: Wa/tWy is identified 


|| 
of 
ls 
é 


850 HEISUKE HIRONAKA. 


with a local ring of W,/tW;.) Again the open subse U of Spec(T) has the 
properties required in the theorem. 
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THE WEDDERBURN DECOMPOSITION OF COMMUTATIVE 
BANACH ALGEBRAS.* 


By G. and PHILip C. Curtis, JR.* 


I. Let 2% be a Banach algebra with radical #. If the dimension of 2 
is finite, the Wedderburn principal theorem states that there exists a sub- 
algebra B of YM such that Y— B+ R and BN R= {0}. Moreover, if W is 
commutative, 8 is necessarily unique. It is the purpose of this paper to 
investigate under what conditions this theorem will hold for infinite dimen- 
sional commutative Banach algebras. In 1954 Zelinsky [17] gave an example 
which showed that the Wedderburn principal theorem did not hold in general 
for infinite dimensional algebras. No topological assumptions were made in 
this construction, and in particular the algebra is not a Banach algebra. In 
1955 Feldman [6] constructed an example of a commutative Banach algebra 
with one dimensional radical but with no closed subalgebra 8 such that 
Y=B+R and 8NR—=— {0}. Another example with similar properties is 
given by Glaeser [8]. Various condition under which the theorem does hold 
for closed subalgebras 8 are discussed by both Feldman and Glaeser. 

In this paper we shall also be concerned with the validity of the Wedder- 
burn theorem for non-closed subalgebras 8, so the following terminology will 
be helpful. We shall call a Banach algebra decomposable if there exists a 
subalgebra B of 2 with the property that Y—B+R and BNR= {0} 
({—=8 @MR). The decomposition is unique if there is only one such sub- 
algebra. If there exists a closed subalgebra 8 such that I —B@ HR, then A 
will be said to be strongly decomposable. A strong decomposition is unique 
if 8 is unique among closed subalgebras of QI. 

Unfortunately, nothing but the obvious relations between these notions 
holds in general for commutative Banach algebras. In [4]? the present authors 
showed that Feldman’s example was decomposable even though not strongly 


* Received February 23, 1960. 

* This work was supported by the Office of Naval Research under contract Nonr 233 
(09), the Air Force Office of Scientific Research under contract SAR/AF-49 (636) -153 
and by the National Sciences Foundation. 

7 Erratum to [4]: On page 604, line 11, read y (F) for y(F). 
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so. A simple example discussed in § V of this paper shows that a commutative 
Banach algebra may have a non-unique decomposition but a unique strong 
decomposition. A more illuminating example, also discussed in § V, shows 
that a commutative algebra need not be decomposable at all. In fact, this 
example is isomorphic modulo the radical to the ring of convergent sequences, 

On the positive side of the ledger, however, some fairly general criteria 
can be given under which a commutative algebra is decomposable. Many of 
the results are valid for mildly non-commutative algebras as well. As might 
be expected from the finite dimensional situation, most of the results depend 
on an abundance of idempotents. For convenience we shall always assume 
that the algebra possesses a unit. The basic criteria for decomposability, 
proved in § II, is the following: If A has totally disconnected maximal ideal 
space then is decomposable and if and only if the idem- 
potents of 9 form a bounded set. If the latter condition holds, then \ is 
strongly decomposable and the strong decomposition is unique. Actually, 
if 2/R =~ C(g,), we know of no examples for which the decomposition fails 
to be unique. The existence of a non closed complement to the radical is 
equivalent to the existence of a discontinuous isomorphism of C (9) into ¥, 
and no such examples are known (cf. [4]). 

In § III it is proved that the set of idempotents of A will automatically 
be bounded if the idempotents satisfy a weak interpolation axiom. This 
axiom will be satisfied if and only if ®y is a totally disconnected F’ space in 
the sense of Gillman and Henriksen. Thus, for such spaces ®y, which include 
extremally disconnected compact spaces, we can give a virtually complete 
Wedderburn structure for the algebra 9. More precisely, for a commutative 
Banach algebra %, if @y, is a totally disconnected F space, then %/R = C'(®,), 
M is strongly decomposable and the strong decomposition is unique. An 
obvious but interesting corollary is that if Q is a totally disconnected F space, 
then C(Q) is the only commutative semi-simple Banach algebra with as 
maximal ideal space, e.g. /,, is the only semi-simple Banach algebra having 
the Cech compactification of the integers as maximal ideal space. 

In §$IV we investigate conditions on the radical which will insure 
decomposability of 9% under the assumption that M%/R—~C(Q). For an 
arbitrary compact space Q, % will be strongly decomposable if the dimension 
of is finite. If © is totally disconnected, this will be the case if t is nil- 
potent. In both cases the decomposition is unique. Neither the assumption 


* The symbol = will always mean an algebraic isomorphism. No topological con- 
ditions are assumed. 
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that 1/9 = C(Q) or R= {0} alone is sufficient to guarantee decomposa- 
bility, however. Examples illustrating these facts are discussed in § V. 


II. Let % be a Banch algebra which we will assume possesses a unit 
denoted by e. This is only a convenience, for if 2% has no unit and Y’ is 
formed in the usual way by adjoining one to %, then % is (strongly) decom- 
posable iff’ is (strongly) decomposable. Further, a decomposition or a 
strong decomposition is unique in % iff it is unique in Y%’. We leave the 


verification of these statements to the reader. 


We will denote by # the Jacobson radical* of %. %/# is a semisimple 


Banach algebra under the usual coset norm | #||—inf||z-+ 7], where 
rex 


?=ax+. Unless otherwise stated this will always be the norm taken in 
w/R. If a2€ R, then lim || 2” |/1/"—=0; and if A is commutative, this property 


n> oo 
characterizes the elements of . We will denote by v the natural homomor- 


phism of 2% onto 2/9. v is continuous, and if there exists a subalgebra B 
such that 8 RK, then v maps B isomorphically onto 

Let v’ be the inverse of the restriction of v to B. v’ is an isomorphism of 
Y/R onto B, and it is easily verified that »’ is continuous iff B is closed. 
If B is closed, then %f is the topological direct sum of 8 and ¥ by the well 
known theorem. of Kober [12], and 8 is homeomorphic with 2/%. 

Next we collect a few elementary facts from algebra. They are valid in 
a more general setting, but the following formulation is sufficient for our 
needs. Although we are concerned primarily with commutative algebras, 
many of the results of this section will be stated for mildly non-commutative 


algebras to facilitate their use in §1V. 


LemMA 2.1. Let Py denote the set of idempotents of a Banach algebra 
Then (1) Py R={0}. (2) If then there exists pe Py, 
satisfying x=p(R), and yp= py for any yE XU such that ye—azy. (3) If 
€ Py, and pqg=qp, then p=q(R) implies p= q. 


Proof. (1) is immediate since # consists of quasi regular elements, and 
0 is the only quasi regular idempotent. For the proof of (2) we refer the 
reader to [15, Theorem 2.3.9]. Lastly, if p,q€ Py and pg—qp, then 
implies p(p—q),—aq(p—q)€ Py AR. Hence p(p—q) =0 
=—q(p—q) or p=q. 


* For a full discussion of the properties of the radical the reader is referred to 
[15, chapter 2]. 
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Lemma 2.2. If for some subalgebra B of A, and tf pq=qp 
for each p,q€ Py, then PyC B. 


Proof. For each x€ %&f there is a unique representation « = y, + k, y,€ 8, 
The mapping +: y, is a homomorphism of onto B. Therefore, 
if p€ Py, then g=7(p) € Py B and p=q(K). By Lemma 2.1 (3) p=, 
and thus Py C 


Lemma 2.3. If pr=—rp for all Py, re R, and if A/R is commu- 
tative, then pa=qp, p,q € Py. 


Proof. Let p,q€ Py. We note first that if pqge R, then pg =qp=0. 
For by hypothesis pqg€ ® implies pgp—pq, and hence (pq)? =pq=0 by 
Lemma 2.1(1). Since %/# is commutative, pqg€ R implies gp € R, and the 
assertion follows. In general, by Lemma 2.1(2) there is a go € Py such that 
== 9p(KR). Clearly (1—p)q and (1—q)q.€ Kt. Thus, by what we 
have just shown, 9o = PYo = YoP = 990 = Gog. Therefore p— qo, ¢—qo€ Py, 
and since (p—qo)(¢— qq) € Kt, an application of the same arguments proves 
that pq = qo= 9p. 

Before proving the main result of this section we note the following 
fact which is due to Rickart [14, Theorem 1]. If v is any isomorphism of 


C(Q)* into a commutative Banach algebra %, then each w may be extended 

to a multiplicative linear functional on %. This yields two corollaries of 

use to us. One, a result of Kaplansky [11, Theorem 6.2], is that 

|| v(x) || = sup | o(w)|. Hence v is a homeomorphism iff the range of y is 
We 


closed. Secondly, if 9% —C(Q’) and v is continuous, then v maps onto 2% if 

v(C(Q)) separates the points of O’. This follows from the Stone-Weierstrass 

theorem, since under these hypotheses v(C'(Q)) must be self adjoint in ('(9’). 
The next result is our main criterion for decomposability. 


THEOREM 2.4. Let M be a Banach algebra with radical KR, and let 
B=AUA/R. Assume that B is commutative with totally disconnected maximal 
ideal space ®y and assume that pq = qp for p,q€ Py. Then Py is a bounded 
set iff YI is decomposable and 8®~C(g). If Py is a bounded set, then 
is strongly decomposable and the strong decomposition is unique. If in 
addition Rt is nilpotent, the decomposition is necessarily strong and unique. 


Proof. Suppose % is decomposable and 8~C(@g). Let B’ be a sub- 
algebra of 2% such that I — WB’ © MR, and let P, denote the set of idempotents 
of C(g). Since B’~ B—C(y), there exist an isomorphism p of 


* The symbols Q, 2’ will always denote compact Hausdorff spaces. 
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oto By Lemma 2.2 PyC hence »(P:) = Py. By [4, Theorem 2.3] 
Py is a bounded set in 2. 

Conversely, suppose Py is bounded. Let 8’ be the closed commutative 
subalgebra of 9 generated by Py. By [5, Theorem 17] there exists a bi- 
continuous isomorphism +r of 8’ onto C(@g-). It is an obvious corollary of 
the result of Rickart mentioned earlier [14, Theorem 1] that for xe 8’, 
sup From this it follows that {0}, since 
dy’ 
OR implies lim || 2” = (x) =0. 

Let v be the natural homomorphism of 2% onto 8—2M/HR, and let p be 
the Gelfand isomorphism of 8 into C(®gy). If »—pv, » maps Wf into C(g) 
and is one to one on B’. We assert » maps 8’ onto C(g). By the well 
known result of Silov [16],° p(Ps) =P, and by Lemma 2.1(2), v( Py) = Pg. 
Therefore, »(P,) =P, and »(%’) contains the linear span © of P,. Since 
dy is assumed to be totally disconnected, © (and therefore »(%’)) is dense 
| in C(@g). Therefore, by [14, Theorem 1], maps onto 
Consequently, p(B’) = p(B), and A= BOR. 

Finally, suppose 91 = 8” @ K for some subalgebra B”. ‘There exists an 
| isomorphism A of C'(®g) onto 8”, and since by Lemma 2.2 8N 8B” D Py, 
| itfollows that A(P,) = Py. If 8B” is closed, A is a homeomorphism and conse- 
quently B’ = 8B”. If R is nilpotent’, then by [4, Theorem 4.5] A must be 
F continuous, and the theorem follows. 

We remark that no examples are known for which the decomposition in 
the above theorem fails to be unique. As is shown in [4] the problem of 
constructing such an example is equivalent to the problem of constructing a 
discontinuous isomorhpism of C(Q) for a compact space Q. 


III. In this section we shall suppose that % is a Banach algebra in 
which the elements of Py, commute. Under this hypothesis it then follows 
that Py will automatically be bounded if it satisfies a simple interpolation 
axiom. This is an extension of an earlier result of Badé [3, Theorem 2.2] to 
the effect that a o-complete Boolean algebra of projections in a Banach space 
is always bounded. One may strip away the Banach space framework from 


*For a commutative Banach algebra A, and an element @ € A, 

r4(x) =sup | 
PEPDA 

* A more accessible reference is [15, Theorem 3. 6. 3]. 

* Added in proof: The hypothesis of [4, Theorem 4.5] is that { is a nil ideal. This 
involves no more generality than the assumption of nilpotency, for a simple category 
argument shows that if a commutative Banach algebra is a nil algebra, then it must be 
nilpotent. 
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this theorem and obtain a result about general Boolean rings. This we do 
below except that we weaken o-completeness to the following interpolatioy 
axiom. 

Definition. Let A be a Boolean ring. A is said to satisfy property (I) 
if for any pair of sequences {a,},{bn}C A, n=1,2,---, for which ay, 
= babm = 0, nm, and 0, for all n, m, there exists an element 4 
such that aa, and ab, = 0, n=1,2,:--. The following two results give 
the facts that we need. We do not assume that the Boolean ring possesses a 


unit, although in the applications this will be the case. 


LemMA 3.1. Let A be a Boolean ring, p a function on A to the non- 
negative reals with the following property. 


(1) If then p(x—y) =| p(x) —p(y)|.- 


If p is unbounded on A, then there exists a sequence {x,} C A such that 


= 0, and lim p(z,) =o. 


Proof. It follows easily from (1) that if ry =0, p(x + y) S p(x) + p(y). 
An element x€ A is said to have property («) if supp(y) =o. We prove 


the theorem first under the assumption that there exist an 2€ A with (a), 
We will construct a sequence {yn} CA, n=1,2,°° satisfying 
=n+ If tr =Yn—Ynu, then satisfies the conclusion of 
the lemma. Note that if y= and x has (a), then either y or (x — y) has (a). 
Let and choose z, y, for which p(z,) 22+ 2p(y:). Let be the 
member of the pair (2:,y,;-—2,) with (@). Then p(y.) p(y,). Now 
choose z= y, for which p(z.) =3-+ 2p(y.). If ys is the member of the 
pair (22, Y2—22) with then p(ys;) =3-+p(y2). Proceeding inductively 
we construct the desired sequence {yn}. 


Now assume that for each x € A, sup p(y) <oo. We construct the sequence 


{x,} directly. Choose x, with p(x,) 21 and let M,—supp(y). Then there 


exists z,€ A with p(4:)22-+M,. If and p(2) 
= = p(@) 22. Let Mz— sup p(y). Choose for 


which p(z2) = 3+ Me. If = 2 — (4, + Le) Zo, = 0 and 
The construction proceeds inductively. 
The proof of the next result is very similar to that of [4, Theorem 2. 1]. 
Suggestions of Y. Katznelson have greatly simplified the original argument. 


THEOREM 3.2. Let A be a Boolean ring, p a function from A to the 
non negative reals satisfying 


n> © 
e 
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1) t2y¥>p(t—y) =| —e(y)|, 
2) p(ty) Sp(x)e(y)- 
If A satises property (1), then sup p(y) <0. 


Proof. Suppose sup p(y) =o. Then by Lemma 3. 1 there exists {%}CA, 
yeA 


2n%m—=0, nm, for which limp(r,) =o. Choose distinct 


n> 


elements yj, j,& =1,2,- - +, from the sequence {z,} such that 
p(y ix) > 


Since A satisfies (1), by induction we may define an orthogonal sequence 
{yj} CA such that Yin» YYjx = 0, For each integer 7 select an 
integer k; large enough so that 2" > p(y;). The sequences {yjx,}, {Yj — Yiny} 
satisfy the hypothesis of property (I). Therefore there exists y € A satisfying 
Y(Yi—Yix,) =0. Therefore yy;=yyjx,—= Yin, Applying (2) 
we have 


< p(Yjx,) Se(y)e(ys) <p(y)2™. 


Therefore p(y) > 2/ for each integer j, which is impossible. 

The application of these results to Banach algebras with commuting idem- 
potents is straight forward. For p,q¢€ Py we define p@Bq—p+ q—2pq. 
| Then Py is a Boolean ring with respect to this ‘symmetric difference’ addi- 
tion and ordinary multiplication. Since for orthogonal idempotents p @® q 
=p-+q, the norm satisfies condition (1), and we have the following result. 


CoroLitaRy 3.3. Let Ube a Banach algebra such that the elements of Py 
commute. Then if Py satisfies property (1), Py 1s a bounded set. 


If now % is commutative and ®, is totally disconnected, then property 
(I) for Py can be characterized topologically in @y. In fact, in light of 
Lemma 2.1 and the theorem of Silov, Py satisfies (1) if and only if 
Poy) satisfies (1). However, it is easily verified [10, p. 1619] that the 
latter condition holds if and only if disjoint open Fo sets in &y have disjoint 
closures. Such spaces are called F' spaces by Gillman and Henriksen and are 
extensively studied in [7]. Examples include the Stone spaces of o-complete 
Boolean algebras, the Cech compactification of the integers B(N), and also 
8(N) —N. The latter is not the Stone space of a c-complete Boolean algebra 
as is remarked in [10]. 


Combining these remarks with Theorem 2.4 and Corollary 3.3 we have 


THEOREM 3.4. If is a commutative Banach algebra and ®y is a totally 
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disconnected F space, then % is strongly decomposable and U/R =~ C(,), 
The strong decomposition is in addition unique. 


CoroLuary 3.5. If Q is a totally disconnected compact F space, then 
C(Q) is the only semi-simple commutative Banach algebra with Q as maximal 


ideal space. 


It is an open question whether the class of totally disconnected compact 


F spaces is characterized by the property of Corollary 3. 5. 


IV. In this section we shall consider commutative algebras % such that 
Y/R ~C(Q) for a compact space Q, and give two conditions on the radical 
which will imply decomposability of 9 for appropriate spaces Q. 

We note first that if o is an isomorphism of Y/R onto C(Q) then Q is 
homeomorphic with @y. This follows easily since o-* followed by the Gelfand 
isomorphism of 9/3 is a continuous isomorphism yp of C(Q) onto a separating 
subalgebra of C(y). By the result of Rickart [14, Theorem 1] discussed 
in § II, » maps onto and is therefore homeomorphic with ®y by the 
classical result of Stone. 

It is shown in § V that &/% =~ C(Q) by itself is not enough to guarantee 
the decomposability of 2. However, if 2f is decomposable the following general 
result holds. 


THEOREM 4.1. Let % be a commutative Banach algebra such that 
W/R~=C(Q). If W is decomposable, it is strongly decomposable, and the 
strong decomposition ts unique. 


Proof. Suppose and let o be the induced isomorphism of 
C(Q) onto B’. By [4, Theorem 2.3] there exists a continuous isomorphism 
of O(Q) into such that maps C(Q) into Rad(B’). If B= 
then % is closed and BN R= {0}. Now Rad(¥’) =B’N KR. It follows easily 
that Y= B @ KR, so W is strongly decomposable. 

We next prove the uniqueness of the closed subalgebra 8. For «a€ {I 
let T, be the rgeular representation of 2 in the algebra of bounded operators 
on %f. The corespondence f— 7,,:;)* is a bicontinuous isomorphism of ( (2) 
into the algebra of bounded operators on the conjugate space 1*. Thus in 
the terminology of Dunford [5, Theorem 18], 7,* for b€ B, is a scalar type 
spectral operator of class in and if a€ = + T,* is a spectral 
operator in Y* of class YM since 7;,* is a commuting generalized nilpotent. 
By an important theorem of Dunford [5, Theorem 8] the splitting of a spectral 
operator into scalar and commuting generalized nilpotent parts is unique. 
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| ‘Thus if 2 —B, @ K, where B, is a closed subalgebra different from B, there 


will be an element a in 2 for which the spectral operator T,* has two distinct 


splittings. This contradiction completees the proof. 


THEOREM 4.2. Let U/R~C(Q) and assume Q is totally disconnected. 


If there is an integer n such that a*»=0,° cE R, then Py ts a bounded set. 
| if is therefore strongly decomposable and the decomposition ts unique. 


Proof. Let o: U/9~C(Q) and let v be the natural homomorphism of 
onto Since is complete under the norm || v(x) || —inf || 7+ r 


' gisa homeomorphism. Therefore there is a constant « > 0 such that for each 


r€ 9 we can choose a corresponding r€ Rt for which || || S| (ov) |. 


| In particular, if p€ Py, there is an element r€ ® such that | p+r||/ Se. 


Next we note that since 


n-1 
(p —2 Cj"**pri, k= 0, 1, 


We assert next that there exist scalars independent of p and r 


such that 
Expanding the right hand side of this expression and collecting terms of like 
powers of 7 this just means that Ao,- - +, An-1 must be solutions of the equation 
—1 

A solution certainly exists since it may be easily verified that the determinant 
of coefficients is non zero. Next for p€ Py choose r€ Rt such that || p+ r|| Sa. 
Then if An. are solution of the above equations, we have 


n-1 
= lg = | Ax | ak, 
k=0 


Since this bound is independent of p, Py is a bounded set. An application 


of Theorem 2.4 completes the proof. This argument yields the following 


slightly more general result. 


Corottary 4.3. Let U be a commutative Banach algebra with nilpotent 


* An equivalent hypothesis is that { be nilpotent, This foolows easily from Newton’s 
identities for the symmetric functions. 
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radical. Let S bea collection of idempotents of U, and v(S) the natural image 
in U/R. If v(S) is bounded in U/R, then S ts bounded in A. 


If few idempotents are present in the algebra Mf, the tools for proving 
decomposable are very meagre. However, if U/R~C(Q) and dimk <a, 
then a device due to Arens [1,2] enables us to reduce the problem to previous 
results. Specifically, if {9 is a Banach algebra and ** is its second conjugate 
space, Arens defined a multiplication in %** under which %** is a Banach 
algebra containing % as a closed weak * dense subalgebra under the natural 
imbedding. The reader should consult [2] for details of this construction. 
We note one fact which is important in the following. If r¢€ X** and 
{xa} C W is a directed family converging to z in the weak * topology, then for 
each y€ and each 2€ yra— yx and %qz—> xz in the weak * topology 
[2, Theorem 3.2]. This clearly shows that if % is commutative, % is con- 
tained in the center of Y**. 

In the following discussion we will always consider %** as a Banach 
algebra without making specific mention of the fact. For a continuous linear 
map v, we let v** denote the canonical second adjoint map, and for & C ¥f 
we let 

RL {fe W*: f(R) 

Lemma 4.3. Let % and B be Banach algebras, and v be a continuous 
homomorphism of X into B. Then v** is a homomorphism of X** into B* 
(with respect to the Arens multiplication). If v maps M onto B with kernel &, 
then v** maps U** onto B** with kernel R11. 


Proof. Note first that v** is continuous with respect to the weak * 
topologies in and B**. Since is weak * dense in %**, for 2, A* 
pick nets {za}, {yg} in % converging, weak *, to x, y respectively. By the 
appropriate weak * continuity of multiplication in U** and $** we have for 
fixed a, v** (ra) v** (yg) > v**(ra)v**(y), and v**(rayg) > v** (ray). Since 
v** agrees with v on %, it follows that v** (ray) =a**(ra)v**(y). Applying 
this argument again we have v** (xy) = v**(z)v**(y). If v maps onto 
with kernel &, then v* is one to one and v*($*) =R11. The last two state- 
ments now follows easily. 


THEOREM 4.4. Let % be a commutative Banach algebra with finite 
dimensional radical R. If U/R~C(Q) for a compact Hausdorff space Q. 
then X is strongly decomposable and the decomposition is unique. 


Furthermore, if I=BOR, the annihilator of R in B has deficiency 
in B= dim 
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Proof. We note first that C**(Q) is isometrically isomorphic to C(9’) 
for some extremely disconnected compact Hausdorff space ’. This is a 
consequence of results of Arens and Grothendieck. In [1] Arens showed that 
(#*(Q) is isometrically isomorphic to C(Q’) for a compact space 2’. But by 
} (9, Theorem 2] if C(Q”) is an adjoint space, Q’ must be extremely disconnected. 
If is the natural homomorphism of onto o: C(Q), then 
.=ov is a continuous homomorphism of % onto C(Q) with kernel #. By the 
previous lemma p** is a homomorphism of % onto C**(Q) with kernel RL 
and since dim # <oo, R—RLL. We assert next that KR is the radical of W**. 
Let be the radical of M**. If xe M || a" and therefore 
0 implying v**(z) or Now the radical of 
contains all topologically nilpotent ideals of 2**, if ce R, y€ W**, then 


Therefore the ideal 2{** is topologically nilpotent, and consequently 2z€ 9. 
Since FR is contained in the center of 2**, the idempotents of 9** com- 
mute by Lemma 2.3. Applying Lemma 2.1 it is easy to see that since Poco’) 
satisfies property (1), P** does also. Therefore, it follows by Corollary 3.3 
that Po** is a bounded set, and consequently by Theorem 2.4 there exists a 
, necessarily closed, such that 9** 
If B= BOER since RW CW. The uniqueness of B in W is a 
consequence of Theorem 4. 1. 
To prove the last statement we adapt a technique of Feldman [6, Theorem 
2]. Let {xe Bl eR —0}. is a closed ideal in B. Therefore p(B) 
isa closed ideal in ('(Q), and consequently there exists a closed set F of 2 
such that »(%§) is the set of all functions in C(Q) which vanish on F. We 
assert F is finite with cardinality <n, the dimension of ft. If the cardinality 
of F exceeds n, there exist elements Yio’ B, — 
t=1,---,n+1; yyj;—0, and i—1,---,n+1. There- 
fore, for each index 7 pick 7;€ R such that xr;~1. Since dimR—n, 147, 
**,Wnsi7nu1 are linearly dependent. Therefore for some 7 


But then 


= = AjYiX == 0) 


which is a contradiction. 
Clearly the deficiency of § equals the cardinality of F since F is a finite 
set. This completes the proof. 
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V. By Theorem 4.2 if &/J—C(Q), Q is totally disconnected, and 
R" —0, then Y is (strongly) decomposable. In this section we shall show 
that this theorem is false if either of these hypotheses are dropped. We first 
show that 2/3 ~C(Q) is not enough to guarantee the decomposability of Jf. 
Our construction depends on the following result. 


LemMA 5.1. There exists a commutative n-dimensional Banach algebra 
WM, with radical R, having the following properties: 
(2) || pa || = 2", inf || pn +r || =2. 
Rn 


Proof. Let {@,° * -,@n1+} be a basis for an n-dimensional vector space 
over the complex field. For multiplication we define =e, ee; = ee, 
=0,j0. For j,k=1, 


=( otherwise. 


Clearly %, is a commutative associative algebra, and if ppn—é», (1) follows. 
Now let r=e,, then 1Sk<n, and kZ=n. Clearly 
span If we let f = +1, then for k f* = +4, 
and for k >n, f*=p,/2*. Clearly f,- - -,f* are independent and span \%,. 


n 
Therefore each z in may be written a,f*, and we define | z| 
k=l 


n 
=> Under this norm is obviously a Banach space. 


To show || zy ||=||z|| ||y|| for z,y€ observe first that f*fi = if 

k+jSn, and f*fi = if k-+-j7>n. Therefore if 
y= 

Therefore 

24a 


S| | y |]. Lastly, since fp and || f || =1 we have || || = 2". Also, 
since || f || = || pn/2+7r||—1, inf || <2. But if there exists t€ 
re Rn 


such that || p,+¢|| <2, then || pn/2+t/2|| <1 and || (p,/2+ t/2)"|| <1. 
However, p,¢ =0 for Therefore t/2)" = pn/2", and || pn || < 2". 
This is a contradiction. 


862 
0 
I 
‘ 
t 
I 


COMMUTATIVE BANACH ALGEBRAS. 863 


We now define %o={{tn}: 2n€ Un, lim || z, || —0}. If the algebraic 
n> oo 
operations are defined coordinate-wise and for Ao, || x || =sup || ||, then 
n 


x, is a commutative Banach algebra. Let % be the algebra obtained by 
adjoining an identity e to in the usual way. For %o, 
y|=|a|+ | 2]. We note that if q is an idempotent of %, q or e—q 
belongs to %o, since for any idempotent in %, all but a finite number of 
coordinates are zero. If x€ M,, then the natural isometric image of x in Y 
will be denoted by «,. Since || pn || = 2", and || q || = || p || if gp =p, it is clear 
that any uniformly bounded family of orthogonal idempotents in % is finite. 


THEOREM 5.2. If 8 is the radical of MU, then A/R = (c), the ring of 


We 


convergent sequences, and X is not decomposable. 


Proof. We verify first that y, is totally disconnected. If YW’ = {xe YU: 
tn =0,n sufficiently large}, then %’ is dense in Mo, and any 7€ %’ may be 


n 
written DS App, +r, re R. If ¢’ are two distinct points in there 


exists an € for which ¢(x) ~¢’(x). In fact for some k, px) (px), 
which shows that ®y, is totally disconnected. 

For let & be the corresponding element in If p is any 
idempotent of &/2# then || p||=3. For by Lemma 2.1 there is a unique 
idempotent such that Hence, assuming if Mo, 


=inf if e—qeM, and |pl|S3. An 
reR 
application of Theorem 2.4 shows that the span of the idempotents of &/R 


is dense in M/H. It is now easily verified that for é = {&,} € (c), if & —lim & 

then the mapping + px is a bicontinuous isomorphism of 

(c) onto 

If 2{ were decomposable, then there would exist an isomorphism v of (c) 
into %. But if {e;} is any infinite collection of orthogonal idempotents of (c), 
by [4, Corollary 2.2] {v(e:)} is a bounded set in %. Any such family is 
necessarily finite, hence no such isomorphism can exist. % is therefore not 
decomposable. 

Actually, the following stronger result is true. If o is any homo- 
morphism of (c) into %, then o has finite dimensional range. A sketch of 
the proof is as follows. By [4, Theorem 4.3] we may write o=,-+ A, where 
# is continuous and A maps (c) into the radical of %. The kernel & of p» is 
the set of convergent sequences vanishing on some closed set F of ,,). The 


latter is of course just the one point compactification of the positive integers. 
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Using the continuity of » and the fact that any bounded family of orthogonal 
idempotents in % is finite, it is easy to see that w(z) —0 if infinitely many 
of the coordinates of z are different from zero. Therefore, F' is a finite set 
of points, and since (c)/R ~C(F), » has finite dimensional range. To show 
d= 0, one observes first that A is a homomorphism on (¢)). Since for any 
z€ (Co), [A(z)"]n—=0, we have for z=0, z€ (co), A(z) n= [A(2/") "]n =0. 
Consequently, A\=0. 

Next we show that #i 0 is also not enough to guarantee decompos- 
ability. The example is similar to the previous one. 

Lemma 5.3. For each integer n there exists a three dimensional com- 
mutative Banach algebra M, with two dimensional radical R, having the 
following properties: 

(1) = {Apn} Pn™ = 

(2) pn | = n*; inf || pa +r || =n. 

Rn 

Proof. Let %, be the three dimensional commutative algebra generated 
by elements p,, 7, 8, where p,? = pn; Pa? 7? =s and rs—0. Now 
elements f,=p/n+r, fe=—p/n?+ 5s, fs—=p/r also form a basis for %,. 


3 3 
Therefore, if and aif;, we define || «|. We leave to 
i= 


i=1 
the reader the verification that 9%, is a Banach algebra under this norm. 
Assertaions (1) and (2) are clear. 
We now define =1,(%,) = {{@n}: tn€ en || Koo}. The alge- 
n=1 
braic operations are defined pointwise and for x€ 2%, || z || => || zn |. 
n=1 


THEOREM 5.4. If R is the radical of the above algebra M, R® = {0}, 
and & is not decomposable. 


Proof. Clearly R= {xe WM: 2,€ Rr}, and since R,° — {0}, it follows 
that #* — {0}. Let p, € U/R be the images of the primitive idempotents ),. 
By the construction || || —inf || || || p,+r||—n. If there 

réeRn 


exists an isomorphism p of 2/% into WM, then by [4, Corollary 2.2] there 
exists a constant M such that 


| SM || Pn ||? = Mn’, 
But by the construction it is clear that for each n 
sup | = n°. 
k=1, ,n 


These two facts are obviously incomparable, hence the theorem follows. 
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In the above example, 1/3 is isometrically isomorphic with the algebra 


co N 
of sequences {%} such that Sin|a,|<oo. For if then 
n=1 n=1 


|| = inf || | —int || AnPn + | 


ref n=1 R n=1 
inf || + tn aI. 
n=1 rn€ Rn 
Thus we have an alegbraic isometry of a dense subalgebra of 8 onto a dense 
subalgebra of 2{/9t which can be extended to an isometry of B onto W/K. 
The following result shows that for algebras for which 1/# = 1, and Ri" — {0} 
no such construction as the above is possible. We are assuming coordinate- 


wise multiplication in 


THrorem 5.5. Let A be a commutative Banach algebra such that 
A/R=1l,. Then if i" = {0} for some integer n, UX is strongly decomposable, 
and the strong decomposition 1s unique. 


In the light of Corollary 4.3 this will follow from the following: 


THEOREM 5.6. Let U/R—~l,. Then M is decomposable if and only if 
the primitive idempotents of 2X form a bounded set. If the primitive tdem- 
potents of X are bounded, then % 1s strongly decomposable, and the strong 


decomposition is unique. 


Proof. Suppose %{ is decomposable. Then there exists an isomorphism 
w of 1, into 2% which carries the set S of primitive idempotents of /, onto the 
set T’ of primitive idempotents of 2. Since S is a bounded set in 1,, by 
[4, Corollary 2.2] »(S) =T is a bounded set in %f. Conversely, suppose T' 
isa bounded set in 2%. Let v be the natural homomorphism of % onto Y/N, 
the isomorphism of onto 1,, and let ~—Av. For each primitive idem- 
potent e;€1,, there exists a unique primitive idempotent f;€ 2% such that 


=e. Let B= |2—lim where <2}. By the 


n>oo k=1 


boundedness of {fx}, > onfe converges absolutely. Therefore since w is con- 
=1 


tinuous, p(x) = > a,e;,, and » maps B in a one to one fashion onto ],. For 


© 
r€B, fe] S| therefore is closed, and M is 
k=l 
strongly decomposable. The uniqueness of this strong decomposition can now 
he verified easily by adapting the method of Theorem 2. 4. 
We note that under the hypothesis of Theorem 5.5 the decomposition 
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will not in general be unique. To see this we define Y—1, © {ar}, where 


r?—r(l,) Let be the natural isometric injection of 1, into 
If f is a discontinuous linear functional on J, which vanishes on (J,)?, then 
A(z) =p(z) +f(z)r, for z€1, defines an isomorphism of J, into Y. If 
%’ —(1,), then it is clear that Y—B’ @ RK, and BY’ is not closed in Y. 


UNIVERSITY OF CALIFORNIA, BERKELEY, 
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FUNCTIONS THAT ARE HARMONIC OR ZERO.*? 


By JoHn W. GREEN. 


1. Introduction. In a paper on integral characterizations of harmonic 
functions, E. F. Beckenbach [1] considered the following proposition: 


TuHEorREM 1. Let u(2z,y) be of class C’ in a domain D and have the 
property that at each point (2%, Yo) of D either u(x, Yo) =0 or u ts harmonic 
in some neighborhood of (xo, Yo). Then u is harmonic in D. 


If u is only of class C°, the theorem is false, as the example u = | x | shows. 
If wu is of class C”, the result is trivial, since it follows immediately that 
Vu=0. In [1] is given a proof of the theorem under the additional 


hypothesis that w.,. and uw, are summable.* In the present paper, Theorem 1 
is proved without any addditional assumptions on wu, applications to potential 
theory made, and an analogous theorem proved for analytic functions. 


2. A preliminary lemma. Let / be the set of points of D at which u 
is not harmonic. The set £ is closed relative to D and w—0O on EF. We 


prove the following lemma: 


LEMMA 1. on E. 


Let (2, Yo) be a point of H at which u,40. Now EF is contained in the 
locus of the equation w(x, y) 0; hence all points of # in some neighborhood 
of (2, Yo) will lie on the curve yf (x) of class C’ which is the solution of 
the implicit equation u(2,f(x)) 0. The function wu is harmonic above and 
below this curve and continuous together with wu, and wu, across it. Conjugate 
functions v + and v— to u above and below the curve can be constructed by 
the usual integral formula f (du/dn)ds. Since integrals along the curves are 
allowed, v + and v— differ on the curve by a constant, which can be taken 
to be zero. By Painleve’s theorem on the continuation of an analytic function 


* Received March 7, 1960. 

*The preparation of this paper was sponsored, in part, by the Office of Naval 
Research. Reproduction in whole or in part is permitted for any purpose of the United 
States Government. 

*It is perhaps not completely clear in [1] that what is needed and used there is 
that wu, be absolutely continuous with respect to z for almost all y, that uz, be summable 
over D, and the same holds with letters interchanged. 
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across a rectifiable curve on which it remains continuous, one sees that 
continues harmonically into itself across the curve. Therefore (2, yo) does 
not belong to £ after all. The case of ws is handled analogously. 


38. A special case of Theorem 1. We now prove Theorem 1 in the case 
D is a circle and u is harmonic on the boundary of D; in this case Z C D. 


Lemma 2. Let D’ be that component of D—-E which extends to the 
boundary of D. Then ugz and uy, are summable over D’. 


Let w be uz or uy. In either case w is harmonic in D’ and on the outer 
boundary of D’; it is continuous and equal to zero on the inner boundary, 
which is composed of points of #. It is clearly possible to define a function 
in D’ with finite Dirichlet integral and with the same boundary values as w. 
Since the harmonic function with prescribed continuous boundary values, 
when it exists, minimizes the Dirichlet integral, w has finite Dirichlet integral 
over D’. Thus | w,|* and | w, |? are summabie over D’ and this implies that 


Ure and Uyy are. 


Lemma 3. Let f be a continuous function on (a,b) and F a closed set 
in (a,b). Let f(x) =0 for x in F, and let f be absolutely continuous on 
each of the open intervals of which the set (a,b) —F is formed. Finally 
let f’ be summable on (a,b) —F. Then f is absolutely continuous on (a,b) 
and f’ =0 almost everywhere on F. 


Let z be a point of F and set g(x) =f’(x) for x in (a,b) —F and 
g(x) =0 for z in F. Define 


h(x) = “g(t)at. 
If z¢ F, then h(x) => | f’(t)dt, where a; are the intervals of (a,b) —F 
lying between 2 and x. But if «= (ai, dj), 
—fla) =o. 


Thus h(x) =0 forzin F. If x€ (a,b) —F, let 2, be one of the ends of the 
interval of (a,b) —F in which 2 lies. Then 


We see now that f=h and f is absolutely continuous. Since f’=g almost 


everywhere, f’ almost everywhere in F. 
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Lemma 4. For almost all y, uz(x,y) is absolutely continuous with 
respect Ure summable over D, and Uzz = 0 almost everywhere in D— D’. 


Let Z, represent the horizontal line with ordinate y. Since wzz is 
summable over D’, it is summable over L,-D’ for almost all y. For such a y 
we apply Lemma 3 to wz, taking (a,b) —F to be L,-D’. The set F consists 
of points of #, at which w;—0, and of points of other components than D’ 
of D—E. But such components would have as boundary points only points 
of Therefore w= 0 in such components and u,—0o0n F. From Lemma 3 
it follows that u, is absolutely continuous in 2, and uz 0 almost everywhere 
o. F. By Fubini’s theorem, uz,,—0 almost everywhere (two dimensional 
measure) on D—D?’, and wz is summable over D. 

The special case of Theorem 1 is at hand, since Beckenbach’s result is 
applicable. However, for completeness, the following proof, slightly different 
from that in [1], is included. 

It suffices to prove that f (du/dn)ds —0 around any rectangle in D with 
horizontal and vertical sides. For if this is so, one can define a conjugate 
function 

(ay) 
v= (du/dn) ds, 
(@o¥o) 
restricting the integration to a horizontal followed by a vertical segment, or 
vice-versa. Then w and v are easily seen to satisfy the Cauchy-Riemann 
equations. 

Let then (2, y¥0) and (21,41) be lower left and upper right vertices of 

a rectangle R in D. For almost all y 


f Une (2, y) dt = —te(Lo, ¥); 
& 


(f — we (ts, y)dy— Uz (Xo, y) dy. 
e R Yo Yo 


If the corresponding equation with z and y interchanged is put down and 
added to this one, the right hand side of the resulting equation is the integral 
of du/dn around Rk. The left hand side is 


and so 


(Ure + Uyy) dady = (Ure + Uyy) = 0. 
JR J JD'-R 


4. A lemma concerning analytic functions. 


Lemma 5. Let K be a simply connected domain lying in the open unit 
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circle D. Let f be analytic in K and continuous on K. Let f=0 at ull 
boundary points of K lying in D. Then if K has a boundary point in D, 
f=0 im K. 


Let A be the set of boundary points of K at which f—0, and B the 
remaining boundary points of K, at which f40. By the continuity of f, B is 
a relatively open set on the unit circle |z|—1 and all points of B are 
accessible from K by straight line segments. Let 


$(w) 


map K conformally on the unit circle |w|<1. By known properties of the 
mapping function, B is carried into a relatively open set G on |w|—1 in 
a one-to-one fashion. If F is the complement of G on |w|—1, then A is 
carried into F. By this is meant that if a sequence w; tends to a point of F, 
all accumulation points of ¢(w;) lie on A, and vice-versa. 

Suppose K has a boundary point in D. Then F is of positive measure on 
|w|—1. This follows from a theorem of A. Ostrowski [2] which states that 
in the mapping of a simply connected domain on the unit circle, every 
neighborhood of any boundary point contains a set of accessible boundary 
points whose image on | w |= 1 has positive measure. 

Consider the function 


g(w) =f(¢(w)). 


It is analytic and bounded in | w| <1, and tends to zero when w tends to a 
point of F. By a theorem of F. and M. Riesz (see for example [3], p. 156) 
f=0. 


5. Proof of Theorem 1. We return to Theorem 1 in the general case. 
Let then wu be of class C’ in a domain D, and wu be zero or harmonic at every 
point of D. Let P be a point of D at which wu is not harmonic, and let D’ 
be an open circle about P such that D’C D. Let K be any connected com- 
ponent of D’— E. 

We first note that K must be simply connected. If it were not, some 
simple closed curve lying in K would enclose points of KE. By mapping the 
interior of this curve on the unit circle, we would have the situation covered 
in Section 3 and would conclude that there could be no points of F inside 
the curve after all. 


Consider now the function 


f(z) = uz (x,y) —iuy (2, y). 
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It is analytic in K and continuous in K ; furthermore it is zero at all boundary 
points of K lying in D’, such boundary points being points of #. Also, since 
K is not all of D’, there must be such boundary points. Therefore by Lemma 
5, f=0 in K, and so u,=u,=0 in K. Since u—0 on the aforementioned 
boundary points of K, w=0 in K. 

It follows that w=0 in D’—BE, and since u—0 on F, u=0 in D’. 
Thus w is harmonic in D’ and P cannot be a point of HZ. This concludes the 


proof 


6. Applications. In [1] it is shown that if uw is of class C’ in D and 
if the Dirichlet integral of w over each circle of radius r differs from the 
integral of w0u/dn around the perimeter by o(7*), then wu is harmonic in D 
provided either (a) wu does not vanish in D, or (b) w satisfies the conditions 
stated in the footnote to §1. These additional conditions arose because of 
the fact that in the course of the proof, it was shown that wu was either zero 
or harmonic at each point of D. It is clear then that we have the following 
theorem : 

Tx1tEOREM 2. Jf wu is of class C’ in D and if for each circle K in D with 


perimeter C we have 


ff (us? + — f u(du/dn) ds = 
J JK 


Cc 


then wu ts harmonic in D. 

Let # be a bounded point set which has a conductor potential in the strict 
sense; that is, a function uw continuous in the finite plane, harmonic except 
on #, equal to 1 on H, and with the appropriate logarithmic singularity at oo. 
If had continuous partial derivatives, Theorem 1 could be applied to this 

function «—1 and uw would be harmonic in the finite plane, which is impos- 
sible. Thus the following theorem may be stated. 

THEOREM 3. No conductor potential in the strict sense can have con- 
linuous partial derivatives. 

This is perhaps not surprising. The usual situation for smooth sets is 
for the conductor distributions of smooth sets to lie on curves, and for the 
discontinuity of the normal derivative across these curves to be proportional 
to the linear density. However for general point sets the result is not 


particularly obvious. 


7. A theorem on analytic functions. We can prove a theorem analogous 
ry . . 
to Theorem 1 for analytic functions. In this case, however, the continuity 


of the derivatives is not required. 
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TueorEM 4. Let f(z) be continuous in a domain D, and at each point 
of D let f be either analytic or zero. Then f 1s analytic in D. 


The proof is very similar to that of Theorem 1 and details will be omitted, 
If f—u-+iv, then in the analogue of Lemma 2, one proves that u,, uw, are J 
summable over D’. In the analogue of Lemma 4, one shows that uw i; 
absolutely continuous with respect to z and u,—0 almost everywhere in 
D—D’. To prove the special case of Theorem 4, it is shown that the integra] 
of f around rectangles is zero, and Morera’s theorem applies. In proving 
the general case of the theorem, Lemma 5 is applied directly to f. 


Added in Proof. Professor G. R. MacLane has recently pointed out that 
Theorem 4 is known, and indeed is known as the Radé-Behnke-Stein-Cartan 
theorem. The contribution of Radé (Uber eine nicht fortsetzbare Riemannsche 
Mannigfaltigkeit, Mathematische Zeitschrift, vol. 20 (1924), pp. 1-6) isa 
proof of our Lemma 5. The corresponding result for functions of several 
complex variables was proved by P. Thullen (Uber die wesentlichen Singu- 
laritaten, usw., Mathematische Annalen, vol. 111 (1935), pp. 137-157). 
H. Behnke and K. Stein (WVodification komplexer Mannigfaltigkeiten und 
Riemanncher Gebiete, Mathematische Annalen, vol. 124 (1951), pp. 1-16) 
proved our Theorem 4 for several complex variables. This amounts essentially 
to removing the hypothesis of simple connectedness from Lemma 5. Later 
and simpler proofs were given by H. Cartan (Sur une extension d'un Théoreme 
de Rado, Mathematische Annalen, vol. 125 (1952-53), pp. 49-50) and E. Heinz 
(Hin elementarer Beweis des Satzes von Radé-Behnke-Stein-Cartan, Mathe- 
matische Annalen, vol. 131 (1956), pp. 258-259), using a variety of methods. 
The present method appears to be different from the previous one, and also 
yields the corresponding theorem for harmonic functions. Of course, the 
theorem for harmonic functions also follows from the theorem for analytic 


functions with the aid of our preliminary lemma. 


UNIVERSITY OF CALIFORNIA, 
Los ANGELES. 


REFERENCES. 


[1] E. F. Beckenbach, “On characteristic properties of harmonic functions,” Pro- 
ceedings of the American Mathematical Society, vol. 3 (1952), pp. 765-769. 

[2] A. Ostrowski, “Quasianalytische Funktionen und asymptotische Entwickelung,” 
Acta Mathematica, vol. 53 (1929), p. 251. 

[3] L. Bieberbach, Lehrbuch der Funktionentheorie, Leipzig, 1934. 


872 
I 
sii 
ne 
| ta 
or 
sp) 
fle 
te 
fe 
I, 
Li 
tl 
by 
A 
0 
‘ 


point 


tted, 
are 
U is 
e in 
oral 
ving 


that 
rtan 
sche 
is a 
eral 
7). 
und 
16) 
ally 
ater 
the- 
ods. 
also 
the 
ytic 


FUNDAMENTAL GROUPS ON A LORENTZ MANIFOLD.* + 


By J. WoLrGanc SMITH. 


1. Introduction. Let Y denote a differentiable manifold of dimension 
n22 and class C?, 2< po. A metric Lorentz structure @ on VU is a 
econd order symmetric covariant tensor field of class C4, 2=qSp, and 
inature (2—n). Thus @ is a quadratic form having 1 positive and (n — 1) 
negative eigenvalues everywhere on Y. It defines an inner product in the 
tangent vector spaces to Y and enables us to distinguish time-like, null and 
space-like tangent vectors, according as their length squared is positive, zero 
or negative, respectively. The totality of null-vectors in a given tangent vector 
sace constitutes a cone with vertex at the origin, sometimes referred to as 
alight cone. If one keeps the light cones but discards the metric tensor 
field, one obtains what may be called a conformal Lorentz structure L on VU. 
We are interested in studying the global character of such a structure. The 


‘term global character has of course no precise meaning until one indicates a 
method whereby it may be measured or described. To give an example of 


one such method, we propose to regard ZL as a cross-section of an appropriate 
tensor bundle over Y. The homotopy class of the cross-section measures then 
a global characteristic of L.2 In contradistinction to these purely topological 
properties, we shall be concerned with more refined global characteristics of 
L which are not invariant under arbitrary homotopies of the cross-section. 
Such characteristics may be called conformal global properties (c.g. p.) of the 
Lorentz structure. Perhaps the simplest example of a c.g. p. is furnished by 
the barriers defined in [7]. 

In the present paper we shall study certain c.g.p. which are described 
by means of an infinite collection of groups. The basic process employed to 

* Received March 21, 1960. 


} The results established in this paper have been announced under the same title in 
Proceedings of the National Academy of Sciences, U.S. A., vol. 46 (1960), pp. 111-114. 


| This research was supported in part by the United States Air Force under contract No. 


AF-49 (638) -42, monitored by the Air Force Office of Scientific Research of the Air 


Research and Development Command. 


* ¢ and L may be referred to as associated structures. 
*This is essentially what the physicists Finkelstein and Misner [3] have done to 
obtain particle numbers for certain geons. 
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define these groups has been outlined in [8] and may be summarized as follows, 
Let x be a point of YU and X a set of loops in Y based at z. A homotopy 
F:I1XI—-VY (where I denotes the closed unit interval) is said to be in X 
if the maps F;: I> WV, defined by the restriction of F to I X t, belong to ¥ 
for all 7. Two elements fo, f:€ are homotopic in X (written f,~f, 
in Y) if there exists a homotopy in XY with F; =f; for 10,1. Let ¢ 
denote the set of equivalence classes in 1 under homotopy in XY. In the event 
that a given multiplication in XY induces a group structure on € we will say 
that é arises from X. Apart from the fundamental group 7: (V, 7), numerous 
other groups arise from suitable loop spaces XY. The groups rq in question 
have been obtained in [8] from certain loop spaces = 0,1, 2,° which 
depend on L. 

We shall henceforth use the term loop space to denote a set of loops 


having a common base point, together with a law of multiplication, which 


gives rise to a group. Two loop spaces X,, X2 will be called equivalent it 


there exists a loop space Y with AX; C X, such that the inclusion maps ];: 
X;,— X induce isomorphisms of the corresponding groups. We agree always 
to identify groups arising from equivalent loop spaces. To obtain the groups 
7, in particular, one has a choice of various equivalent loop spaces. In the 
present paper we shall take as our starting point certain loop spaces T,(L, 2), 
to be defined in Section 2, which permit us to state the proof of basic results 
with optimum economy. The proof of equivalence for the T,(L,2) and the 
7, considered in [8] is no more than an exercise, and will be omitted. 

This work is part of a general effort to gain insight into the global 
structure of general Lorentz manifolds. Whatever interest the 7-groups may 
have in themselves, we believe that their significance must ultimately be 
judged in terms of their ability to contribute towards such an insight. It is 
too early to predict whether the new groups will be fruitful or not, in this 
sense. The most that can be claimed for them at this stage is that they bring 
to light some hitherto unrecognized global properties of a general Lorentz 
manifold. The present paper is devoted to the proof of four theorems con- 
cerning the r-groups. The first (§ 4) establishes a general connection between 
the r-groups and the fundamental group 7, of Y. The second and third 
theorems (§5) are concerned with the dependence of the new groups ol 
base point, and the last (§7) tells essentially what happens when the Lorentz 
structure is flat and complete. 


2. The loop spaces. Our first task is to define the loop spaces T,(L,.). 
By a path we shall understand a piecewise differentiable map f: J—> Y, avd 
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we will say that f starts at f(0) and ends at f(1). If f and g are two paths 
such that f ends where g starts, then one can define a product fg in the usual 
way,’ giving a path which starts at f(0) and ends at g(1). The totality of 
paths in Y, together with this law of multiplication, will be denoted by P*. 
A path f, being piecewise differentiable, determines a unique tangent vector 
at f(t) for every regular point ¢€ J, and two distinct tangent vectors for every 
singular ¢€ 7. The path will be called time-like if all its tangent vectors 
are time-like. ‘Two time-like vectors belonging to the same tangent vector 
space are called oppositely or equally directed, depending on whether they are 
separated or not by the light cone. A time-like path f is said to have an 
interior corner at t€ J if ¢ is a singular point of f, and if the corresponding 
tangent vectors to f at f(t) are oppositely directed. It is said to have an 
ecterior corner if it is closed, and if its initial and terminal tangent vectors 
are oppositely directed. We define a q-loop based at x (q a nonnegative 
integer) to be a time-like path which starts and ends at x and has exactly q 
corners. Products involving q-loops based at a will be the basic ingredients 
of T,(L,x). These alone, however, would only give rise to a semi-group, 
and one must add some additional ingredients in order to obtain an identity 
and inverse elements. On the other hand, one must not add too much, for 
this would only lead to the usual fundamental group. We consequently define 
a sting based at x to be a path of the form ff' with f(0) 2. The set 
generated by g-loops and stings, based at x, does give rise to the desired group 
74(L,2). It will be convenient, however, to use an equivalent loop space 
containing certain additional elements. For this purpose a few more defini- 
tions will be required. If f is an arbitrary path and y€f(J), we define a 
y-factorization of f to be one of the form f,f- with f,(1) =y. If g is a path 
starting at y and f* —f,gg"f_, we will say that f* is obtained from f by 
insertion of a sting. Similarly, f is obtained from f* by deletion of a sting. 
We define a generalized q-loop to be a path which can be obtained from a q- 
loop by insertion and deletion of stings (applied a finite number of times.) 


The constant path e, (mapping J on x) will also be regarded as a generalized 


g-loop based at .r, for all values of g. One observes that a p-loop f with pq 
and p having the same parity as q (this means p+ q is even) is likewise a 
generalized g-loop. For clearly f can be turned into a q-loop by insertion of 
stings. The generalized q-loops are in a sense limits of q-loops, and it will 
be good to have them in our loop spaces. We consequently define L,*(L, x) 


to be the set of all generalized g-loops based at 7, and 7,*(L,x) to be the 
* Cf., for instance, P. J. Hilton [4]. 
‘This is a slightly weaker definition than the one given in [8]. 
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subset of P* generated by L,*(L,x). In other words, the elements of 
T,*(L,z) are finite products of generalized g-loops based at z. One verifies 
immediately that 7,*(L,2z) is a loop space. 

The asterisk indicates that we are still not satisfied. This stems from 
the fact that it will be greatly advantageous to deal exclusively with paths 


whose parametrization has been standardized in some way. For this purpose 


we will put a Riemannian metric® @ on WV and use arc length over total 
length (relative to 0¢) as standard parameter. One obtains thus a map § 
from P* into the set P of all standardized paths. We define a multiplication 
in P to be the multiplication in P* followed by 8. The multiplication in P 
is thus associative. We further note the following properties of S which are 
easily verified : 


(i) for all loops f€ P*, Sf~f in P*; 
(ii) for all fe T,*(L, 2), Sf~f in Ty*((L, 2) 


(iii) for f,g¢€ P* with fg defined, S(fg) =S(f)S(g), the multiplica- 
tion on the right being understood in P; 


(iv) f~g in X implies Sf~ Sg in S(X). 


Now let 7, (L,7) =S(T,*(L,2)). Clearly T,(L,x) is again a loop space 
(multiplication being understood in /’), and it follows by properties (ii), (iii) 
and (iv) that 7, (L,.x) is equivalent to 7,*(L,2).° We take the sets T,(L, 7), 
q =0,1,2,- - -, as the starting point of our investigation, and we will denote 
the corresponding groups by 

It is known that the fundamental group 7,(V,:°) arises from the set 
M*(Y. x) of all piecewise differentiable loops based at z, with the usual law 
of multiplication. It follows again from properties (i), (iii) and (iv) that 
the set 1/(U, x) of all standardized loops based at x, with multiplication in P, 
is equivalent to M*(Y,x). We can therefore obtain 7,(V,z) from the loop 
space 2x). 


3. Notation and remarks. A little more terminology concerning paths 
will be helpful. If f, f* are time-like paths with ff* defined, we will say that 


5 For basic terminology and facts of differential geometry, in modern form, we refer 
to K. Nomizu [6]. 

°The inclusion map I: 7,—> 7,* induces a map i of the corresponding groups. 
Properties (ii) and (iii) imply that i is a homomorphism, (ii) implies that it is an 
epimorphism, and (iv) implies that it is a monomorphism. 

7 We will generally suppress the symbols (Z,a#) and write 7,, etc. whenever the 
meaning is sufficiently clear. 


87 


LORENTZ MANIFOLD. 


f joins smoothly to f*, provided the terminal tangent vector to f and the 
initial tangent vector to f* are equally directed. Two paths f, f* will be 
called equal modulo stings (written f = f*) if one can be obtained from the 
other by insertion and deletion of stings (applied a finite number of times). 
An element f € T,(Z,2) may be called stingless if there does not exist a path 
f* (different from f) such that f is obtained from f* by insertion of stings. 
It is not difficult to see that every f€ T,(L,2) is equal modulo stings to 
exactly one stingless element f*€ 7,(L,2). The operation producing f* 
from f may be called pruning. Lastly, if f is a path and ¢,,¢,€ 7, we will 
denote by (f|¢:,¢2) the path g, defined by the formula 


g(t) =f(titt(t.—h)), tel. 


So far we have employed a Riemannian structure #2 only to standardize 
the parametrization of paths. Apart from this, we shall have occasion to 
utilize the fact that 02 determines a distance function A (mapping UX VU 
into the set of nonnegative real numbers). For «€ VY and « a positive number, 
€(z,«) will denote the totality of points y¢ VU with A(2z,y) <e. It will 
always be understood that ¢« has been chosen sufficiently small to insure that 
S(wx,¢) is topologically an open ball (n-cell). In addition to the Riemannian 
structure #2, we shall sometimes utilize a metric Lorentz structure ¥& asso- 
ciated with LZ. Geodesics and parallel transport will be understood relative 
to £,° while distance and path length will be understood relative to i. Our 
assumption concerning the differentiability class of & was designed to insure 
that, given «€ Y and a nonzero tangent vector € at x, there shall exist a 
geodesic g which starts at x and has its initial tangent vector in the direction 
of €& Moreover, for e¢ sufficiently small, there exists exactly one such 


(standardized) g of length «. 

With every f€ W(V,x) we can associate a Lorentz transformation Ty 
of the tangent vector space Y, at x in the following manner. For €€ Vz, 
T,;é shall be the vector resulting from the parallel transport of € around f. 
If é is time-like, so is T;é, and one may call 7; time-preserving or time- 
reversing, depending on whether € and 7yé are equally or oppositely directed, 
respectively. It is not difficult to see that this property of 7, depends only 
on the homotopy class of f and on the conformal Lorentz structure L associated 
with &. In the event that 7; is time-preserving for all f€ M(V,zx), L may 
be called time-orientable. We also define the parity of f€ M(¥V,z2) to be 


’ More precisely, we should say that there exists a unique torsionless affine connec- 
tion which preserves yg. Geodesics and parallel transport will be understood in terms of 
this connection. 
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even or odd, depending on whether 7; is time-preserving or time-reversing. 
Let f€ T,(L,z), let €€ Vz be time-like, and assume that and the initial 
tangent vector to f are equally directed. Let é denote the parallel translate 
of € along (f|0,¢). If ¢ is a nonsingular point of f, we note that ¢ and 
the tangent vector to f at f(¢) are equally or oppositely directed, depending 
on whether the number of interior corners of (f|0,¢) is even or odd. The 
parity of f is consequently equal to the parity of q. 

The proofs given in the subsequent sections depend on certain elementary 
propositions of Lorentz geometry in the small which we now summarize in 
the form of three Lemmas. The first two refer to the local behavior of 
geodesics and can be stated as follows: 


LemMA 3.1. Given x€ WY, there exists a positive number e such that two 
points of G(x,e) are joined by at most one geodesic lying wholly in S(2,). 


Lema 3.2. If z,y€ WV are joined by a unique time-like geodesic, then 
there exists a positive number e such that every point of S(2,«) ts joined to y 
by a time-like geodesic. 


The third Lemma refers to the deformability of time-like paths. In our 
terminology it may be formulated as follows: 


Lemma 3.3. Let f be a 0-loop based at x and let fe f(I). There exists 
then an open neighborhood N of y such that, for every 2€ N, there exists a 
0-loop based at z. If g ts an arbitrary path with f(t) € g(Z) for an interior 
point t€ I, then there exists an open neighborhood N in g(I) containing f(t) 
such that f can be deformed as a 0-loop based at x to sweep over N. 


The proofs of the three propositions offer no difficulty and will be omitted 
here. 


4. Direct limits. The inclusion maps J,: T,(L,x) > Hy: 
Tq(L, 2) > Tg2(L,x) induce homomorphisms hg of the corresponding 
groups, and we observe that the diagram 


hg 
tq(L, ——> tq2(L, 2) 


(4. 1 ) tg tase 
(V, 2) 


is commutative. With every base point x€ Y we have thus associated an 
algebraic structure which is summarized by diagram (4.1), drawn for 
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q=0,1,2,---. The first point to note is that the maps i, and h, are neither 
monomorphisms nor epimorphisms in general, as will be shown in Section 6 
by means of examples. Thus even on a simply-connected manifold the r+- 
groups may assume nontrivial values. In order to find a connection between 
the r-groups and the fundamental group 7,, one must consider the direct 
limits of 
ho hy 


Let us designate these direct limits by r, and 7_, respectively. Since diagram 
(4.1) is commutative, the maps i, determine two homomorphisms +. 7. 


THEOREM 4.1. i,(i_) maps 7,(r_) tsomorphically onto the subgroup 
m*(71°) of 7, generated by loops of even (odd) parity. If L 1s time-orient- 
able, m:*—=7, and m7, tq (q odd) are trivial. Otherwise a, is a normal sub- 


group of index 2 and my = 74. 
We begin the proof by defining sets 
U T,, |) 


qeven qodd 


We also let 1/,(1/_) denote the subset of M generated by loops of even (odd) 
parity. The purely geometrical content of the theorem may now be sum- 
marized in two propositions, as follows: 


Lemma 4.1. Let fo,f,€7T.(T_). If fo~fi im M, then there exists an 
even (odd) integer q such that fy~f, in Ty. 


LeMMA 4.2. Given fo€ M,(M_), there exists T,(T_) such that 
fo~f, in M,(I_). 


These assertions are not at all surprising, but they are a little awkward 
to prove. Let us first consider Lemma 4.1. By assumption there exists a 
homotopy F: in M with F; =f; for i=0,1. We will show by a 
constructive argument that there exists an integer g and a homotopy H: 
IX I> VW in T, such that H,~ F; in T, for 10,1. The construction will 
depend on a Riemannian structure @ and a metric Lorentz structure & 
associated with L. For y€ F(I XI) let S(y) denote the set of all positive 
numbers e such that (i) two points of G(y,2e) are connected by at most one 
geodesic lying wholly in G(y, 2e),!° (ii) e<1. By Lemma 3.1 S(y) is not 


*Cf., for instance, Eilenberg and Steenrod [2]. 
*° In keeping with an agreement made in Section 3, we are taking e sufficiently small 
to insure that G(y, 2e) shall be an n-cell. 
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empty, and we let «,(y) denote its least upper bound. Since «,(y) is clearly 
lower semicontinuous, it assumes a smallest (positive) value e, on F(I X 1). 
Now let é be a time-like tangent vector at our base point x With every 
point (s,t)€I XI we associate a time-like tangent vector by parallel 
translating é along (F;|0,s). There exists exactly one (standardized) 
geodesic G,,, which (i) starts at F(s,¢), (ii) has initial tangent vector in the 
direction of &,;, (iii) has total length «,. By Lemma 3.2 there exist positive 
numbers €,,;, bounded above by such that F'(s*,t) € G(F(s, ¢), s+) implies 
the existence of a unique geodesic H*",;, lying wholly in S(F(s,¢),«.), with 


H*,:(0) =G,2(1) and H*,:(1) = F(s*,¢). 


We observe that the covering (s,t)€ I} of FU 
admits a finite subcovering. There exists consequently a partition of J, given 
by <8, such that 


F (Sis, t) € (F' (si, t), 0O=i1<N,te I. 
We now define the desired homotopy H by the formula 
N-1 
(4.1) A, 
i=0 


We further define homotopies G° and G* by 


N-1 
(4. 2) G;! | u;(t), 


where 
uj(t) =s;+ —S;). 


One observes that 
(4.3) of == Fi, i=0,1. 


It remains now to prove that G°, H and G* are homotopies in 7, for 
some g. For every ¢€ I, G;,°, H; and G;' are time-like paths which start and 
end at z. We let g°(t), p(t) and q'(t), respectively, denote the total number 
of corners. Since Fo, F,€ T,(T_), there exists an even (odd) integer r such 
that Fo, Fi:€ T,. In virtue of Equation (4.3) we can conclude that q°(t), 
p(t) and g'(¢) are even (odd) for all ¢€ J. Moreover, one finds that 


p(t) S2N, g(t) Sp(t) +rS2N +r, i=0,1. 
Consequently G°, H and G* are homotopies in T, with 


q—max {9°(t), p(t), 
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as was to be proved. The proof of Lemma 4. 2 is accomplished by means of 
the same construction and need not be given here. 

We proceed now to prove the theorem. Let 7,*(7_*) denote the group 
arising from 7,(T_). We shall show that r.* is naturally isomorphic to r:. 
The latter may be regarded as a set of equivalence classes in S., where 


qodd 


qeven 


two elements of S. being called equivalent if one can be mapped on the other 
by a composition of the maps hy. For a€ 8., let {a} denote its equivalence 
class. We define now two maps ¢.: r.*—> 7. by the rule 


where 7 denotes an arbitrary element of T., [1]. denotes the corresponding 
element in r.*, g denotes the smallest integer p such that 1€ T,, and [1], 
denotes the corresponding element of 7,. To show that ¢. is well defined, 
the corresponding element of 7,. To show that ¢. is well defined, we suppose 
l,~l, in T.. Let g; denote the smallest integer p such that 1;€ T,, 10,1. 
By Lemma 4.1 there exists an integer q=q,q1 such that 1,~1, in Ty. 
Consequently 


:([lo]=) = = {lola} = (Lh Ja} = = 


showing that ¢. is well defined. One verifies by similar elementary considera- 
tions that ¢. is an isomorphism, and that the diagram 


(4.4) 


(where 1.* denotes the homomorphism induced by the inclusion map J.*: 
T.— M.) is commutative. We claim now that i.* is an isomorphism. This 
is so because 7.* must be a monomorphism in virtue of Lemma 4.1, and it 
must be an epimorphism by Lemma 4.2. Since diagram (4.4) is commu- 
tative, we may conclude that i. is likewise an isomorphism. 

If LZ is time-orientable, it is clear that 7,* 7,, and that 7,-, (q odd) 
are trivial. We suppose now that Z is not time-orientable. For 1, € MW, and 
l€ M, Ul,l-* belongs again to /,, implying that 7,* is normal. It remains to 


show that 7,* has index 2 in 7,, and that 7,7. For this purpose we 


observe that the Riemannian structure @ permits us to distinguish a special 
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line element in every tangent vector space Y, to V as axis of the light cone. 
Each axis contains two unit vectors é,*, one being the negative of the other. 
The totality of pairs (é,*,y), y€ U, may be endowed with a manifold structure, 
and one thus obtains a manifold Y* covering YU. Since L is not time- 
orientable, YU* must be connected. We observe now that 2,(U*) is iso- 
morphic to 7,*(V), and since Y* is a 2-fold covering of V, 7:*(V) has index 
2 in m(V). Thus 7, where z,* denotes a coset of in 
We note that 7,* C 7", since every element of z, which does not belong to 7, 
belongs to 7,*. Let a be an arbitrary element of 7, and B€a,*. Then 
€ and consequently and £ both belong to z,. But this implies 
€ as was to be proved. 


5. Components of L. In contradistinction to 7:(V, x), the new groups 
tq(L,z) do in general depend on z as abstract groups.’* We define a com- 
ponent of L to be a maximal connected subset U of V such that, for all 
x,y € U, there shall exist isomorphisms ¢¢: tg(L,y) > 7q(L, x), g=0, which 
make the following diagram commutative: 


tq:2(L, y) ——> t¢:2(L, 2). 


This definition implies that the totality of components constitutes a partition 
(disjoint covering) of Y. A Lorentz manifold with just one component may 
be called simple. If x is a point of VU, we will denote by {x} the component 
to which it belongs. In this Section we shall establish a geometric charac- 
terization of components {x} for which 7)(Z,z) is nontrivial, and we shall 
show in this case that 7,*({r},xz) is a quotient group of 7,(Z, 2). 


THEOREM 5.1. Let ro(L,x) be nontrivial for some VU. Then {2} 
is the totality of points in UV belonging to the range of 0-loops based at «. 
Moreover, ro(L,z) is trivial for all z€ 


Let U denote the totality of points in Y belonging to the range of 0-loops 
based at z. It follows directly from Lemma 3.3 that every point of U different 
from z is an interior point of U. To see that « itself is an interior point, 


11 Cf., also L. Markus [5], p. 412. 
12 Cf., for instance, Example A, Section 6. 
** For U C UV, dU shall denote the boundary of U in the sense of general topology. 


tq(L, y) tq(L, 2) 

hg hg 
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we take a 0-luop f based at x and apply Lemma 3.3 to f?. Hence U is open. 
If r.(Z,z) is nontrivial for z€ 0U, then there exists a 0-loop J based at z. 
This implies by Lemma 3.3 that z has a neighborhood T such that, for every 
y€N, there exists a 0-loop /* based at z with ye I*(I). Since z€ 6U, we 
can take y9EN AU. If 1,*l_* is a y-factorization of /*, 1*1,* will be a 0-loop 
based at y. Since y€ U, there exists a 0-loop f based at x with yé€ f(JZ). 
Let f.f- be a y-factorization of f. Then either f,J_*1,*f_ or else f-*I*1,*f,> 
must be a 0-loop based at 2, which implies that z€ WU. On the other hand, 
since U is open, z¢ U. Hence 7(L, z) is trivial. We conclude that {x} C U. 

It remains to show that UC {x}. Let y be an arbitrary point of U. 
There exists then a 0-loop / based at x with y€1(I). Let 1,l_ be a y-factoriza- 
tion of 7, and let g be a nonnegative integer. We wish now to construct a map 
6: T,(L,y) >T,(L,2z) which wiil induce the desired isomorphism ¢, of the 
corresponding groups. To define ,(f) for an arbitrary element f¢€ T,(L,y), 
we will first prune f to obtain a stingless element f*. One must now dis- 
tinguish three cases: (i) f* = ey, (ii) f* 1s a p-loop (based at y) and joins 
smoothly to /_, (iii) f* is a p-loop and joins smoothly to 1,-1._ We define ®,(f) 
in each case as follows: 


(i) 
(5.1) (ii) 


To prove that ®,(f) € T,(L,2x), one verifies first that 
(5. 2) = f,g€ Te(L,y) ; 


in all cases. It follows by induction on the number vy that 


(5.3) +I Tq(Lsy). 


Since f€ T,(L,y), it has a factorization 


(5.4) f= IL fi, fi€ Lg(L, y).™ 


In virtue of Equations (5.3) and (5.4), it remains to prove that 
®(fi)€ (L,x) for fre Lg(L,y). This is certainly true if fi places us 
in case (i) as defined above. In case (ii), 1,f_ is clearly an element of 
L,(L,x), and it remains to verify that /-1€ T,(L,x). To show this, it suffices 
to observe that = (1,fil_) and that L,(L,x). Similar 
observations show that ®,(f;) € T¢(Z, x) in case (iii), and the map ®,: T,(L, y) 
>T,(L, x) is consequently well defined. 


** DT, = §(L,*), as defined in Section 2. 
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It is not difficult to see that f~g in T,(L,y) implies ®g(f)~,(g) in 
T,(L,xz). Therefore @, induces a map dg: tg(L,y) > Equation 
(5.2) implies that preserves multiplication, and since =1,1,-', ¢, 
also preserves the identity. Hence ¢, is a homomorphism. To show that it 
is an isomorphism, we define a map &,: T,(L,2) > T,(L,y) by the formula 


(i) 
(5.5) -{ (ii) fl, 
(iii) 

where cases (i), (ii) and (iii) are defined just as above, with 1,(1-*) playing 
the role of J_(1,-+). One verifies as before that ©, is well defined, and that 
it induces a homomorphism yy: > rq(L,y). A simple calculation 
based on Equations (5.1) and (5.5) discloses that yg¢q and ¢$q°yYq are 
identity maps, which proves that yw, is an isomorphism.*® 

It remains now to check that the maps ¢, commute with the maps h,. 
But this follows from the fact that the diagram *® 


Lq(L,y) ——> T,(L,2) 


® 


Tq.2(L, y) r) 


is clearly commutative. 
Having concluded the proof of Theorem 5.1, we proceed to prove 


THEOREM 5.2. If 7 .(L,z) is nontrivial, then there exists a natural 
epimorphism k: ro(L, x) > m*({z}, 2). 


If f is an arbitrary (nontrivial) element of 7,(L,2), we can prune it to 
obtain an element f* which is a product of 0-loops based at x. By the pre- 
ceding theorem, f*(Z)C {x}. We have consequently defined a map XK: 
T )(L,2) > M*({z},z), and this induces a homomorphism 7 (L,2) 
—7,'({v},z). Our main task is to verify that an arbitrary element 
f€ M*({x}, x) is homotopic in M*({x},x) to a product of 0-loops based at z. 

In virtue of Theorem 5.1 there exists, for every s€ I, a 0-loop f, based 


15 To indicate how this calculation goes, we take f € 7,(L,y) and place ourselves in 
case (ii). Then 
(f) = = f. 
The five remaining computations are quite similar. 
*° The vertical arrows signify inclusion maps. 
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at c and an interior point ¢, € I such that f,(t;) =f(s). It follows by Lemma 
3.3 that every s€ J has an open neighborhood N, in J, an associated con- 
tinuous family {F,8,u€ N,} of O-loops based at and an associated con- 
tinuous function u,: N,—> TJ such that =f(t) for t¢ Ns, —fs 
and w,(s) = ts. One sees by elementary considerations that there exists a 
finite partition of J, given by 0 = such that Nz, 
fr0 

We can now simplify our notation by setting fi—fs,, Fi F%'s,,, ti = le, 
and Uj = Us, (Si1),0<tSv. Thus = fi(ti), 0O<1<v, and we may 
suppose that our loops have been so oriented that (Fi.1| 0, vi) does not join 
smoothly to (f;| ¢i,1). We may suppose further that (F',| 1,1) is a 0-loop 
based at x. Let 


(5.6) (Fe| us 1) (fel 1, 4), 


It is not difficult to see, in the first place, that g,~f in M*({z},xv). The 
formula required to prove this is entirely analogous to Equation (4.2) and 
need scarcely be written down. One observes further that g, is a product 
involving 0-loops based at 2, and possibly some 1-loops based at x with an 
exterior corner. If the latter do not occur, the result is proved. In the 
general case we will show that g, can be modified by the insertion of stings 
to yield a product of 0-loops based at z. 


For this purpose we posit the inductive hypothesis 
(5. 7) 9: = lm, (fil 1, ti), 0<t< 


where J; denotes a product of 0-loops based at x and m, is a closed time-like 
path (without interior corners) which joins smoothly to (f;| 1,4), or else 
m,;—=e, Our assumption concerning (F, | u;,1) insures the validity of this 
inductive hypothesis. We claim now that a corresponding formula holds for 
i=yp. This is certainly the case when 


| 1, (Fu | 1) 


is a 0-loop, for one can then take 1/,—J,./ and m,—e,. Otherwise 1 is 
1-loop with exterior corner, and 1,_,/€ M-({x},x). This being the case, we 
will establish the existence of a closed time-like path m such that Im is a 
0-loop based at x. Let us suppose for the moment that this has been done. 
One can then set 1, =1,,lm and m, = m-}, and it is easily checked that m, 
joins smoothly to (f,|1,¢,), as is required. This completes the inductive 
argument, and one can conclude that Equation (5.7) holds for i=v. The 
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factor m,(f,|1,¢,) must be a 0-loop or a 1-loop. Since J,,g,€ M*({z},c), 
the second possibility is ruled out, as was to be proved. 
It remains now to construct the path m referred to above. If uv, then 


the loop 
9u* (fu | 0, ty) 


must belong to M*({x}, 7), since it differs from g, only by a 0-loop and a sting, 
Consequently /(f,|0,¢,) must be a 0-loop, and we can take m = (f, | 0, ¢,). 
We suppose now »<v. If » +1», then one observes again that the loop 


= (fu | 0, tu) (Fusa | 0) (fuer | 1, tues) 


must belong to M*+({zx},x), since it differs from g, only by 0-loops and stings, 
In this case we may therefore take 


m= (fu | 0, tu) (Puss | 0) (fuer | 1, 


If, on the other hand »+1<¥, then we may continue our construction in 
the obvious way. After at most (v—vy) steps we will have obtained a suitable 
path m. 

As a corollary to Theorem 5.2, we note that if UV is simple, then 7, is 
either trivial or it admits 7,* as a quotient. In particular, if Y is simple 
and compact, then 7) admits 7,* as a quotient.!” 


6. Examples. 


(A) The simplest example of a Lorentz manifold is obtained by en- 
dowing the real number plane Ff? with a metric tensor, whose components 
relative to the standard coordinate system are given by 

| 
Clearly all the r-groups for this space are trivial. Now let us remove a closed 
space-like line segment yy* from R? and consider the resulting manifold Y. 
It is clear that all groups rg (q odd) are trivial, because the given Lorentz 
structure L is time-orientable. It is also evident that +) is everywhere trivial, 
and one sees without much difficulty that rz is everywhere infinite cyclic for 
gq =4,6,8---. This is due to the fact that, given x€ VY, there exists a 4-loop 
based at x which encircles the missing interval yy*. The situation is different 
in regards to rz. A given null-line through y will intersect a null-line through 
y* at some point z. A second null-line through y will intersect a null-line 


*7 We do not presently know whether there exist compact Lorentz manifolds which 
are not simple. 
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through y* at some point 2*. We claim now that 7.(Z,2) is trivial for all 
Hpoints # belonging to the closed triangular region yzy* (or yz*y*). For 
there does not exist a 2-loop based at x which encircles yy*. For all other 
‘points € Y, such a 2-loop does exist, and one finds again that r.(L,2) is 
infinite cyclic. This example shows that the maps hg and ig are not epimor- 


phisms in general. 


(B) For our second example we take V to be the 3-dimensional number 
‘space R*. A conformal Lorentz structure L may be defined by prescribing a 
‘smooth vector field » on R*. Since R* carries a natural Euclidean structure, 
|, determines in every tangent vector space Y, a right circular cone with 
yertex at the origin and axis parallel to (zx). We take this to be our light 
cone. Let 7, 6, z be cylindrical coordinates in R*, and let (é,, 20, ez) denote the 
‘corresponding local reference frame. We shall set 


> ~ 
dele + Azlz, 
| where 
a, = 1 — ae 


de= f(r), 
| being a monotonic C® function such that 


t=0 


0 


'The resulting Lorentz structure evidently admits 0-loops. In particular, if 
Ee (1,0,0), then the equations 


represent a 0-loop based at z This implies that ro(Z,2z) is nontrivial. It is 
extremely likely that the given Lorentz manifold has exactly one component 
‘with r) infinite cyclic, all other groups being trivial. 


| (C) For our last example we take UV to be the portion of R® defined 
iby |2| <«, where « is a positive number. Let 2, 72, 23 denote the natural 
‘coordinate numbers in R? (with zz; =z) and let (e;, b> denote the corres- 
|ponding local reference frame. We set 


> 
N = + 


t), 
| 
| 

ig. 

). | 

op | 

in | 
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a3 =1—a, 
a,—=f(r—1). 


Let z= (3,0,0), = (0,4,0), x” = (—3,0,0) and 2” = (0,— 4,0). The 
The ploygonal line ra’x”x’”x represents now a 2-loop based at 2, with corners 
at 2 and 2’””. We assert that if « is sufficiently small, then this 2-loop repre. 
sents a nontrivial element of 7,(L,7). For to collapse it, one must make jt 
intersect the line r—0 (the z;-axis). But it is easily verified that a time. 
like path which starts and ends at a point with r > 1 and intersects the line 
r=0O cannot have fewer than (1-+-1/e) corners. This example shows that 


the maps i, and h, are not monomorphisms in general. 


A remark concerning completeness*® is in order at this point. The 
r-groups and the associated homomorphisms depend only on the conformal 
Lorentz structure ZL. Completeness, on the other hand, is a property of the 
metric Lorentz structure ¥, and is not a conformal invariant. We believe that 
completeness by itself is quite irrelevant to the conformal global properties 
in question. In its stead one requires a purely conformal concept of normality 
which insures, at least, that the Lorentz manifold is not a fragment of a 
larger one. For Lorentz structures on the plane, one can define normality 
to mean the absence of certain conformal global objects (called barriers in 
[7]), and one finds (i) two arbitrary normal Lorentz structures are con- 
formally isometric, (ii) every normal Lorentz structure is geodesically con- 
nected, (iii) if Y is complete and has an absolutely convergent curvature 
integral, then the associated conformal structure Z is normal. This concept 
of normality can easily be generalized to arbitrary Lorentz manifolds, and it 
may turn out to be useful. In particular we do expect that normality, in 
this sense, will impose some restrictions on the behavior of the +-groups. 


7. Lorentz manifolds which are flat and complete. In this Section 
it will be assumed that Z has an associated metric Lorentz structure & which 


is flat and complete. More precisely, this means that the torsionless affine 
connection canonically associated with & is flat and complete.’® As one mat 
expect, these conditions have a strong implication concerning the r-groups. 


The basic result can be stated as follows: 


18 Cf. Section 7. 
1° Flat means that the curvature vanishes, and complete means that all geodesics 
are extendible to infinite values of a canonical parameter. Cf. Nomizu [6]. 
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THEOREM 7.1. If V is flat and complete,?° then the maps h, are mono- 
morphisms and the maps hg, q> 0, are isomorphisms. 


Let Y* denote the universal covering space of UY, endowed with the 


| metric Lorentz structure induced by U. Let &" denote what may be called 
‘standard Lorentz space of dimension n. It is obtained by endowing the 


number space Rv with a metric tensor, whose components relative to the 


' standard coordinate system are given by 


ll 945 || =| 


Since Y* is flat, complete and simply connected, there exists** a global 


isometry 6: We will henceforth identify Y* with 
To prove that hg: tg(VU, 2) > tq12(VU,z) is a monomorphism for q= 0 
and « € Y, we must show that f in T,(V, implies f e in Ty.2(V, 2), 


for f€ T,(V, x). It suffices to show that f~e, in M(V,x) implies f ~ ez 


in T,(V,x). Let us therefore suppose that f is null-homotopic. If y.€ U* 


| lies above x, then f lifts to an element f* € T,(U*, yo). Now let Hr: U* > V* 
q y 


denote the homothety map defined by the formula ** 


(7.1) Hi(y) = yo + t(y— Yo) 


for t€ and y€ Y*. Clearly f* defines a homotopy in T,(V*, yo), con- 


necting f* and e,,. Let mw denote the projection from U* to Y. Then 
70 defines a homotopy in T,(V, x), connecting f and 

It remains to show that the maps h, are epimorphisms for g >0. Given 
Ta.2(V, x), we must show that there exists g€ T,(V,x) such that f~g 


xz). It suffices to consider the case where f is a (q-+2)-loop. 


If f~e, in T,,.(V, x), the result is trivial. We suppose therefore that f +e, 


hich [F ™ Tqs2(V,2), which implies (by the result just proved) that f is not null- 
| homotopic. The lift f* of f, determined by the base point yo, will consequently 


end at a point y* different from yo. Clearly there exists a polygonal line of 


time-like segments /* = yoy,- - -y,y* in U*, with noncollinear vertices, such 


*° In this Section it will be convenient to let q denote the differentiable manifold, 
together with gy. 

*1 Cf. Ehresmann [1]. 

* To interpret Equation (7.1), we recall that q* is identified with »", which has 
4 natural vector space structure. 
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that f~7ol* in Tg,2(VU,z). One may further assume that the points y, 
Yr-1, Yy and y* are coplanar. We take v to be minimal and assert that »~) 
or 1. For let Z denote the line through y, and y*, and suppose v>0. The 
segment H;° (y,»1yy), 0<¢<1, can be extended to meet L at a point z, 
As ¢ varies from 1 to 0, 2 varies from y, to a limiting position 2. Clearly y# 


cannot lie between y, and z on L, for this would contradict the minimality 


of v. Consequently 


defines a homotopy in 74,2(V,x) connecting 7ol* with 7° (yozoy*). Thus 
if vy > 0, one may conclude that v1. 70l/* is therefore a p-loop, the possible 
values of p being 0, 1, and 2. If q is odd, p=1 and rol*€ T,(Y,2), 
Otherwise p=0 or 2, and again rol*€ T,(V,x). This proves that the maps 
hg are epimorphisms for g > 0. 
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ANALYTIC AND ALGEBRAIC DEPENDENCE OF MERO. 
MORPHIC FUNCTIONS.* 


By ReInHOLD REMMERT.+ 


1. Let V be an irreducible, locally irreducible complex space? and 


meromorphic functions on V such that m is analytically 


dependent on m,,---+,m,. It is a classical problem to find sufficient con- 


‘ditions under which such a dependence is an algebraic one. A well-known 


theorem states that analytic dependence always entails algebraic dependence 
if V is compact (compare [5], [13]). In his papers [10], [12] W. Thimm 


| pointed out another sufficient condition expressed in terms of the structure 


of the set of indeterminacy of the functions m,,- - -,m,. Here we prove a 
theorem which covers the results of [5], [13] as well as those of [10], [12]. 
In order to make things clearer we first recall some basic notions. If 


- m, is a meromorphic function on V, then the set A, of zeros of m, and the set 
B, of poles of m, is well defined, and both are analytic sets in V which are 
‘empty or of codimension 1 everywhere.? The intersection Ni: =AiM By 


is called the set of indeterminacy of m,, N, is an analytic subset of V of 
codimension at least 2. If dim V > 1, in general N, is not empty. For a 


‘finite system m,,° - -,m, of meromorphic functions on V we denote by Nx 


k 
the set of indeterminacy of mx, x—=1,:--+,k, and call N: =U Nx the set 
K=1 


| of indeterminacy of the system m,,-- -,m,; obviously N is an analytic set 
in V of codimension at least 2. We denote by S; the complex product 
manifold of & complex projective lines and consider the holomorphic map 
+X m,: V—N-—-S;,, defined by v-->(m,(v),- ve V—N. 
This map cannot be continued to a holomorphic map of the total space V 


* Received April 5, 1960. 
+ Part of this paper was developed during the summer 1959 while the author was 


| at the University of Michigan, Ann Arbor. 


* For the definition of complex spaces compare [2]. 
* By dimension and codimension of complex spaces (resp. analytic sets) we always 


_ mean complex dimension and codimension, We denote by dim, X the (complex) dimen- 


sion of a complex space X at a point x ¢€ X and write dim X = maxdim, X. The topo- 


weX 
logical dimension of a topological space X will be denoted by dim, X. 
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into S;, nevertheless for any point v€ N the image set m, X m,(v) 
is well defined: it consists of all points s€ 8; which are cluster points of 
sequences m, mz(Un), where Un€ V—N tends to v. In this way 
the meromorphic functions m,,- - -,m; give rise to the correspondence 


which is called the meromorphic map defined by m,:--,m,. For any set 
MC V we define the image m, X- - - X m,(M) to be the set 
LJ my XK my, 


veM 


For convenience we repeat the definitions of analytic and algebraic 
dependence. A meromorphic function m on V is called analytically dependent 
on the meromorphic functions m,,- - -,m, if there exist a nonempty domain 
UC V and a holomorphic function f(w,2,- - -,2,) in a domain G@ of the 
space C* of the variables w,z,,- - -,2,; such that the following is true: 
f’w(W, #0; the restrictions m|U,m,|U,---,m,|U are holo- 
morphic in U; f(m(v),m,(v),° +, m.(v)) 
= 0 for each point ve U. 

m is called algebraically dependent on m,,- - -, mj, if there exists a poly- 
nomial p(w, 21,° with +, 2) 40 such that p(m(v), m,(v), 

+,m;.(v)) =0 for each point v € V at which all the functions m, m,,---.m, 
are holomorphic. 

If K is any set in V, the notion of a germ of a meromorphic function in XK 
is well defined. Let us denote the set of all germs of meromorphic functions 
in K by Rx. Obviously Rx forms a ring with respect to the natural addition 
and multiplication of germs. In the following we always assume K to be 
connected, in which case Rx is a field. The notions of analytic and algebraic 
dependence carry over in a natural way to germs of meromorphic functions. 

If m,,--+,m, are meromorphic functions in an open set U of J, 
we denote their corresponding germs on a given connected set KC U by 
M1," °°, mx. These germs generate a subfield of Rx which is usually denoted 


by C(mi,° - +,m,). The set Dx of all germs of meromorphic functions on K 
which depend analytically on mm,,- - -,m, obviously forms a subfield of Rx 
containing m,) ; we call Lx the analytic closure of mi) 
in Rx. We are interested in the algebraic structure of this field Lx. In 
particular, we want to derive a condition insuring that Dx is an algebraic 
extension of the field C(m,- - -,m,). We prove the following 


THEorEM. Let K be a connected compact analytic set in an irreducible, 
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locally irreducible complex space V with a countable base of open sets, and 
let my,° * *, mz, be meromorphic functions in a neighborhood U of K such that 
dimy(m; X m,(U)) =dimr(m, X m,(K)).? Let us denote by 
Mx the germs of meromorphic functions in K defined by mx 
on K. Then the analytic closure Lx of +, mx) Rx comcides with 
the algebraic closure of C(m,,- - -, mx) in Rx and ts a simple algebraic exten- 


sion of +, 
Let us explicitly state the following 


CorotLary. Let be meromorphic functions on an trreducible, 
locally irreducible * complex space V; let KC V be a compact analytic set such 
field L of all meromorphic functions on V which depend analytically on 
my,* * My ts a simple algebraic extension of the field C(m,,- -,mx). 


In particular this corollary tells us that under the condition m, X° °: - 
m,(K) =m, xX: xX m,(V) analytic dependence on m,,- mx always 
entails algebraic dependence on m,,: - -,m,. If V is compact then the con- 
dition of the corollary is fulfilled for K = V and we have the results of [5], 
[13]. For the case when K is a single point vo€ V the above theorem is 


essentially due to W. Thimm (compare [12], p. 156, verallgemeinerter Normal- 
fall), who gave a rather complex proof. The following very special case of 
the corollary was also proved by K. Stein [8] :* 


If m, is a meromorphic function on an irreducible, locally irreducible * 
complex space V having at least one point of indeterminacy (t.e. Ny ts not 
empty), then any meromorphic function on V, which depends analytically 
on m,, depends algebraically on my. 


In the following sections we give a simple proof of the above theorem 
(and its corollary) by using some results concerning holomorphic maps. The 
crucial points of the proof are a general lemma on holomorphically dependent 
holomorphic maps, which is proved in Section 2, and a well-known theorem 
of W. L. Chow [1] stating that any analytic set in S; is algebraic.® 


2. By X, Y, Z we always denote finite dimensional complex spaces with 


8’ The condition that V is locally irreducible is only for convenience. If V is not 
locally irreducible one can always pass to the normalisation of V. 

* Recently I was informed by K. Stein that he was able to prove the general theorem 
of Thimm by applying general results of his theory of complex base spaces (unpublished), 

5 For a simple proof of Chow’s theorem see [6]. 
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countable bases of open sets. Let y: X—> Y be a holomorphic map. The rank 

rz() of y at a point r€ X is defined to be the integer dim, Y — dim, 4 *(n(z)), 

i.e. the codimension at z of the fibre 7*(m(x)). The number r(7) : = max r,(y) 


is called the (total) rank of » on XY. Obviously we have r(y) [dim YX. In 
[4], [7] it was proved that: 

(a) The image »(X) is a topological space of topological dimension 
2r(m). If X is compact, n(X) is an analytic set in Y. 


From now on A is supposed to be irreducible. Besides »: X>Y 
we consider a second holomorphic map £: X¥—Z. We denote the map 
(n(x), by obviously » Xf: XZ is also a holo- 
morphic map. As (7X for all 
z€X, we have rz(m)=rz(y X¢) for all and therefore especially 
r(n) The map is called holomorphically dependent® on » tf 
r(m) =r(y Xf). This notion of holomorphic dependence of holomorphic 
maps generalises the well-known notion of analytic dependence of holomorphic 
functions. For it can easily be proved that: 


(b) <A holomorphic function f on X depends analytically on a system 
fis: - *>fx of holomorphic functions on X if and only tf the equation 


r(fi&: fe) fe Xf) holds for the holomorphic maps 


Now we prove the following 


Lemma. Let yn: X—Z be holomorphic maps of an irreducible 
complex space X into complex spaces Y, Z; let W be a subset of X such that 
dimr(n(W)) =dimr(n(X)). Suppose £ depends holomorphically on and 
7X €(W) is an analytic set in Y XZ. ThennX€f(X) =n XC(W). 


Proof. We have to prove r-*(r(W)) =X, if we put r: =X. Evi- 
dently X’: =77(7(W)) is an analytic set in Y containing W. YX being 
irreducible, it is sufficient to prove dim X’—dim XY. Suppose dim XY’ < dim X. 
We consider the restriction maps 7/:=7|X’, (:={|N’, As 


7’ ==’ X ¢’ and all fibres of 7’ are also fibres of + we get: 
= 12(r’) = dim, X’ — dim, < dim, Y — dim, r7*(r(x)) = 


for all x€ X’ and hence r(n’) <r(r). Now r(r) =r(n) because £ depends 
holomorphically on ». Therefore it follows r(n’) <1r(n) and by using (a): 


* This definition is due to K. Stein [9]. 
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dime(n’(X’)) <2r(m). But this is impossible in view of 7/(X’) = (X’) 
>7(W) and dimr(n(W)) =2r(y), q.e.d. 


3. For the proof of our theorem we shall use the fact that the points of 
indeterminacy of a system of meromorphic functions can be removed by a 
modification. More exactly we shall need the following proposition: 


(c) For each system m,,---,m, of meromorphic functions on an 
| irreducible, locally irreducible complex space V having the set N as set of 
| indeterminacy there exists an irreducible, locally irreducible complex space V’ 
and a@ proper surjective holomorphic map v: V’—->V with the following 


properties : 


a) The topological closure V of the graph of the holomorphic map 
m m,|V—N>S;, in VX S;, ts an irreducible analytic set in 
VX S;. V’ is the normalisation space of V, v is the natural projection of V’ 
onto V. 


B) v maps V’—v(N) btholomorphically onto V—WN and induces an 
isomorphism v*: k(V)—>k(V’) of the field k(V) of meromorphic functions 
on V onto the field k(V’) of meromorphic functions on V’. (v*(m):—=moy 
for each mE k(V).) 


y) The functions v*¥(m,),- + -,v*(m,) have no points of indeterminacy 
in V’. 
5) For each system gi,---,gr€k(V) and each set MC V we have 


= (91) K (gr) (v7 (AL) ). 


The statements «)-y) are proved in [4]; the proof of §) runs as follows: 
We write for abbreviation g: =9, X gr, g’: =v*(g1) X v*(g,) and 
show first that g(1/) C g’(v1(M)). Suppose s€ g(v), ve M. If we denote 
by NV, the set of indeterminacy of the functions g,,: - -,g,, then by definition 
there exists a sequence v, € V —N, tending to v such that s is a cluster point 
of the sequence g(v,). For each n we choose a point v’n€ v"(vn); as v is a 
proper map, the sequence wv’, € V’—v1(N,) has at least one cluster point 
vin V’. Obviously v’€ v#(v). Now we have g’=gov on V’—yv(N,), 
and therefore g’(v’,) = g(tn). This shows that s is a cluster point of g’(v’,) ; 
Le. SE g’(v’) or sEg’(v2(M)). 

The proof of g’(v-*(M))C g(M) follows in the same way. 


A simple consequence of (a) and (c) is 
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(c’) For each compact analytic set K in V the set my XK m,(K) 
C is algebraic. 


Proof. The map m’: V’—S;, is holomorphic (m’:=v*(m,)X-: 
v*(m;,)). Therefore, v1(K) being compact, m’(v*(K)) is analytic in §, 
by virtue of (a). From (c) and Chow’s theorem we then conclude that 
m’(v3(K)) =m, is algebraic in 


4. In this section we prove first our theorem and then its corollary. 
Obviously we may assume V =U without loss of generality. First we show 
that the field Dx is the algebraic closure of C(11,- - -,mx) in Rx. To prove 
this we have only to show that each m€ Lx is algebraic over C(m,,° * -, mx). 
We fix an element m € Lx and choose a meromorphic function m in a suitable 
connected neighbrohood 7 of K which induces m on K and depends analytically 
on m,|7,:--,m,|T. Then we are through if we show that m depends 
algebraically on m,|7,---,m,|7T. From (c’) it follows easily that this 
statement is contained in the following 


Proposition. Let m,,:- -,m;, be a system of meromorphic functions 
on an irreducible, locally irreducible * complex space V and let K be a compact 
analytic set in V such that 


Then for any meromorphic function m in a connected neighborhood T of K 


depending analytically on m,|T,: --,m,|T we have: 


dimr(m,; xX mK m(T)) =dimr(m, xX m,(T)). 


Proof. We apply (c) to the system m,|7,- - -,m,|T,m defined on the 
irreducible and locally irreducible complex space T. We denote the modifica- 
tion by 7” and the modification map by v: T’—>T and write for abbreviation 
v*(m,|T), m’:=v*(m). The maps p’: T’> 
and m’: T’—> 8, are both holomorphic, and by assumption m’ depends holo- 
morphically on p’. The set K’:—v1(K) is compact and analytic in 7’; 
therefore by virtue of (c’), np’ X m’(K’) is an analytic set in S;,,,. As more- 
over we have dimr(y’(K’)) = dimr(p’(T’)), we are able to apply the lemma 
of Section 2 (put X¥:—T7’, Y:=S,, W:—=K’, =m’). 
We conclude that p’ X m’(K’) =,’ X m’(T’), or what is the same: 


* This was already proved in [11], if K is a single point. 


| 
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Xm Xm(T) =m, me XKmM(K). 


X my X m(T)) = Km’), 
dimr(m, m,(T)) =2r(p’) and r(p’ X m’) = r(p’), 
the second equation of the proposition follows immediately. Q. E. D. 
It remains to prove that the field Lx is a simple extension of 


((m1,; °°, my). A theorem of classical algebra tells us that to prove this 
it is enough to show that there exists an integer 6 > 0 such that 


(*) [m: Sb for all me Dg. 


We may assume without loss of generality that the set of indeterminacy 
of the system m,,- - -,m; is empty.*. For otherwise we just apply (c) and 
prove our statement for the fields 


which are isomorphic to Lx and C(7,- - -,m,) respectively. We denote the 
holomorphic map Xm, of V into by and consider the set 

:=p(V)C S;. The lemma of Section 2—applied to the map 7:—yp and 
a constant map (with W=—K)—immediately gives »(V) =p(K) ; there- 
fore the set B is an irreducible complex subspace of S;. Obviously no set 
wt(s)O K, s€ B, is empty. As K is compact, there are only a finite number 
of components of each fibre w-1(s), s€ B, which intersect K. Let us denote 
this finite number by n(s). A well-known proposition of Osgood ([3], p. 230) 
states the existence of an integer } >0 and of a nonempty domain GC B 
such that the set G,:— {s€ G,n(s) = 56} is dense in G. We claim that 6 is 
a number fulfilling the conditions of inequality (*). 

For the proof let m€ Lx be arbitrary. We choose a connected neighbor- 
hood 7 of K and a representative meromorphic function m of m in T 
such that the conditions of our proposition are fulfilled. Then the set 
A:=(p| TX m)(T) C S; X S; is an irreducible complex subspace of S; 
The restriction of the natural projection S; « S,—S;, to A defines a holo- 
morphic surjective map 7: A—B. From the equation dimA—dimB it 
follows that there exists a set N analytic and nowhere dense in B such that 
all sets x-1(s), s€ B—N, consist of a finite number of points.® This shows 


® The following proof runs along almost the same lines as the proof of Satz 7 in the 
author’s paper [5]. 

*Obviously NV can be chosen as the z-image of the degeneration set of the map 
wr: B, 
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that the space A—7*(N) is an “analytic covering space” of B—WN with 
respect to the map 7z.1° Therefore the inequality [m: C(1m,-- -,mx)]Sb 
is equivalent to the fact that the number of sheets of this covering does not 
exceed 

In order to prove this we denote the set of indeterminacy of m in T 
by M. All sets w*(s)O M are empty for s€ B—N, as otherwise for a 
certain s€ B—WN the set = (u| TX m) (w*(s)NT), which coincides 
with 7) (u2(s)AT)X m(p*(s)N T), would not be finite.** From the 
algebraic dependence of m on m,|T,- - -,m,|T we now conclude that m is 
constant on each connected component of p“*(s)N T, se B—N. Therefore 
it follows from X m(K) =p X m(T) that m has at most n(s) different 
values, including «, on T, if s¢ B—N. Therefore m has always at 
most different values on the fibres T, s€ G’7—N. But as G’—N 
is everywhere dense in G, it follows immediately that for each s of the domain 
GC B the set w-*(s) consists of at most b different points. This means exactly 
that the complex space A —7z*(N), considered as a covering space of B—N 
with respect to x, has at most 6 sheets. Therefore the inequality (*) and hence 
the theorem is proved. 


The proof of the corollary is now very simple. We may assume K to be 


irreducible. For the analytic set m; X-- -X m,z(V), being the holomorphic 
image of an irreducible complex space, is irreducible, and so there exists an 
irreducible component K, of K such that 


We then have a natural (injective) field homomorphism of Z into Lx which 
maps onto C(m,---,m,). The field therefore may be 
considered as a subfield of Lx containing C'(m,- --,m,). As Dx is a simple 
algebraic extension of C(m,- + -,m,) by our theorem, L is itself a simple 
algebraic extension of the field C(m,,- - -,m,), Q. E. D. 


THE UNIVERSITY OF MICHIGAN 
AND 
INSTITUTE FOR ADVANCED STUDY. 


2° More precisely, the normalisation of A — '(N) is an analytic covering space of 
the normalisation of B—N. For the notion of analytic covering space compare [2]. 

11 The identity (u| 7 x m)(D) = («| 7) (D)x m(D) holds for each subset D of 
T, as «| T is a holomorphic map. 
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HEREDITARILY COMPACT SPACES.* 


By A. H. STONE. 


1. Introduction. By definition, a hereditarily compact space, or a 
“ Zariski” or “ Noether” space, is a topological space all of whose subspaces 
are compact.! Such spaces have received some attention [9,10] because they 
arise in algebraic geometry (in the Zariski topology) and in some other alge- 
braic constructions. Here we study these spaces on their own account. In the 
applications they are usually 7; but not T.; in fact, a TJ. hereditarily compact 
space is necessarily finite. However, we do not assume any separation axioms 
except where they are explicitly stated. We begin by giving some alternative 
characterizations (§2), and considering some properties related to some of 
them (§3). In §4 we associate to every hereditarily compact space a topo- 
logically invariant ordinal number, its “type”; this corresponds to the dimen- 
sion in the application to algebraic geometry. This permits the “ construc- 
tion” of all hereditarily compact spaces (§5). In §6 we discuss the effect 
of various standard operations on such spaces on their types, and in §7 we 
consider the countable hereditarily compact spaces in more detail. 

Notation. A space X is discrete if each point p€ XY has a neighborhood 
in X consisting of p itself; X is weakly discrete if each p€ X has a neigh- 
hood in X consisting of a finite set of points. (For 7, spaces these notions 
are equivalent.) An indexed family {U)} of subsets of Y is called finite if 
U, = for all but finitely many values of A. 


2. Characterizations. We begin by observing that, in the definition of 
hereditary compactness, it is not necessary to specify that all subspaces are 
compact, and moreover the kind of compactness considered does not greatly 
matter. Incidentally we also obtain some further characterizations. 


THEOREM 1. The following statements about an arbitrary space X are 
equivalent : 
* Received April 25, 1960. 


1 Throughout this paper, “compact” means “ quasicompact ” in the sense of Bour- 
baki; that is, every open covering has a finite subcovering. 
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(1) Every subspace of X 1s compact. 

(1-) Every countable subspace of X ts compact. 

(1) Every open subspace of X ts compact. 

(2), (2c), (20) Every subspace (or countable, or open subspace) of X 
is sequentially compact. 

(3), (3c), (30) Every subspace (or countable, or open subspace) of X 
as countably compact. 

(4) X has no weakly discrete infinite subspace. 

(5) Every strictly decreasing sequence of closed subsets of X 1s finite. 


(6) X has a sub-base B of open sets such that every strictly increasing 
sequence of finite unions of members of ® is finite. 


Remark. The equivalence of (1), (1,) and (5) is known (see [10] and 
| Exposé 1 (by P. Cartier) of the Séminaire C. Chevalley, vol. 1, 1956-8). 


Proof. Because countable compactness is implied by compactness or 
sequential compactness, it is enough to prove the implications (3,) > (4) 
| > (5) > (1), (6) > (5), (80) > (1) and (4) > (2). All are easy; by way 
of example we prove (4)> (5). If Ci DC,5--- is an infinite strictly 
decreasing sequence of closed subsets of X, pick pa€ 
the points pn are all distinct, so the set P= {pp} is infinite. But each pp 
has the neighborhood P 1(X —Cn.1) in P, and this consists of the n points 
Puy’ Only. Thus (4) is contradicted. 

Consider now the following modified compactness conditions (all weaker 
than compactness) on a space X. (The list could easily be extended.) 


(A) Every open covering of X has a finite subsystem whose union is 
dense in X. 

(B,) Every locally finite system of open sets in X is finite. 

(B,) Every locally finite system of disjoint open sets is finite. 

(B;) Every countable covering of X has a finite subsystem whose union 
is dense in X. 

(C,) Every locally finite open covering of X has a finite subcovering. 
Every countable locally finite open covering of X has a finite sub- 
covering. 

(D,) Every locally finite open covering of XY has a finite dense sub- 
system. 

(D,) Every countably infinite open covering of X has a proper dense 
subsystem. 
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(E,) Every star-finite open covering of X is finite. 
(E,) Every countably infinite open covering of X by sets each of which 
meets at most two others has a proper dense subsystem. 


(F) Every continuous real-valued function on XY is bounded. 


Property (B.) is “feeble compactness” [7]; (B.) has been called “light 
compactness” [1]; (F) is “pseudocompactness” [2]. It is easily seen that 
each of these properties implies the next, and that (Bi), (Bz), (Bs) are 
equivalent (see [1,6]), and similarly (C,) and (C2), (Di) and (Dz), and 
(E,) and (E,) are equivalent; it can be shown by examples that there are 
no other implications between them in general.? All except (A) are implied 
by countable compactness, and are equivalent to it for normal 7’, spaces [2], 
but not in general. Weaker separation axioms suffice for some other equiv- 
alences (for instance, regularity makes (B)—(E) equivalent [3,4,5]). But 
the hereditary forms of all these properties are equivalent, irrespective of 
separation axioms, as the next theorem shows. 


THEOREM 2. The following statements about an arbitrary space X are 
equivalent : 

(1) (1) Every subspace (or countable subspace) of X has property (A). 

(2) (2) Every subspace (or countable subspace) of X has property (F). 


(3) X has no infinite discrete subspace. 


Further, if X is T,, these statements are equivalent to the statements in 


Theorem 1. 


It follows, of course, that any of the properties (B,)—(E,.) could replace 
(A) or (F) here. 


Proof. As (A) > (F), it is enough to prove (2,) > (3) > (1) and that 
if X is T, then (3) implies property (4) of Theorem 1. The first and last 
of these are trivial; to prove the second, suppose Y is a subspace of X which 


* Even for T, spaces. An example having property (D) but not (C) is given in 
[1, p. 502] (note, however, that the statement on p. 503 lines 6, 7 is incorrect). It can 
be modified to give an example satisfying (E) but not (D). The example given at the 
beginning of §3 below has property (A) without being countably compact. The usual 
space of countable ordinals is countably compact, and so satisfies (B), but does not 
satisfy (A). A suitable union of a sequence of spaces, each of which has no non-constant 
continuous function, will satisfy (F) but not (E). A 7, space satisfying (C) but not 
(B) (from which a 7, example can be derived by standard technique) is the set of all 
finite non-empty sets F of positive integers, in which each F has the single neighborhood 
U(F) = family of non-empty subsets of F. For the properties discussed here (and 
many others), see [3, 4, 5, 6]. 
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does not have property (A), and let {U,} be an open covering of Y. If 
no finite subsystem of {U,} is dense in Y, pick z,€ Y, say z,€ U,; pick 
»€Y—O),, say 22€ and generally pick z,€ Y—(U),U- -UU),,), 
say Uy, Put Va= an open set con- 
taining The sets V,,V2,- are disjoint, so Z—={z,} is an infinite 


discrete subset of Y, contradicting (3). 


Remark. In Theorem 2, in contrast to Theorem 1, it is not enough to 
require that every open subspace of XY has the relevant properties, even if X 
is T,. This is shown by the following example. Let XY be the union of two 
disjoint infinite sets Y, Z; a subset of X is to be open if it is M or contains 
all but finitely many points of Z. Then X is a T,; space and every open 
subspace of X has property (A), but the closed subspace Y of X is discrete 
and does not even have property (F). 

Further, the JT, axiom (instead of T,) would not suffice for the equiv- 
alence of the statements in Theorems 1 and 2. For let X be the space of 
positive integers, with @, X and the sets {1,2,- - -,n} (n=1,2,- - -) as the 
only open sets. Every subset of XY has property (A), but XY is not compact. 


3. Irreducibility. A space X is irreducible if it is not the union of 
two proper closed subsets; equivalently, every two non-empty open subsets 
of X intersect. It is known [10] that a hereditarily compact space is always 
| expressible as the union of a finite number of irreducible sets. Here we amplify 
this property. We say that a space X is semi-trreducible if every family of 
disjoint (non-empty) open subsets of X is finite. Thus every hereditarily 
compact space is semi-irreducible ; but the converse is false, even for 7’, spaces. 
(Take, for example, X to be an uncountable set in which the closed sets are Y 
and its countable subsets; XY is 7 and irreducible but not even countably 
compact.) We note the following easily verified properties: 


(1) If ACY, A is irreducible, or semi-irreducible, if and only if A 
has the corresponding property. 

(2) If X is irreducible, or semi-irreducible, then so is every open subset 
of X. 


(3) If X is semi-irreducible and non-empty, then XY contains a non- 
empty maximal open irreducible subspace, and also a non-empty 
maximal irreducible subspace (which must be closed, from (1)). 
X is hereditarily irreducible if and only if the open sets of X are 
linearly ordered by inclusion; if X is T,, it is hereditarily irre- 
ducible if and only if it has at most one point. 
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THEOREM 3. The following statements about an arbitrary space X are 
equivalent : 
(i) X ws semi-trreducible. 
(ii) There is a finite system of disjoint open irreducible subspaces 
*,Un of X such that 
(iii) X is the union of a finite number of disjoint irreducible subspaces, 
each the difference between two closed sets. 
(iv) X is the union of a finite number of closed irreducible subspaces, 
(v) X is the union of a finite number of semi-irreducible subspaces. 
(vi) There is an integer N such that X does not contain more than N 
disjoint non-empty open sets. 


(vii) X has only finitely many regular open sets.* 


Proof. (i) => (ii) By Zorn’s lemma there is a maximal system UU of 
disjoint open irreducible subsets of X; from (i), this system is finite, say 
Let V=X—L U;; from (2) and (3) above, if 
V contains a non-empty open irreducible subset Un,,, contradicting the maxi- 
mality of U. Hence V—@ and X= UY. 

(ii) > (iii) Put — U (0; <1} SiSn); then U, 


so ¥; =U; and Y; is irreducible by (1) above. Since X = |) Yi, (iii) follows. 

(iii) > (iv) If X = LU Yi, where Y; is irreducible, then XY = |) Yi, where 
Y; is irreducible. 

(iv) > (v) trivially, because every irreducible space is semi-irreducible. 

(v)> (vi) Say XY =X,U---UX,, where each X; is semi-irreducible. 
Because (i) implies (iii), each X; is the union of a finite number of irre- 
ducible sets, so we may write ¥ —Y,U---UYvy, where each Y; is irre- 
ducible. Suppose that U,,- - -,Uy,. are disjoint non-empty open subsets of 
X. Each U; meets some Y ji), and we must have 7(1,) = 7(t2) for two distinct 
integers 1,, 12 (between 1 and N +1). Thus we may assume that both U, 
and U, meet Y,; but this contradicts the irreducibility of Y 


The implication (vi) > (i) is trivial. 

(ii) > (vii) Let V be any regular open set in X; we show V is one of 
the 2” interiors of unions of the sets U; in (ii). We may suppose V meets 
U,,- --,U, and is disjoint from (where Orn). Then, 
if ir, the closure C1(VNU;) of VNU; in X must be U;; for, as U; is 
irreducible, the non-empty open set V M U; is dense in U;. Hence 


* A set G is “regular open” if and only if G@ = Int (@). 
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V =Int(V) =Int(U Cl(VN U;)) = Int (0, U- -UG,). 


(vii) > (i) If X has an infinite family of disjoint (non-empty) open 
sets Gi, @2,- °°, the sets Y —G,,X —G,,- - - provide infinitely many dis- 
tinct regular open sets. 

Corottary 1. If X is semi-irreducible (a fortiori if X 1s hereditarily 
compact), X has only a finite number of components. 


For an irreducible space is connected. 


CoroLLaRy 2. If X is regular, X is semi-irreducible if and only if X 
has only finitely many open sets.* 


For, in a regular space, every open set is a union of regular open sets. 


Remarks. (a) From (iv) of Theorem 3, we can write any semi-irreducible 
space X as ¥,U- - -U Xy, where each X; is closed and irreducible, and where 
no X; is contained in any other. It is easy to see that the sets X1,-- -,Xn 
are then uniquely determined, apart from their order. (Cf. [10] for the 
hereditarily compact case.) 


(b) A connected semi-irreducible 7’, space need not be irreducible. 
THEOREM 4. For any Hausdorff space X, the following assertions are 
equivalent : 
(1) YX is hereditarily compact. 
(II) X ts semi-wrreducible. 
(III) X is finite. 
For trivially (1) implies (II) and (III) implies (I); that (11) implies 
(III) follows from Theorem 3(iv) since an irreducible Hausdorff space can 
have at most one point. 


THEOREM 5. The following statements about an arbitrary space X are 
equivalent to those in Theorem 2, and thus to the hereditary compactness of 
X if X is T,: 

(1) Every subspace of X is semi-irreducible. 
(1.) Every countable subspace of X is semi-irreducible. 


For if every subspace of X has property (A) (§2), it is clearly semi- 


““Regular” means that each point has a basis of closed neighborhoods; the 7, 
axiom is not assumed. In the hereditarily compact case, Corollary 2 is due to Nollet [9]. 
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irreducible. Conversely, if every countable subspace of X is semi-irreducible, 
X can contain no infinite discrete subspace. 


Remark. The analogous statement (1,)—that every open subspace of XY 
is semi-irreducible—would not be equivalent to the statements in Theorem 5 
in general, being equivalent to the semi-irreducibility of XY. 


4, The type of a hereditarily compact space. Let X be a hereditarily 
compact space, fixed for the moment. We assign, to each closed subspace of JX, 
an ordinal number, its “type,” as follows. The empty set (exceptionally) 
has type —1. When all the closed subsets of XY of types < « have been dealt 
with, and if XY has other closed subsets, then (by Theorem 1(5)) X has 
minimal closed subsets not of type < «; each of these is said to be irreducibly 
of type a. The finite unions of sets irreducibly of type =a are said to be 
of type =a, and a (closed) set of type =«@ which is not of type <a is of 
type «. Ultimately all closed subsets of XY (including X) are assigned types. 
The sets which are irreducibly of type 0 are precisely the non-empty ¢rivul 
closed subsets of X ; if X is T, they are the 1-point sets.©° (Further examples 
will be given later.) The following two properties follow at once from the 
definitions. 


(1) If Y,,---,Y, are closed subsets of Y of types =a, then Y,U---UY, 
is of type =a. 
(2) If Y is closed in X and is irreducibly of type «, then every closed proper 


subset Z of Y is of type <a. 


In the following statements it is to be understood that Y is a closed 
subset of XY—a restriction which will later be removed. 


(3) If Y is of type «, then every closed subset Z of Y is of type Sa. 


For Y=Y,U---UY,, where Y; is irreducibly of type a, a. Then 
Y;NZ is of type = %, by (2), so Z is of type Sa, by (1). 


(4) Y «ts of type a if and only if Y=F,U---UF,, where F, is closed 
and irreducibly of type a and max(a,,° %) =. 


If Y is expressible in this form, Y has type Sa by (1); but if Y is of 
type < a, then each a < by (3), and therefore max(a,,° <a, which 
is impossible. Conversely, if Y is of type a, the definition shows that 
Y=F,U---UF,, where F; is closed and irreducibly of type <a, say of 


° A space Y is “trivial” if its only closed subsets are @ and Y. 
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type % Let B—max(a,°*°,@); thus Ba. But (1) shows that Y has 


type SB; hence B= a. 


(5) Y is irreducibly of type a, if and only if Y is irreducible and of type a. 


If Y is irreducible and of type a, we express Y as in (4) with n as small 
as possible. Because Y is irreducible, n—1, and then Y = F,, irreducibly 
of type % —«@. Conversely, if Y is irreducibly of type «, suppose Y¥ = Y,U Y2, 
where Y;, 2 are proper closed subsets of Y; by (2), Yi and Y.2 have types 
<a, and (1) gives a contradiction. 


(6) If Y is of type a,and B <a, then Y has a closed subset Z of type B.° 


As Y is a closed subset of XY which is not of type <~, Y contains a 
minimal closed subset Z (of X) with this property; and Z is irreducibly of 
type B, by definition. 

(1) The type of a closed subset Y of X does not depend on the containing 
space X. 

It is enough to show that if Y has type « in X, Y has type a when 
the containing space is Y. We prove by transfinite induction on @ that if a 
closed subset Z of Y has type B in X, it has type 8 in Y, and conversely. For 
8=—1 this is clear. Assume it true for all B<y, where ya. If Z is 
irreducibly of type y in X, then Z is a minimal closed subset of which 
is not of type <y in X; in view of the induction hypothesis, it is also a 
minimal closed subset of Y which is not of type <y in Y, and so it is 
(irreducibly) of type y in Y. If Z is of type y in X but not necessarily 
irreducible, if follows from (4) and the preceding that Z is of type y in Y. 
The converse is established by substantially the same argument. 

We can thus speak of the type of a hereditarily compact space Y, indepen- 
dent of the containing space X; it is, of course, a topological invariant of Y. 
It follows from (7) that, in propositions (2)-(6), the hypothesis that Y is 
closed in XY can be omitted; these propositions apply to arbitrary hereditarily 


compact spaces Y. 
(8) There exist hereditarily compact T, spaces of type x, for every ordinal a. 


To construct one such space X, let A denote the section of ordinals < a, 
beginning with — 1 (that is, we count —1 as an ordinal), let £ denote any 


‘It follows that, if « is finite, Y has a family of non-empty closed proper irreducible 
subsets, well-ordered under inclusion and of ordinal a. This need not be true when 
is infinite. 
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infinite set, and put X—A>XJI. The closed sets in X are defined to be 
those of the form (BX J)U F, where B is an arbitrary section of A (or 4 
itself) and F is an arbitrary finite set. It is easily verified (using Theorem 
1(5)) that X is a hereditarily compact T, space; and a straightforward trans. 
finite induction on a shows that X is irreducibly of type a. 

The hereditarily compact T, spaces of type 0 are finite unions of 1-point 
spaces—that is, they are the finite (non-empty) 7’, spaces. The hereditarily 
compact 7, spaces X irreducibly of type 1 are those of the following form: Y is 
an infinite set and its closed subsets are just X and its finite subsets. The § 
hereditarily compact spaces of finite type n are those of “dimension n” in the 
sense: n-++1 is the greatest length of any strictly decreasing sequence of 
irreducible closed non-empty subsets. This agrees with the usual dimension 
for algebraic varieties in the Zariski topology. For n> 1, and still more 
for infinite types, there are surprisingly many of them; we return to this in 
§7. In the next section we show how all hereditarily compact 7, spaces of 


type a can be “constructed” if we know enough about those of types < z. 

5. Dual direct systems. Let {F),f,“} be a direct system of spaces F, 
(the suffixes A running over a directed set A) and maps f,“: Fy, > Fy (A <2) 
subject to the usual rule f,”f,“—f,” forA<u<yv. We assume further that 
the maps f)“ are closed. Let S be the limit space; thus a point of S is an 
equivalence class {x} of representatives x = {x,}, where x) € F) for A > A(z) 
and f\“(z,) =a, for »>A>A(x); two representatives and {y} are 
equivalent if and only if z,—y, for A>A(a,y). We give 8, not the usual 
direct limit topology, but one which (roughly speaking) uses closed sets 
instead of open sets. Let f, be the usual mapping of F, in S, defined as 
follows: given 2), € Fy write for >A, and put 


fr(tr) = > Ap} ES. 


The closed sets of S are to be the intersections of sets of the form f,(K), 
where K) is closed in F\; that is, the sets S—f,(K,) form a basis of open 
sets. It is easily verified that, if A < v, f,f,.” =f, and thence that, if v > A,p, 
fr(Ky)U fu( Ku) U =f,(K,), where K, is closed in F 
if K,, K, are closed in F), F,. Hence this does define a topology on S, the 
coarsest in which each f, is closed. (In general, the mappings fy will not be 
continuous, even if each f,“ is continuous.) We call S, with this topology, the 
“dual direct limit space” of the system {F),f,“}. Clearly 9 is a 7, space 
if each Fy is 7. 


We are particularly concerned with the case in which each f,“ is 1-1 and 
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wntinuous (and thus a homeomorphism into); we then call {F,f,“} an 
imbedding system. In this case the closed proper subsets of S are simply 
the sets f,(K,), where Ky is closed in F\(A€ A), and each f, is a homeo- 


morphism into. 


TuroreM 6. The dual direct limit space S of an imbedding system 
(Fy, fx“} of hereditarily compact spaces, each of type <a, ts hereditarily 
compact and of type Sa; it is irreducible providing no f\* ts onto, and T, 
if each Fy is. Conversely, every irreducible hereditarily compact T; space 
of type a> 0 is homeomorphic to the dual direct limit space of an imbedding 
system {F), fx“}, where each Fy is hereditarily compact, T,, and of type < %, 


and no is onto. 


In a sense, this theorem determines all hereditarily compact 7’, spaces 
by transfinite induction over the type; for any such space is a finite union 
of closed irreducible subsets of no greater type (4(4) and 4(5)). 


Proof. Suppose each Fy is hereditarily compact and of type <a. If 
there could be an infinite strictly decreasing sequence of closed proper 
subsets fy, (1y,) of S (n=1,2,---), where Ky, is closed in F,, the sets 
fi (fy, (Ay,,)) would form a strictly decreasing sequence of closed subsets of 
F\,, which is impossible (Theorem 1(5)). Hence S is hereditarily compact. 
Each proper closed subset of S, being homeomorphic to a closed subspace of 
some Fy, is of type <a (by 4(3) and 4(7)); hence S is of type Sa. If 8 
is reducible, it is the union of two sets of the form f,(K)), fu(4,). Take 
it follows that f,(F/,) and thence (because the mappings are 
1-1) that f,? is onto for all p>v. The 7, property is obvious. 

(Conversely, if the direct limit space S of an imbedding system {F’,, f,“} 
is hereditarily compact and of type «a, or is 7, then the same is true of 
each F'\; for /, is homeomorphic to a closed subspace of 8.) 

If X is irreducible, T,, and hereditarily compact of type « > 0, let {Fy} 
he the family of its closed proper subsets, ordered by (proper) inclusion; as 
F\U F, is also a closed proper subset, the family is directed.’ Let f,” be the 
inclusion map (“identity”) for F,—> F,. This defines an imbedding system ; 
let S be its dual direct limit space. It is easily verified that S$ is homeo- 
morphic to 1’ (the 7’, axiom guarantees that the obvious map of S in X is 
onto), and that the other properties asserted hold good. 


Remark. In the first part of Theorem 6, to ensure the hereditary com- 


‘The 7, axiom is used here to produce a closed proper subset of XY properly con- 
taining and Fx when \ = uz. 
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pactness of the direct limit S of a direct system of hereditarily compact 
spaces, we have assumed that each f,“ is closed, continuous and 1-1. None 
of these assumptions can be omitted; nor can the usual (instead of the dual) 
direct limit topology be used. 


6. Standard operations and types. 


Lemma 1. If every proper closed subset Z of a space X ts hereditarily 
compact and of type <a, then X is hereditarily compact and of type <2. 


That X is hereditarily compact follows from Theorem 1(5); the rest 
follows from the way in which types were defined. 


THeorEM 7. If Y is any subspace of a hereditarily compact space X 
of type a, then Y is hereditarily compact and of type =a. 


This is proved by transfinite induction on ge We may assume that the 
theorem is true for all smaller types, and also (since we may replace X by JY, 
in view of 4(3)) that Y —Y. Suppose first that Y is irreducible; then YX is 
also irreducible (3(1)). Any proper relatively closed subset of Y is of the 
form Y M Z, where Z is a closed proper subset of XY; say Z has type B. Then 
8B <«@ because X is irreducible; the hypothesis of induction then gives that 
the type of YN Z is [B < a, and by Lemma 1 the type of Y is =. Finally, 
if Y is not irreducible, we have Y = Y,U- --UY,, where each Y; is (rela- 
tively) closed and irreducible and of type « say. By the result just established, 
(t—1,---,n); thus the type of Y —max(q@,,- Sa. 


THEOREM 8. The union X of a finite number of hereditarily compact 
spaces Y,,- - -,¥, ts hereditarily compact; and if Y; is of type a and X of 
type a, then 


max(@,° (S)(1+ 4). 


Here (>) a denotes the “natural” sum of the ordinals - -, that 
is, we express each in the form + wo&hig wofmkim, where the 
ordinals satisfy and ki,: Kim are positive 
integers or 0, and define 

(See [11, pp. 363, 364].) When «,,- - -,a, are all finite, this coincides with 


their ordinary sum. 


Note that 1+ a—¢-+1 if a is finite, but 1+ ¢—a otherwise. 
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Proof. That X is hereditarily compact is obvious, and that «= max(a, 
-+,@,) follows from Theorem 7%. To prove the remaining inequality, we 
use transfinite induction over the ordered n-ples (a:,:°-+,@%,) of ordinal 
numbers (each = some large enough «*), ordered lexicographically (n being 
fixed) ; this is a well-ordered family. It is convenient to count —1 as an 
ordinal here. Thus the induction starts with each «——1; each Y; is empty, 
so X is empty and of type a=-—1 as required. Now suppose that the 
assertion is true for all (a,’,: +, < (%1,° We first assume that 
each Y; is irreducibly of type a. If Z is any proper closed subset of Y = L Yi, 
then Y;Z is for at least one 7 a proper closed subset of Y;; hence if 
has type fi, we have (1 S17), and B; < a; for at least one 
value of j. Thus - < and it follows from the 
induction hypothesis that the type B of Z satisfies 


1+ (1+ < (2) + 4). 


Hence, by Lemma 1, the type « of X satisfies 14+ #S (})(1+4i). 

In the general case, let {Yi;|j=1,2,- -,m(t)}, where Yi, is 
relatively closed and irreducible, and for each of the m(1)m(2)- - -m(n) 
| choices A of suffixes, put Z) = Then Yau, 80 we have 


ACU {Yaw | i=1,2,---,n}. By Theorem 7 and the case already dealt 
with, the type y, of Z) satisfies 


(1+ S (2) (1 + type of Yaw) S (2) (1+ %). 


But X = |) Z, a finite union of closed sets; hence the type a of X satisfies 
4==max(y,), and the desired relation (1+ 4) = (>)(1+;) follows. 


Remark. The inequalities in (2) are “best possible,” even for 7; spaces, 
_ as can be seen by taking Y to be the example constructed to prove 4(8). 


THEOREM 9. The product X of a finite number of hereditarily compact 
spaces Y,,- + +,¥» is hereditarily compact; and if Y; is of type a and no 
Y; is empty, then the type of X is (S)au (1SisSn). 


It will suffice to prove this when n = 2, as then the general result follows 
by induction over n. As in the proof of Theorem 8 we use transfinite induction 
over the ordered pairs (1, @,) in lexicographic ordering, and may assume the 
theorem for products of spaces of types and whenever (81, < (a1, 
Again, as in Theorem 8, we can easily reduce the proof to the case in which 
Y, and Y, are irreducible. It readily follows that X is irreducible too. Let 
Z be any proper closed subset of X; then Y—Z contains a set of the form 
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U, X U2, where U,, U, are non-empty open subsets of Y,, Y.. Then Y,—U, 
and Y,— U, are of types (say) and where Bi < a, and B, << 2. Hence, 
by the induction hypothesis, (Y, —U,)X and Y, X(¥.—U:) are heredi- 
tarily compact and of types B:(-+)@, a(-+)B2. <As they are closed in J, 
Theorem 8 and 4(1) show that their union T is hereditarily compact and of 
type << a(+)a.. But Z CT, so the same is true 
of Z; and from Lemma 1 it follows that Y is hereditarily compact and of 
type =4,(+)a,. To obtain the reverse inequality, suppose (say) 2.0. 
For every ordinal y, <2, Y, contains a closed proper subset of type y.; 


applying the induction hypothesis again shows that .Y contains a closed proper 
subset of type a,(+)y.. Thus the type of Y is greater than 2,(+-)y2 for 
every y2 < @, and so is = 

If 4, =a, = 0 (i.e., to start the induction), Y, and Y, are trivial spaces; 
consequently \ is trivial too, and so is hereditarily compact and of type 0. 


Remark. A product of infinitely many non-trivial spaces is never 
hereditarily compact. For it contains a subspace homeomorphic to [[Y, 
(n=1,2,---), where Y, consists of two points a,, b, and (b,) is open 
in Y. But this contains the infinite discrete subset °°). 


bo, +), ete. 


THEOREM 10. Let f be a continuous mapping of a hereditarily com pact 
space X of type a Then f(X) is hereditarily compact and of type less 


than 


Let Y=f(X). Each ZC VY is compact, being a continuous image of 
the compact set f*(Z) C Y. To prove the remainder of the assertion, suppose 
first that Y is irreducible. We show by transfinite induction over a that Y 
has type = w,%, if «20. When «0, X is trivial; hence Y is trivial, s« its 
type =0<.,°. In general, if Z is any closed proper subset of Y, wuich 
we may assume to be non-empty, let f*(Z) =S,U---US),, where each §; 
is a non-empty closed irreducible subset of Y, necessarily proper. Let S; have 
type 8;, and put B = max(f,,- - -, Bn); thus B < @, because X is irreducible. 
By the hypothesis of induction, the type of f(S;) is S,6; and by Theorem 8 
the type of Z = LU f (Si) is S < S Hence, by Lemma 1, has 
type 

In the general case, we have Y=X,U---UXy,, where X; is irre- 
ducible of type and a= max(@,° - (4(4) and 4(5)). By Theorem 
8 and the foregoing, the type of Y is S w.%m < w)%*". 


Remark. The bound for the type of f(X) here is sharp, even for 7, 
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spaces, and even if f is 1-1. But if @ is finite and f(1) is Tj, its type is 
<wo*%, which is now “best possible”; for infinite «, Theorem 10 is sharp 
even for 7’; spaces and 1-1 mappings. However, if f is closed and continuous, 
it is easily seen that the type of f(X) does not exceed the type of Y. 


7. Countable spaces. The simplest hereditarily compact spaces are 
those which have at most countably many closed (or open) sets. Concerning 


these we have: 
THEOREM 11. Let X be a hereditarily compact space. Then: 


(1) The family of open subsets of X is countable if and only if X has 
a countable base. 

(2) If X is T, and has a countable base, then X is countable. 

(3) If X is T,, X has a countable base if and only if it satisfies the 
first axiom of countability. 


Proof. (1) Let B,,Bz,- + - be a countable base of open sets. We show 
that the open sets coincide with the finite unions of the sets Bj—which 
evidently form a countable family. In fact, if U is open, U is a union of 
sets B;, and being compact is covered by a finite number of them. “Only if” 
is trivial. 

(2) By (1), X has at most N, distinct closed sets; but the sets Z 
(z€ X) are all distinct. 

(3) Assuming X is “first countable,” we first show that Y is countable, 
using transfinite induction over the type « of 1. We may clearly assume that 
¥X is irreducible and not empty. Pick pe€ X and let U,,U:2,- - - be a basis 
of open neighborhoods of p; thus (]U,—(p). Put F,»—=X—U,; then F, 
has type <a, so by the induction hypothesis /,, is countable. Hence X is 
countable.* If the points of . are enumerated as qi,qg2,: °°, and if 
Viis is a basis of open neighborhoods of q,, the sets Vy» evidently 
form a countable basis for LY. 


The converse implication is trivial. 


Remark. There are hereditarily compact 7) spaces which satisfy the 
first axiom of countability and have arbitrarily large cardinal, and there are 
hereditarily compact 7, spaces (of type 1) which are separable but have 
arbitrarily large cardinal. 

This argument applies, more generally, if instead of assuming that Y is 7', and 
first countable, we assume that each point of XY is a G@; in Y. 
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One might expect that, conversely, a countable 7’, hereditarily compact 
space has to satisfy the first axiom of countability, at least at one point, 
especially in view of a theorem of S. Mrowka [8] asserting that a compact 7, 
space with fewer than 2: points must satisfy the first axiom of countability 
at some point. But this is not the case, as the following example shows. 


Example 1. There exists a countable hereditarily compact T, space of 
type 2, having c closed subsets, and not having a countable base of neighbor- 


hoods at any point. 

The example requires the following lemma, which is due to Sierpinski 
(cf. [11, p. 77]). 

Lemma 2. Let S be a set with &, elements. There is a family of ¢ 
distinct infinite subsets A, of S, every two of which intersect in at most a 


finite set. 


We may take S to be the set of rational numbers, and for each real 
number z take A, to be a sequence of rational numbers converging to z.® 

Now topologize § by taking its closed sets to be: S, and all sets of the 
form EU |) Az, (t—1,2,-+-,n), where n is a non-negative integer and 
E is finite. S is easily seen to be irreducible, hereditarily compact and 7,. 
The closed sets of type 0 are the non-empty sets H; the irreducible closed sets 
of type 1 are the sets Az; and thus S is of type 2. We may assume that, 
given p€ 8S, there are uncountably many sets A, which do not contain p; 
for the set of points p for which this is not true must be finite, and we simply 
omit them from 8. If V,,V2,- - - is a countable basis of open neighborhoods 
of p, we have Vx—S— (EmU U {Az|2€ Fm}), where Em, Fm are finite. 
As UF is countable, there exists a suffix y¢ Fm for which p¢ A,, and 
S—Ay, is a neighborhhod of p. It must contain some V,, and then 
Ay C EnU U {Az|c€ Fn}. But each AyN Az (€ Fm) is finite, so A, is 
finite, giving a contradiction as required. 


A countable hereditarily compact space XY can evidently have at most c 
closed subsets; its type must therefore have cardinal <c (from 4(6)). 
Further, as there are at most 2° ways of selecting the c sets which are to be 
closed in X, there can be at most 2° nonhomeomorphic countable hereditarily 
compact (or, indeed, countable) spaces. We show now that these trivial 
estimates are in fact “best possible,” even for 7, spaces. That there can be 
as many as ¢ closed sets has been shown by Example 1. 


* This simple proof of Lemma 2 is also due to Sierpinski. 
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Example 2. There exists, for each ordinal d of cardinal Sc, a countable 


hereditarily compact T, space of type X. 


We use transfinite induction over A. Using the sets S, A, of Lemma 2, 
and noting that the number of ordinals 8 <A is at most c, we assign to 
each 8 <A one or more spaces A, and topologise them as (countable) heredi- 
tarily compact 7’, spaces of type 8. Now define a topology on S by taking 
the closed sets to be: S, and all sets of the form |) Fz, (t—1,2,°- -,n), 
where F',, is closed in Az,. One easily verifies that this does give a topology 
on S, in which S is 7, and hereditarily compact, and that the subspace topology 
it induces on each A, coincides with the topology originally assigned to Az. 
Hence S is irreducibly of type A. 


THEOREM 12. There are 2° nonhomeomorphic countable hereditarily 
compact spaces. 


Let © denote the smallest ordinal of cardinal c; let P be the set of ordinals 
less than 2, Q the set of non-limit ordinals in P, and FR any subset of Q. 
Thus there are 2° distinct sets R, and for each of them there are c elements 
in P—R. We construct for each F a corresponding space as follows. Again 
we use Lemma 2. Let r<>a(x) be a 1-1 correspondence between the set of 
suffixes x and the set P—R. From Example 2, we can give each set Az a 
hereditarily compact T, topology, irreducibly of type a(z). As in Example 
2, we can extend these topologies to a hereditarily compact T', topology on S. 
Now the sets A, will be precisely the maximal proper irreducible closed subsets 
of 8. Hence the topology of S determines the family of types of the sets 
A,, and hence determines Rh. That is, different sets R give nonhomeomorphic 
spaces S, and the theorem follows. 

It would be interesting to know how many nonhomeomorphic countable 
hereditarily compact 7’, spaces have a given type a. By a slight modification 
of the above argument one can show that this number is at least 2!¢l if 
|«|<c, where |«| denotes the cardinal of a. 

It would also be interesting to have corresponding estimates for heredi- 
tarily compact 7’, spaces of larger cardinals. The above methods can of course 
be extended, but do not suffice to settle the questions in general; the difficulty 
is that the analogue of Lemma 2 is false for “most” cardinals (see [12]). 
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IMBEDDING OF HOLOMORPHICALLY COMPLETE COMPLEX 
SPACES.* 


By RaGHavan NARASIMHAN. 


1. Introduction. 


(1.1) In a previous paper [6], the author proved that any open Rie- 
mann surface has a closed, nonsingular imbedding in the complex number 
space C*, It is our object, in this paper, to obtain analogous theorems on the 
imbedding of higher dimensional holomorphically complete complex spaces. 
(Our terminology is that of [4], [5]; all complex spaces considered are “ B- 
Riume” in the sense of [5].) We prove three theorems which contain the 
following statements: 


1. Any Stein manifold of dimension n admits a one-one, proper, regular 
holomorphic map in C*"*?, 


2. Any holomorphically complete complex space of dimension n admits 


a one-one, proper, holomorphic map in C?"*? which is regular at every uni- 
formizable point. 

3. If locally the holomorphically complete space Y can be realized as an 
analytic set in an open set in CY (N >n fixed) with the induced structure 
from C%, then there is a one-one proper map ¢ of XY in C+" whose image 
with the induced structure from C%*" is isomorphic to Y by means of ¢. 


In all cases, these imbeddings are dense in the space of all holomorphic 
mappings into the corresponding number spaces, with the compact conver- 
gence topology. 

These results have the effect of refining the theorem announced by R. 
Remmert [7] that any holomorphically complete space has a one-one proper 
map into C” for some m. They also improve a sharper version of the theorem 
of Remmert which Professor H. Grauert demonstrated to the author (in a 
lecture at the Tata Institute of Fundamental Research, Bombay), as he said, 
by the method of Remmert. Our proofs are based on this version given by 


Professor Grauert. Since no proof of even the original theorem of Remmert 


has so far appeared, the proof presented by Professor Grauert is given in § 2 
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(see Theorem 1). It is an important step in the proof of the main theorems 


of this paper. 
The author takes great pleasure in recording here his indebtedness to 


Professor H. Cartan for many valuable suggestions and discussions, which led 
to the formulation and proof of the theorems given here. In particular, the 
proof of Lemma 1 is due to Professor Cartan, and replaces a more complicated 


proof of the author. 


(1.2) Some preliminary remarks. The problem that we consider is 
that of closed imbeddings of complex spaces in number spaces. By this we 
mean the existence of a one-one proper holomorphic map into CX. We remark 
that a proper map is one for which the inverse image of a compact set is 
compact, and that a regular map of a complex manifold X is one for which 
the Jacobian matrix has at any z)€ X a rank equal to the dimension of XY 
at Zo. 

For a closed imbedding of a complex space X to exist, the following 


conditions must hold. 


i) X is holomorph-convex, i.e. for any infinite discrete set on X, there 
exists a holomorphic function on X which is unbounded on this set. 

ii) Given two distinct points of X, there is a holomorphic function on 
X taking distinct values at these two points. 


iii) X is countable at infinity. 


If these conditions are satisfied, we say that X is holomorphically complete 
or that it is a Stein space. The properties which we require of such spaces 
are proved in [4]. We remark that, if XY is connected, i) implies iii) (see 
[4]). 

Condition i) is equivalent to the following: for any compact set K CX, 
the set 

K = |S sup | f(y)| for all f holomorphic on XY} 
y 


is also compact. We shall denote throughout the paper, the space of holo- 
morphic functions on X and the space of holomorphic mappings of XY into C% 
by # and #% respectively. They are provided with the topology of compact 
convergence. If f= -, fw), we shall set | f|—max| f;|. 

i 


It is not always possible to find a proper holomorphic map of a Stein 
space of dimension n into C”. To prove this, let XY be an irreducible K- 
complete space admitting non-constant bounded holomorphic functions (e. g. 
bounded domains in €"). Suppose that ¢: YC is a proper holomorphic 
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map. Then, if z€ C", p*(z) is a compact analytic set and so is a finite set 
(by the maximum principle). Hence, by [9, Satz 23], (X) is an analytic 
set of dimension n in C” so that ¢(X) —C". Thus X¥—C* is a ramified 
covering. This implies that any holomorphic function f on X satisfies an 
equation 


f™ +a,(z)f™?+- Am (z) = 0, 


where a@,(2),* * *,@m(z) are holomorphic on €” (the a;(z) are the elementary 
symmetric functions of the values of f at the points lying over z). If f is 
bounded on X, the a;(z) are bounded on C” and so are constant; this means 
that f itself is constant. This cannot be the case since XY has non-constant 
holomorphic functions on it. 

Let U CX be an open subset of a Stein space XY. We say that U 1s 
X-convex if the following holds: 

Let K C U be a compact set. Let 


K’={xeU| | F(z)| Ssup | f(y)| for all f€ 


(% being the space of holomorphic functions on XY). Then K’ is compact. 
This is equivalent to saying that the set K MU is compact. 

It is a well known theorem (usually called the Oka-Weil theorem) that 
if UV is X-convex, then any holomorphic function on U can be approximated, 
uniformly on compact subsets of U, by functions holomorphic on X. This 
result implies that an open set U is X-convex if and only if U is a Stein 
space and any holomorphic function on U can be approximated, uniformly 
on compact sets of U, by holomorphic functions on X. 

We make another remark. If K is a compact set of X, then any con- 
nected component of K meets K. To see this, let A be a connected component 
of K not meeting K. Let V,, V2 be disjoint open sets in Y, V,U V2 DK, 
V,2A, V,.>K. Let W be an X-convex open set of X containing K and 
contained in V;U V2. Let f be holomorphic on X, | f(z) —1| <4 for ve A, 
K. Then clearly | f(x)|>|f(y)| if c€ A, y€K so that 
A@K; contradiction. This implies that if U is an open set such that 
KNU is compact, where K is a compact subset of U, then KC U. In 
particular, if U is X-convex and KC U, then KC U. 

The following result is an easy consequence of the definition of YX- 
convexity : 


(1.3) If X, and XY, are Stein spaces, f: Y,—> X, a holomorphic map, 
then the inverse image of an Y,-convex open set is ,-convex. 
We shall later use this. 
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2. Decomposition into admissible systems. In this section we shall 
prove, following H. Grauert, that any Stein space of dimension n can be split 
into 2n + 1 systems U® of relatively compact disjoint open sets U*; such that 
the following approximation theorem holds: if f; is a holomorphic function 
on U»;, and K; is a compact set of U;, (for each 7) then there is a holomorphic 
function F on X approximating f; on K; for all 1. The proof may be looked 
upon as generalizing the following simple construction for open Riemann 
surfaces Y. Let 7, be any triangulation of Y. Then there is a triangulation 
T. of X such that the sides of 7, meet those of 7, only in points. Then [); 
(A=1,2) are the open triangles of 7), U*; are small parametric discs about 
the intersections of the sides of 7, with those of 7'.. 

We begin with a definition. 

A locally finite system {U;} of relatively compact open sets of X is said 
to be an admissible system if 


i) U=U TU; is X-convex, if 14], 


ii) there exists a sequence of open sets {By}, By, CC By, UBy=X 
v 
such that for each v, B,U U is X-convex. 


We introduce certain conventions which we follow throughout. We remark 
that the sequence B, in ii) may be assumed to have the following property also: 
if U;N By A, then U;C B,. In fact, we have only to replace B, by the 
union B’, of B, with the U; that meet it and pass to a subsequence B’,, (to 
ensure that B’,, CC B’,,,,). A sequence satisfying this additional condition, 
we shall, for convenience, call an associated sequence of {U;}. It is clear that 
each B, of an associated sequence is X-convex. 


The theorem given by Professor Grauert then is as follows: 


THEOREM 1. Jf X is a Stein space of dimension n, then there exist 
2n-+ 1 admissible systems {U»;}, X=1,: +,2n+1, such that 
2n+1l 
U U 
A=1 4=1 
Proof of Theorem 1. We begin the proof by showing that it is sufficient 
to prove the existence of an admissible system {U;}, such that A = —U, 
(U =U U;) is a real analytic set on VV which does not contain any point of 
a given countable set on . To prove this, we remark that it is easy to 
deduce from [11,§8] that the following is true. If WM, is a real analytic 
set on -Y there is a countable set {2,,} on J/, such that if M/, is real analytic 
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shall and does not contain any point 2», then dim(M/,M M,)< dim It follows 
> Split om this remark that there are 2n +1 admissible systems A=1,- -, 
1 that +1, so that if A,—X—Ll U%, then dim(A,N- - -N Ax) S2n—k for 


v 2n+1 
-,2n-+1. Clearly then (] A4,—@ and we obtain the theorem. 
1 


b=] 


We proceed to the proof of the existence of an admissible system {Uj} 
vith the properties stated. There exists a sequence of open sets By CC Bort, 
such that 


(*)  By= | Roi] <1, | <1 by} 


(so that in particular, B, is A-convex). 'To prove this, let K be a compact 


set with K — WW, where 


K = {xe X||f(x)| | f(y)| for all f 9}. 
ye K 


said 


Let C be any compact set and suppose that there is an open set U with 
KCUCC. Since or a if r€ C—K, then, there is an f€ &# with 
f(x)| > 2, |f(y)| <1 for y€ K. From the compactness of C—U, it 
follows that there exist finitely many functions f,,- - -,f,€ & such that 


max |fi(z)| >2 if reC—U, <1 if we K. If B={reC||Rfi| <1, 
ark i | | 

Iso: Sfi| <1}, then B is an open set with BC U. The existence of the sequence 
the} 3B, satisfying (*) is an easy consequence of this remark. 


Let Qy(R) (R>0) be the “cube” {z€ | Rzi| < R,| < B}, 
t= *,2y). We shall, by convention, suppose that CVC C¥ if MEN. 
A “rectangle” in CN will be a set CX la 
t=1,- --,N}, where a; < bj, ¢; < d; are real numbers. 

Let my=k,+---+k, (see (*)). It is clear that the 9, give a 
proper map of B, into Q;,(1). We remark that if 1=o,=1-+.,, then the 
domains {x€ B,,,| | | <1, | | <1} satisfy the condition corre- 
sponding to (*) if the e, are small enough. 

Let ®,: B,—>Q;,(1) be the mapping defined by let 
R, > sup | ®,(x)| and let B, > Qm,(R2) be the mapping 


Let R; > sup | Bs > Qm,(Rs) the mapping (®2, 


+, Rsbsx,), and so on. 

Let Q,=Qm,(R,) and let Q’, be the cylinder on Q, as base in Qyi 
(in the obvious sense). It is clear that ®, is a proper map of B, in Q,; 
moreover, because of condition (*), the inverse image in B,,, of the rectangle 


Q’, by is precisely By. 
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Let U,=B,. The boundary hyperplanes of Q’, in Q2 (i.e. the hyper. 
planes i=—1,---,k,) split Q. into a finite number 
of open rectangles. Let U;,U2,- - -,U», be their inverse images by ®, in B,, 
(We remark that U, is an inverse image, being that of Q’,.) Consider next 
the rectangle Qm,(Rs3). The boundary hyperplanes of Q2—Qm,(Rz) and the 
hyperplanes used to split Q2 above decompose Qm,(R;) into open rectangles, 
the decomposition being the same as the original one on Q». The cylinders 
on these rectangles as bases in Q3; = Qm,(R3) we denote by p,p’,- - -. Again, 
it follows from condition (*) that the inverse images in B; by ®; of those of 
these rectangles p,p’,- - whose bases lie in Q, give the Ux, Let 
U; (po<kSps) be the inverse images of those rectangles p,p’,- - - which 
do not meet Q’,. It is clear that for k>p., U,.NB.2=@. We continue 
this process. Obviously the system {U;.} of open sets that one obtains in this 
way is locally finite and disjoint. Moreover since for k= p,, U;,C B,, each 
U;, is relatively compact. Let A = XY — U U;. Clearly AM B, is the inverse 


image under ®, of the union of iinitely many hyperplanes in Q, so that A is 
a real analytic set. Moreover, it is clear that A is defined by means of equations 
of the following type: Roy = + Quy (uv) + (where the ayy, by, 
depend only on the R,). Now, it is clear, e.g. if a, = 2, that we may choose 
R, to satisfy the following condition: If 


put 


then we have R,,, > sup | ¥,(x)|. Thus, we may use a,,; instead of ¢,; to 
Bysy 


define the U;,. In this case, the set A is obviously defined by Roy = + dyy/%, 
Pri = + Dyy/ay. Clearly, the a,, can be so chosen that none 
of these countably many equations is satisfied at any one of a countable set 
of points. 

To complete the proof of Theorem 1, it remains therefore only to show 
that {Ux} is an admissible system. We show this by proving the following: 
if Q is a cube in C% and G is the complement in Q of finitely many hyper- 
planes parallel to the coordinate hyperplanes, then G is Q-convex. This is 
enough ; for if this is proved, then one easily sees by means of remark (1.3) 


at the end of the introduction, that B,U (J Uy, is By.:-convex and s0, 
since B,,, is X-convex, it is itself X-convex. 


Each open rectangle in Q is of course Q-convex. But the union of dis- 
joint Runge domains is not necessarily itself convex, even in the case of open 
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Riemann surfaces (see [6]). Professor Grauert proved that @ is Q-convex by 
showing that it has a semicontinuous extension to Q. We give, in Lemma 1, 
a general criterion for the union of disjoint convex sets to be convex. 
The result required to complete the proof of Theorem 1 is an immediate 


consequence. 


Lemma 1. Let X be a Stein space and let X,, Xz. be disjoint X-convex 


open sets. Then the following three conditions are equivalent : 


(i) X,UX, ts X-conver; 

(ii) if K, C X, and K, C Xz are compact, there exists a holomorphic 
function f on X such that Rf > 0, on K,, Rf <0 on Kz; 

(iii) the function which is +1 in X, and —1 in X, can be approzi- 
mated, uniformly on compact sets of X,U Xs, by holomorphic functions on X. 

Proof. Clearly (i) implies (iii) ; (iii) implies (i). First we show that 
(ii) implies (iii). Let K;C X; be compact and f be as in (ii). Let C;=f(Ki) 
in complex z-plane. Then %z>0 on C, and Rz <0 on C,. Since, by the 
Behnke-Stein theorem [1], the union of these two half-planes is C-convex, 
there is a holomorphic function g in the plane with | g(z) —1| <e for z€ (C,, 
lg(z) +1| <e for z€C.. Let h=gof. Then, we have 


| h(x) —1| <e for K,, |h(x) +1| <e for K, 


which proves (iii). 

Finally, (iii) implies (i). Let K be a compact subset of ¥,U X2. 
We have to prove that K(X,U is compact. Let Ki= KN Xj; Ky is 
compact. Moreover, since X; is X-convex KR’, KX; is compact. We 
shall show that K X.) =K’,U K’,. Let X, UX, 
Let x € X,; then, since x) € Xi, ¢ K’,, there is a holomorphic function g on 
XY with | g(20)| > sup | g(x)|. Let h be holomorphic on X and satisfy 


|h(x) —1| <e on K,U {2}, | h(x)| <e on K, 
(which exists by (iii)). Then, if « is small enough, and we put f(z) 


=9(x)h(x), we clearly have 


> sup | f(x)|; 


1 


this proves (i) and the lemma is proved. 


The proof of Theorem 1 is therefore complete. 
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The following theorem of approximation is an easy consequence of the 
definition of admissible systems. 


THEOREM 2. Let {Uj} be an admissible system on the Stein space X, 
Let K; be a compact set of Ui, fi; a holomorphic function in U; and «> 0, 
Then there is a holomorphic function f on X such that 


| f(x) —fi(x)|<« for K, t=—1,2,---. 


Proof. Let {B,} be an associated sequence. Let U;C By, i=1,- -, 
U; C By. —B, for (v1). Let K’, be a compact set of B, 
containing B,_, and the K; for i<i,. Let 8,>0, S&< 3 min e; Since 


iSiy 
U is X-convex, there is an F,€ & with 


| —fi(x)| << de on Ki(iSi,). 


Since B, U U is X-convex, there is F, holomorphic on \ with | F,—F,| <3, 

on Kk’,, | F.—f, | < te; on K; for i, << 1%, and so on. Since the limit of 

holomorphic functions, converging uniformly on compact sets, is also holo- 

morphic (see [5]), flim F’, is holomorphic on Y. One sees easily that 
pw 


l\f—fi < €; on Ky. 


We remark that if {U;} is a disjoint family of holomorphically convex 
open sets which satisfy the conclusion of Theorem 2, then {U;} is locally finite. 
Also, if K; is a compact set of U; (i =1,2,- - -) then there is an admissible 
system {V;} with K;C V;C U;. In this sense, Theorem 2 characterizes 
admissible systems. 


An immediate consequence of Theorems 1 and 2 is the following result: 


Any Stein space of dimension n admits a proper holomorphic map 
into 


In fact, let {U%}, A=1,---+,2n-+1, be admissible systems with 


LJ) U;=X. Since each U%; is relatively compact, there exist compact sets 
iA 


K*,C with Uj KX, =X. By Theorem 2, there is a holomorphic function 


fy on X with | —i| <1 for Ki, i=1,2,- Since the set of re X 
2n+1 +1 

with | f,(z)| Si (A=1,2,---,2n+41) is then contained in U UK, 

the map fons1) is proper. 


3. A lemma. In this section, we state and prove a lemma which we 
shall use in the proof of each of the three main theorems. 
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Lemma 2. Let X bea Stein space. Let N bea positive integer. Suppose 
that to each compact set K of X is given a set A(K) of functions in HY. 
Suppose that A(K) is dense in HN and that if KC K’, then A(K’)C A(K). 
Suppose moreover that the following condition holds: (a) if K C(K’)°, f€ A(K), 
then there is an «> 0 such that if g€ HN and |f—g|<e on K’, then we 
have g€ A(K). 

Let {U%}, t=1,2,---; A=1,---,N be N admissible systems, let 
K\, be a compact set of {U;}. Let e>0 and «>0, 1—1,2,---. Let 
(915° 9x) HN be given and let C be a compact set of X. 

Then, there exists f = (f1,- -,fy) € HN such that | f—g|<e on 

<<a on KX; A=1,---,N; i=1,2,- - - which belongs to A(K) 
for every compact set K of X. 


Proof. let {B*,} be an associated sequence of the admissible system 
{U;}. Let be a compact subset of B, containing and the 


N 
in Let O', be a compact neighbourhood of ’K*, in Let K’,={)’K*,, 
A=1 


N 
Suppose that 1;C B, for UiC B,,,— for <i 
A=1 


<i... Clearly we have K’,C (K’,,,)°, =X. Since A(K’)C A(K) if 
v 


KC K’, if f€ A(K’,) for all v, then f€ A(K) for any compact K. It is 
clear that we may suppose that CC K’, and that «<< « for t= maxt. 


A(K’,) is dense in ; hence there is ft = (f'1,: -, ftw) € A(K’1) with 
fi—g|<4eon K’,. By condition («), there is a 8, > 0 such that if FE YN 
satisfies | F —f?| <8, on C,, then F€ A(K’;). Since BX, U U*(U* =U 

i 


is X-convex, there are holomorphic functions ’f*,, A=1,---+,N with 
—frr | < $8: on | | < de on KX, for Because 
A(K’,) is dense in 9%, there are holomorphic functions f*,, A=1,- - -,N, 
on X such that | fr, | < $8: on Cy, | f2x—ga| < on KX, CISA, 
with f? = (f7,,- -,f?w) € A(K’s). 

Let 0 < 8 < $8, be such that if F€ H% satisfies | F—f? | <8, on C2, 
then F € A(K’,). Continuing this process, we find a sequence f” = (f’1,- + -, f’x) 
€A(K’,) satisfying the following conditions: | f?—f??| < 38. on 
Let 8, < be such that if Fe 
satisfies | <8, on C,, then we have A(K’,). Since 3,< 48,1, 
we have > 5, <8, Hence if flim f,, we have | f—f”| <8, on C, so that 

p> oo 


f¢€ A(K’,) for all y and so f€ A(K) for any compact set K of X. Obviously, 
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if we choose the 8’s small enough, we have | f—g|<e on C, |fr—ga| <¢ 
on K,;. This completes the proof of the lemma. 


4. Imbedding of Stein manifolds. We prove in this section our first 
main theorem. It is contained in the theorem of the next section but is 
simpler to prove and depends on sofewhat different ideas. 


THEOREM 3. Let X be a Stein manifold of dimension n. Then the set 
of one-one regular and proper holomorphic mappings of X into C*"** is dense 
in 


Lemma 3. Let X be a Stein manifold of dimension n, K a compact set 
on X. Then, the set of f€ H*"*? which are one-one and regular on K is 
dense in 


Proof. Since K is compact, there exists a map (¢1,° 
(for some &) which is one-one and regular in a neighbourhood of K. Let 
(915° * *>Yens1) be arbitrary holomorphic functions on X. The map (g,¢): 
X — C**n+1 is then one-one and regular in a neighbourhood of K. It follows 
from a well known argument of H. Whitney [10] that if we put 


2n+1 m 


2n+2 


(m=2n+1-+hk) i=1,---,2n+1, 


then (f1,° * *,fons1) i8 one-one and regular in a neighbourhood of K for a 
set of matrices (a;;) dense in the space of all (2n-+1) Xm matrices. (If V 
is a submanifold of C?, p > 2n-+1, not necessarily closed, the set of direc- 
tions so that the projection of C? along this direction onto C?" is one-one 
regular on V is dense in the complex projective space P’?.) The lemma 
follows easily from this remark. 


(Another proof of this lemma can be given on the same lines as the proof 
of Lemma 6 in Section 6 below.) 


Lema 4. If f € S* is one-one, regular in a neighbourhood of a compact 
set K of the complex manifold X and if g€ H* satisfies |f—g|<e« ona 
neighbourhood K’ of K, then if « is small enough, g is one-one and regular 
on K. 


Proof. Let A denote the diagonal of the product space X K X. Clearly, 
if « << €, then g is regular on K. Moreover, if «) is small enough, then there 
is a neighbourhood of any point of K, depending only on eo, such that g is 
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one-one in this neighbourhood. This means that there exists a neighbourhood 

U of KX KNA, depending only on ¢, so that if |f—g|<« on K’ and 

(2,y) € U—A, then g(x) Ag(y). Let3=— inf |f(z)—f(y)|. Then 
€KXK-U 


8>0; if « is small enough, then clearly | g(x)—g(y)|28/2>0 if 
(t,y)€ KX K—U. The result follows. 

The proof of Theorem 3 is now easy. Let A(K) € #?"** be the set of 
f€ 92". which are regular and one-one on K. Lemmas 3 and 4 imply that 
A(K) satisfies all the conditions of Lemma 2. Let now {U\}, A=1,-- -, 
2n +1, be admissible systems with 


2n+1 © 


X¥=U U U%. 


A=1 i=l 


Since each U; is relatively compact, there exist compact sets K\, C U*; 
with X= |J K;. Let {B,} be an associated sequence of {Us}, let 


9= (91)" * *> Gens) € H?"** be given, let C be a compact set of X and let 
«> 0. We may clearly suppose that C C B*, for each A. Then, by Theorem 2, 
there are holomorphic functions - hens: on X with 


| ha — gn | <¢/2 on C, | Ay | Di+1 on for i,(C). 


By Lemma 2, there is f= (f1,° - +, fons) € #*"** such that f is one-one, 
regular on every compact set, i.e. on X, satisfying |f—h|<<«/2 on C, 
lfr—hy| <1 on KX, for i2i,(C). The set of points where |f,| <1, 
A=1,: + +-,2n-+1, is contained in CU U |) K*; and so is compact. 
Theorem 3 is proved. ne 

THEOREM 4. Ona Stein manifold X of dimension n, there exist 2n+-1 
holomorphic functions fy such that if D is X-convex and ¢ holomorphic in D, 
then o is the limit, uniformly on compact sets of D, of polynomials in the fy. 


Proof. Let f= (fis: +, fens:): be a one-one, regular and 
proper holomorphic map. Since ¢ may be approximated by functions on YX, 
we may suppose that D—X. The image M of X under f is a nonsingular, 
closed submanifold of C?"*t. Hence the holomorphic function ¢of-? on M 
can be extended to a holomorphic function ® on C*"*4 (see [2]). If ®, is 
the sum of the terms of degree =k in the Taylor expansion of @ about the 
origin, the ©, are polynomials for which ©; (f;,- - -, fens.) converges to ¢ as 


5. The case of arbitrary Stein spaces. The next theorem concerns 
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the imbedding of general Stein spaces; it includes Theorem 3. The proof is 
however somewhat different. 


THEOREM 5. Let X be a Stein space of dimension n. Then, the set of 
holomorphic mappings X —~C?"** which are one-one and proper on X and 
regular at every uniformizable point of X, is dense in 9f?"*?. 


Proof. Let ¢: X ~C* be any holomorphic map. Let Y =X XX and 
let M’(¢) be the set of (x,y) € Y with o(x) —¢(y). Clearly, M’(¢) is an 
analytic set of Y which contains the diagonal A of Y. Let M(¢) be the union 
of the irreducible components of M’(¢) which are not contained in A. Then 
M(q) is an analytic set of Y. 

Let S be the set of non-uniformizable points of XY. Then S is an analytic 
set in XY and 1 —S is a complex manifold. Let p(¢,z) (x€ X —S) denote 
the rank of the Jacobian matrix of @ with respect to a local coordinate system 
at x. Let X’(¢,m)(mSn) denote the set of points of z€ X—S with 
p(¢?,z) =m. Clearly X’(¢,m) is an analytic set in Y—S. Moreover, by a 
theorem of Remmert [8, Satz 12], the closure X¥(¢,m) of X’(¢,m) in X is 
an analytic set in Y. Clearly none of its irreducible components is contained 
in 8. 

We prove first the following result. 

(5.1) Suppose that {U;} is an admissible system, f,: Y>C*(k2 0) a 
holomorphic map satisfying the following two conditions: 

a,) dim M(f,) S2n—k 

for O=m<n, we have dimX(f,,m) 

(Here dim B =—1 means that B is empty.) 


Let K; be a compact subset of U; and let h be a holomorphic functior 
on X. Let C be a given compact set of XY and let >0, > 0. 


Then, there exists a holomorphic function f on X such that 
1) |h(x)—f(x)| for C; <« for Ki; i=1,2,---, 
2) the map fru = (fi,f) of X into C* satisfies and 


[We remark that conditions a.) and b,) are empty. ] 


To prove (5.1), we proceed as follows: Let M,, g=1,2,- °°, be the 
irreducible components of M(f;). Choose on each M, a point (2g, y¢) ¢ A. 
Then { (2g, is a discrete set of Y =X X X. 


Let Xm be the union of the irreducible components of X(f,,m) which 
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have dimension =n—k-+m (0Sm<n). No irreducible component of 
Xm is contained in S and consequently dim(XnNS)<n—k+m. Also, 
by hypothesis b;,), dim X(f;,m—1)<n—k-+m. Hence every irreducible 
component X?,, of Xn (p=1,2,° -) contains a point, say which does 
not belong to SU X(f,;,m—1). Since 2?,,¢ X(f;,m—1), we must have 
p(fxs tm) =m. Moreover, the points {2?}, m=0,1,---,n—1; p=1, 
2,- +, form a discrete subset of X. 
We now make two remarks. 


1°) The set of holomorphic functions on X separating finitely many 
distinct points of X is dense in M. For if 2,,: - +,%p are the given points, 
then clearly there is an f;€ # with fi(v;) —8,; the function SAfi—f has 
the property that f(2;) =A;; hence this set is not empty. If now g€ & is 
given, then g+ Af fails to separate the x; only if A is one of the values 
(g —g (xj) )/(f(a;) —f(ai)) (tJ); since can be chosen arbitrarily 
small and different from these finitely many values, the result is proved. 


2°) Let x,,: + +,2p be finitely many points of X —S and let f: X >C* 
be a holomorphic map with p(f, vi) =pi<cn. Then the set of holomorphic 
functions g € & such that the map f’ = (f,g): X > C** has p(f’, 7%) =pit1 
for i=1,:--,p is dense in &. In the first place, there are holomorphic 
functions 2z,,° - -,2, on X forming a coordinate system at each of the points 
14 as one sees by taking suitable linear combinations of coordinate systems at 


the various points consisting of holomorphic functions on X. Again, if 
has, together with the given map f, a rank >p at z;. If g€ & is arbitrary, 
then g + rA¢ together with f has rank p; at 2; for some 7 only if A is one of 
finitely many fixed complex numbers. The result follows since A may be 
chosen arbitrarily small and ~ these numbers. 


Let x?,, and (2%4,Yq) be the points described before 1°) and 2°). We 
define a subset A(K) of & for each compact set KC X as follows: g€ # 
belongs to A(K) if the following two conditions are satisfied: (i) if 7?,€ K 
and f’ is the map (f;,g), then p(f’, 7?) =m-+1; (ii) if (%,y,)€K XK, 
then g(2q) ~9(yq). It is obvious, that if K C (K’)° and | g—g, | <e on K’, 
then g,€ A(K). This and 1°) and 2°) above imply that A(K) satisfies the 
conditions of Lemma 2 with N=1. Hence, by Lemma 2, if {U;} is the given 
admissible system, there is a g € # with | g—h| <« on a given compact set C, 
\g—h| <« on K;, i=1,2,- - - such that g€ A(K) for any compact set K. 
This last condition clearly means just that g(xq) ~Ag(y,) for all q and that 
the map = (fx, g) has a Jacobian of rank m+ 1 at 2?,, for each 
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1,---,n—1and all p. We assert that the map fx,: satisfies conditions a,,,) 
and b,,,). In fact, let MW be any irreducible components of M (f;.1) which is 
not contained in A. Then WC M, for some g (M, are the irreducible com- 
ponents of M(f;,) not contained in A). But (xg,y,) € M, and clearly ¢ M; 
hence dim M < dim My = 2n—k. Hence dim M (fx.1) S 2n— +1) which 
is Qj41). If A is an irreducible component of X(fz41,m) then either A is con- 
tained in an irreducible component of X(f;,m) of dimension <n—k-+-m 
or A is contained in an irreducible component X?,, of X. But then again 
¢ A so that dimA<n—k-+m. This is by). (5.1) is com- 
pletely proved. 

Theorem 5 is now easily proved. We choose 2n-+1 admissible systems 
{U*}, A=1,- -,2n+1, and compact sets K\,C U*, so that L 


Let f = (fi,° - -, fensr) € #°"** be arbitrary, C a given compact set and « > 0. 
Then, by Theorem 2, there is a holomorphic function hy, (A=1,- - -,2n +1) 
with |hy—f,|<«/2 on C, |hy|2i+1 on K for i2%i,(C). Because 
conditions a)) and by) are empty, there is a holomorphic function ¢, on X 
with |¢,—h,|<«/2 on C, <1 on so that dim M(¢,) S2n—1, 
dim X¥(¢:1,m) =n—1-+m for 0=m<n. We the can find successively 
functions dens. so that if X—C* is the map (¢,,° -,¢x), we 
have dim M(#,) = 2n—k, dim X(®,,m) [n—k-+m for 0=m <n with 
| —hy | <¢/2 on C, <1 0n K*, forASk. Clearly then the map 
is proper and |®’—f|<eonC. Since dimM(®) [—1 and dim X(#,m) 
=—n—1+mZ—1 for 0=m<n, © is one-one on X and regular on 
XA This proves Theorem 5. 

From the existence of a proper holomorphic map of a Stein space XY into 
number space, one may deduce the following result: 

A closed analytic polyhedron in X (compact set A defined as the set of 
x in a fixed neighbourhood of A where | f;(x)| <1, for finitely many f;€ #) 
is the inverse image in X of the closed unit polycylinder in some number 
space C% by a holomorphic map X — C% (and a corresponding result for open 


polyhedra). 


6. Regular imbedding of Stein spaces. Let X be a complex space and 
f: X—C* a holomorphic map. Let z,€ X. Suppose that f is one-one in a 
neighbourhood of 2». Then, there is a neighbourhood U of 2, such that f | U 
is a proper map of U into a spherical ball BC C* about f(z). According to 
a well known theorem of Remmert [9], f(U) is an analytic set M in B. 
As such, it has an induced analytic structure from B. 
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A map f: X > C* is called regular at a point 7 € X if it is one-one in a 
neighbourhood of z, and if f induces an analytic isomorphism of U onto the 
complex subspace M of B described above. It is said to be regular on a 
subset of X if it is regular at each point of the subset. 

For complex manifolds, the notion of regularity coincides with the state- 
ment that the Jacobian matrix of f has rank at 2, equal to the dimension of 
X at Xo. 

One may define in the same way a regular map of one complex space 
into another. We then see easily that the composite of regular maps is regular. 
In particular, if f: X — C* is regular at x, and F is a map of a neighbourhood 
of f(%o) into C* which is regular at f(z), then Fof is regular at z. Again, 
if f: X > C* is any holomorphic map and there exists a regular map F of a 
neighbourhood of f(z.) into C* so that Fof is regular at 2, then f itself is 
regular at 2p. 

For a complex space X to admit a regular map into some number space 
C*, it is clear that there must exist an integer V > 0 such that for each point 
a) €X, there is a holomorphic map f: X-—>C*% which is regular at 2. If 
this condition is satisfied, we shall say that X ws of type N. If n is the 
dimension of X, then clearly N2=n; N—n implies that XY is a complex 
manifold. 

Not all complex spaces are of type N for some N; there exist even Stein 
spaces which are not of “finite type.” Our next theorem is an analogue of 
the imbedding theorem for Stein manifolds in the case of those spaces which 
are locally of bounded type. 


THEOREM 6. Let X bea Stein space of dimension n. Suppose that there 
exists an integer N >0 such that the space ts locally of type N. Then, if 
N>n the set of one-one, regular, proper holomorphic mappings of X in 
ts dense in 


Proof. The proof is via two lemmas which are analogous to Lemmas 3 
and 4 in the proof of the imbedding of Stein manifolds. For their proof we 
require the following result which we state before the lemmas. A proof of 
the theorem is contained in § 8 of the paper [5] by Grauert and Remmert. 


Let D be a domain of holomorphy in €". Let A be an analytic subset 
of D with the induced analytic structure from D and K a compact set in D. 
Then, there is a constant M—=Mx depending only on K such that if f is a 
holomorphic function on A with |f|<1 on A, then there is a holomorphic 
function F in D, F=f on A such that | F(x)| = M for ze K. 
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Lemma 5. Let X be a Stein space and let KC X be a compact subset, 
K C(K’)*. Let f € H* be one-one and regular on K. Then there is ane>0 
such that if |f—g|<«on K’, where g € H*, then g is one-one regular on K. 


Proof. From the proof of Lemma 4, it is clear that we have only to 
prove the following result: 

If f is a one-one proper, regular map of an open set U into a ball BC C*, 
if x) € U and if | f—g| <«, then there is a neighbourhood U’ of x) depending 
only on « and not on g (for small «) such that g is one-one and regular on U’, 

To prove this, let B’ be a smaller ball in B concentric with B. If 
*, 2, are the coordinate functions in C*, there is an >0 such that if 
H,,: - are holomorphic functions on B with | H;—2|<é’ on B’, 
then (H,,- - -,H;,) is one-one and regular in a concentric ball B” which 
depends only one’. If | f—g|<e on U, then (f—g) of is a holomorphic 
map of f(U) into C*. By the theorem stated above, there is an extension u 
of g—f to B with |u| < Me on B’. If G=z-+u then clearly we have 
| G,—%| < Me on B’ (G= (G,,- -, G,)), so that, if Me G is one-one 
regular in B”. By the remark on the composite made at the beginning of 
the section, g = (of is one-one regular in U’ =f1(B”). 


Lemma 6. Let X be a Stein space which 1s locally of type N>n. Then 
the set of f€ HN" which are one-one and regular in the neighbourhood of a 
compact set KC X is dense in HN, 


Proof. It is clear from Lemma 5 that X itself is of type N. It is 
sufficient, because of Lemma 5, to prove that any x) € K has a neighbourhood 
U such that the set of f €2#%*" which are one-one on K and regular in U is 
dense in HN*", Let V be a neighbourhood of 2, such that there is a map 
¢: XC" so that ¢ is a one-one, regular, proper map of V into a ball 
BC CN about ¢(2). Let A—=¢(U). Let g: XC? be an arbitrary holo- 
morphic map. Let V(g,m) (OSm<N) be defined as follows. Let 
gi=g°d¢ton A. Let G’: BC? be a holomorphic map ~g, on A. Then 
z€V belongs to V(g,m) if and only if for any such extension GQ’, the 
Jacobian of G’ at $(x) has rank =m. It is clear that V(g,m) is the inverse 
image in V of the set of points of B where all the G’ have rank =m. This 
latter set is defined in B by a family of holomorphic functions defined every- 
where in B. It is known (see [3, exp. XV and exp. XI]) that such a set 
is an analytic set. Consequently V(g,m) is an analytic subset of V. Let 
B’ be a smaller concentric ball in B and let U =¢1(B’). Let M(q) be the 
set defined in the proof of Theorem 5, viz. the union of the irreducible 
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components of the set of (2,y)€X KX with g(z) —g(y) which are not 
contained in the diagonal of X x X. 

We make the following remark. If x€ U and g: XC? is a holo- 
morphic map so that go¢ has an extension G to B of rank =r<WN at 
¢(x), then the set of f€ # so that the map g’ = (g,f) has the property that 
g°¢* has an extension G’ to B of rank—r-+1 at (2) is open and dense 
in &#. To prove this, let H be a holomorphic function on B such that 
(G,H) has rank r+1 at $(z). Let h’ be a holomorphic function on X 
with |h’—Hod|<e on V. Then h’o¢* has an extension H’ to B with 
|H—H’| < Me on B’. Clearly, if « is small enough, (G,H’) has rank r+1 
at ¢(x) so that a function h’ exists with the required property. One sees in 
the same way that the set is open. If y¢ # is arbitrary, v is an extension 
of yoo" to B, then if (G,W) has rank r at ¢(z), (G,¥+AH’) has rank 
r+1 at d(x) if A0 which proves our assertion. It now follows, that the 
following result holds: 


Let g: X > C* be a holomorphic map satisfying 


a) the irreducible components of M(g) meeting K X K have dimension 


8.) The irreducible components of V(g,m) meeting U have dimension 
<n—k+m for 0Sm<N. 


Then, the set of h€ & such that (g,h) satisfies «;,,,) and Bx.:) is dense 
in &. 

The proof of this is the same as that of statement (5.1); of course, 
since U is relatively compact in V, no admissible systems, or Lemma 2, have 
to be brought in. We omit the details. 

Again, since the conditions a) and £)) are empty, it follows that 
the set of f€ HN” with dim(M(f)N K K K) [= 2n—n—N(S—1) and 
dim(V(f,m)QN U) Sn—(N+n)+m(<0 for 0=m<WN) is dense in 
HN, Lemma 6 follows then from the fact that the second condition 
implies, by the remarks at the beginning of this section, that f is regular. 

It may be remarked that the projection method which we used to prove 
Lemma 3 could also be used to prove Lemma 6. 

Theorem 6 follows from Lemmas 2, 5, 6 in the same way that Theorem 3 
followed from Lemmas 2, 3, 4. 

As in the case of Stein manifolds, Theorem 6 implies that the polynomials 
in V + n suitable holomorphic functions on a Stein space of dimension n and 
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type NV are dense in #. If on a Stein space X, the polynomials in finitely 
many functions of are dense in #, then, it is shown easily that XY must be 
of type NV for some N. 


TATA INSTITUTE OF FUNDAMENTAL RESEARCH, BOMBAY. 
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DEFORMATIONS OF COMPACT DIFFERENTIABLE 
TRANSFORMATION GROUPS.* 


By Ricuarp S. Patats and Tuomas E. 


Let G be a Lie group and M a differentiable (—C*,r=1) manifold. 
We recall that a differentiable action of G on M is a differentiable map 
M—M such that (91, 9(g2, p)) =¢(9:92,p). and if e is the identity 
of G, then y(e,p) =p. By a deformation of a differentiable action » of G 
on M we mean a one-parameter family y; ({€ [0,1]) of differentiable 
actions of G on M such that g,—g and the map (g,p,t)—->y(g,p) of 
GX M XI into M is continuous. If the latter map is differentiable, we say 
that the deformation g; is differentiable. Recall that a deformation of M is 
a one-parameter family y; (¢€.Z) of diffeomorphisms of M such that y, is the 
identity and (p,t) —>y:(p) is a continuous map of M XI into M. If the 
latter map is differentiable, then y; is called a differentiable deformation of M. 
Given a differentiable action g of G on M and a [differentiable] deforma- 
tion y, of M we define a [differentiable] deformation y; of » by ¢:(g,p) 
=U(9(g,¥01(p))). We call a [differentiable] deformation of 9 [differ- 
entiably| trivial if it can be expressed in this form. Recall that two differ- 
entiable actions y, and gy, of G on M are called equivalent if there exists a 
diffeomorphism y of M such that ¢:(9,p)=v(¢(g,¥"(p))). Thus if a 
deformation y; of an action ¢ is trivial, then g is equivalent to yg; for all ¢€ J. 
Now it is an easy consequence of a theorem proved by one of the authors 
[1, Theorem 1] that every differentiable action of a Lie group on a Euclidean 
space with at least one stationary point can be differentiably deformed into 
a linear action. On the other hand, there is an example of a differentiable 
(in fact real analytic) action of the circle group on five dimensional Euclidean 
space which is known not to be equivalent to a linear action. Also, it is a 
trivial observation that all actions of the line on the torus defined by left 
translating by a one parameter subgroup are differentiably deformable into 
each other. However, they clearly are not all equivalent, some being periodic 
and others not. Thus from the hypothesis that Gis compact or that M is 
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compact we cannot conclude that all differentiable deformations of an action 
of G on M are trivial. However, we will show that if both G and WV are 
compact, then every differentiable deformation of a differeutiable action of 
G on M is in fact differentiably trivial. First, however, we must recall a 
fairly well-known relation that exists between differentiable deformations of 
manifolds and differentiable time dependent vector fields. A differentiable 
time dependent vector field on M is a family X(t) (¢€ J) of vector fields on 
M such that (p,t) > X(t), is a differentiable map of M X I into the tangent 
bundle of M (equivalently, in local coordinates the components of X(t), 
are jointly differentiable in ¢ and the coordinates of p). A differentiable 
path y: JM is called an integral curve of X(t) if its tangent at ¢ is 
X(t) 2) for all € J. This is equivalent to the requirement that t—> (y(t), t) 
be an integral curve of the vector field X* on M XI given by X*(p4 
= (X(t)p,D:). If ys is a deformation of M, then we define a differentiable 
time dependent vector field X(t) on M by X(t)y, (p) tangent to s>y,(p) 
at s—¢. The uniqueness theorem for ordinary differential equations implies 
that y; can be recovered from A, for t—y;(p) is the integral curve of XY 
starting at p. If M is not compact, then not every differentiable time 
dependent vector field X(¢) arises in this way; in fact, there will not in 
general be an integral curve of X(¢) starting at an arbitrary point p of 
and defined for the whole unit interval. However, if If is compact, this 
pathology cannot arise and every differentiable time dependent vector field 
on M generates a differentiable deformation of . We now prove 


THEOREM. If g is a differentiable action of a compact Lie group G on 
the compact differentiable manifold M, then any differentiable deformation 
of ¢ is differentiably trivial. 


Proof. If gy is a differentiable deformation of y, then ®: GX MX! 
— M XI defined by (9, (p, t)) = (¢:(g, p), t) is clearly a differentiable action 
of Gon M XI. If we write ®, for the diffeomorphism (p,t) > ®(g, (p, t)) 
of M XI and z for the projection of on I, then for all gé @. 
Let A denote the vector field (0,D) on M XI. Since G is compact, we 
can “average” A over G, i.e. form the vector field A* defined by A*(»1) 


= £86, where » is Haar measure on G. Since ® is differ 


entiable, A* is a differentiable vector field. By invariance of Haar measure 
A* is invariant, in the sense that 56, (A* (p+) ) =A*s,(p,1)- Because 8786, = dn 
for all g€ G@ and = D;, it follows that 8r(A*(p+)) = and 
therefore = (\(¢)», D;) for some differentiable time dependent vector 
field 1(¢) on VW. If y is the corresponding differentiable deformation of V/. 
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then (¥2(p),#) is the integral curve of A* starting at (p,0). Since A* is 
invariant, it follows that ,(y¥:(p),t¢) is the integral curve of A* starting at 
8,(p, 0) = (go(9 0) = (9(g, p),0). But t) = #) and 
the integral curve of A* starting at (9(g, p), 0) is p)), #), 80 ¥e(p)) 
Replacing p by yr*(p) we get p) = e*(P))). 4. 

The notion of a deformation of a general group action on a space can 
be defined, of course, exactly as above replacing all hypothesis of differenti- 
ability by continuity, diffeomorphism by homeomorphism, etc. However, the 
above theorem is false then even under the most stringent demands short of 
the assumptions of the theorem (indeed “almost all” actions of compact 
groups on a sphere can be deformed to linear actions). In a sense this is 
fortunate since we know that the conclusion of the theorem, i.e. two actions 
that can be deformed into one another are equivalent by conjugation, is too 
demanding. Saying that two actions g, gy’ are D-equivalent if there is a 
deformation gy; such that gg, g:=g’ provides us with a partition of all 
action of a compact group G on M which is conceivably more convenient 
for many of the theorems of transformation groups. Assuming that the group 
@ is compact and the space M on which it acts is a compact, generalized 
manifold the following problems seem reasonable: 


(1) If ¢ and ¢’ are D-equivalent actions of G on M, are the orbit spaces 


of the same homotopy type? 


(2) If y and ¢’ are D-equivalent, what is the relation of their orbit 
structures? In particular, are the fixed point sets of the same homotopy type? 


It is not even clear in (2) that if ¢ has fixed points, then the same must 
be true of g’. 
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(unless they need a formula number). 
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tiation and, as far as possible, a subscript in order to denote partial differentiation (when the 
symbol @ cannot be avoided, it should be used as 9 /dx). 

Commas between indices are usually superfluous and should be avoided if possible. 

In a determinant use a notation which reduces it to the form det a,,. 

Subseripts and superscripts cannot be printed in the same vertical column, hence the 
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symbols often drop out of the type after proof-reading and, when they do not, they usually 
appear uneven in print. For these reasons we advise against their use, This advice applies 
also to a bar over a Greek or German letter (for the symbol of complex conjugation an asterisk 
is often allowed by the context). Type carrying hars over ordinary size italic letters of the 
Latin alphabet is available. 
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lim sup and lim inf instead of lim with upper and lower bars). 

Repeated subscripts and superscripts should be used only when they cannot be avoided. 
since the index of the principal index usually appears about as large as the principal index. 
Bars and other devices over indices cannot be supplied. On the other hand, an asterisk or a 
prime (to be printed after the subscript) is possible on a subscript. The same holds true for 
superscripts. 

Distinguish carefully between I.c. “oh,” cap. “oh” and zero. One way of distinguishing 
them is by underlining one or two of them in different colors and explaining the meaning of 
the colors. 

Distinguish between e (epsilon) and € or ¢ (symbol), between w (eks) and X (multipli- 
cation sign), between 1. c. and cap. phi, between 1. c. and cap. psi, between I. c. k and kappa and 
between “ell” and “one” (for the latter, use t and 1 respectively). 

Avoid unnecessary footnotes. For instance, references can be incorporated into the text 
(parenthetically, when necessary) by quoting the number in the bibliographic list, which 
appear at the end of the paper. Thus: “ [3], pp. 261-266.” 

Except when informality in referring to papers or books is called for by the context, the 
following form is preferred: 

[3] O. IK. Blank, “ Zur Theorie des Untermengenraumes der abstrakten Leermenge,” Bulletin 
de la Societé Philharmonique de Zanzibar, vol. 26 (1891), pp. 242-270. 
In any case, the references should be precise, unambiguous and intelligible. 

Usually sections numbers and section titles are printed in bold face, the titles “ Theorem,” 
“Lemma ” and “ Corollary ” are in caps and small caps, “ Proof,” “ Remark ” and “ Definition” 
are in italics. This (or a corresponding preference) should be marked in the manuscript. 
Use a period, and not a colon, after the titles Theorem, Lemma, ete. 

German, script and bold face letters should be underlined in various colors and the meaning 
of the colors should be explained. The same device is needed for Greek letters if there is a 
chance of ambiguity. In general, mark all cap. Greek letters. 

All instructions and explanations for the printer can conveniently be collected on a 
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